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Problem 1 (A Robin boundary condition, 2+2 points)
Let Q = B1(0) C R?, f € L?*(Q), and for 3 € R consider the problem
—Au=f inQ,
Vu-v=pu on 0.

1. Derive a weak formulation of the problem and discuss existence and uniqueness of
weak solutions for g < 0.

2. Let f = 0. Show that there is an infinite number of positive ’s such that the problem
has a nontrivial solution.

Hint: Polar coordinates.

Problem 2 (Rank-one convexity, 2 points)

Let F : RV*" — R be twice continuously differentiable. Show that F' is rank-one convex,
that is, the mapping ¢ +— F(p + tq) is convex for all p,q € R¥X" with rank(q) = 1, if and
only if D?F satisfies the Legendre-Hadamard-like condition
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a,f=11,j=1
for all p € RV*" all ¢ € R” and all n € RV,

Problem 3 (341 points)
Let Q C R™ be open and bounded, f € L?(Q) and b € L*°(£; R™). Define

B(U,U):/VU‘VU+b'VUUdl’ u,v € HY ().
Q

1. Suppose that for u € H}(Q2) with B(u,v) = 0 for all v € H}(2) we have u = 0. Show
that there is a unique w € H' () such that

B(w,v):/gfvdx

for all v € H} ().
Hint: Fredholm alternative.
2. Suppose that b satisfies divb < 0 in the sense [, Vv -bdx > 0 for all v € C°(Q),

v > 0 almost everywhere. Show that there is a unique weak solution to the boundary

value problem
—Au+b-Vu=f inQ,

u=0 on o0f.

Please turn over.



Problem 4 (Difference quotients, 24242 points)
Let 2 C R™ be a connected, open and bounded domain with smooth boundary. For u: Q —
R,ie{l,...,n}, he R, V €U such that 0 < |h| < dist(V,09), and z € V denote by

u(z + he;) — u(x)

D! =
du(z) Y

the i-th difference quotient quotient.
1. Let 1 < p < oo and u € WHP(Q). Show that for each V € Q
I DMull povy < 1Dsul| 2o
for all 0 < |h| < dist(V,09).
2. Let l<p<oo,ue LP(V), V&, and assume there is a constant C' > 0 such that
| D} ul| oy < C

for all 0 < |h| < dist(V,0). Show that the weak derivative D;u exists in V' and
satisfies || Djul|ppvy < C.

3. Show that 2. is false for p = 1.

Total: 16 points



