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Problem 1 (8 points)

Let n = 3, and assume that £ : R™*" — Rg! is linear, and

L(QFQT) = QL(FQ"
for all FF € R™*"™ and all @ € SO(n).
(a) Let F'=e; ® ea — ea ® ey, and show that FL(F) = L(F)F.
Hint: Consider Q, = €™ € SO(n).
(b) Conclude from (a) that

for some a, b, c € R.

(¢) Use (a) again to show that the matrices

I )

commute, and argue that ¢ = 0 and a = d using Problem 4 of sheet 3.

(d) Use the hypothesis for £ for an appropriate @ to obtain a = b = 0.

lam

(e) Argue that L(F) = 0 for every skew matrix F', and that (for general F') L(F) only depends

on 3(F + FT), that is, L(F) = F(F + FT)).
(f) Argue that the arguments from parts (a)-(c) can be repeated to show
L(ez ® e3) = Ald + pe3 @ es,
for some A, € R, and conclude that
L(e; ®e;) = Ad + pe; ® ey,
for j =1,2,3.

(g) Show that
F+FT
2

L(F)=pn + A(tr F)Id
for all F.

Hint: Assume that F' is diagonal at first.



Problem 2 (5 points)

Let W : GLy(n) — R be C!, set S = VW, that is

ow
Sij(F) = By
2,7

and let o(F') cof F = S(F).
For a subgroup g of SL(n), consider the following statements:
(i) W(F)=W(FA)forall Aecy,
(ii) S(FA)AT = S(F) for all A € g,
(iii) o(FA)=o0(F)forall Acg.
(a) Show that (i) implies (ii).
(b) Show that (ii) and (iii) are equivalent.

(c) Consider
1 ¢ F€1 . F62
= t F)= —F—.

Show that (ii) holds, but (i) does not.

Problem 3 (3 points)

Suppose W : GL4(n) — R satisfies
W(QF) = W(F) = W(FQ)

for all @ € SO(n).

(a) Show that there exists a function g : (0,00)” — R such that
W(F) = gM\(F),...,\(F)),

where \;(F) are the singular values of F'.

(b) Argue that g is invariant under permutation of the arguments, that is,

9(21, - 2n) = 9(2i1)s - -+ Zi(n))

if 7 is a permutation.
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