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Problem 1 (1D Clairot equation)
Recall from the lecture that the lines w = ax + b are affine solutions to the one-
dimensional Clairot equation v = xu’ 4 g(u') provided that g(a) = b.

1. Suppose that v € C*(I) is an arbitrary function on an interval I C R such
that «” > 0 (or v” < 0) in /. Show that the mapping £ = «/(x) is invertible,
and that

u(x)+n)=z-¢  E=d(z), x=1()

for some function 7. (This is called Legendre transform.)

2. Use 1. to obtain a solution of Clairot’s equation in parametric form, i.e. in
the form x = z(t), u = u(t) for some parameter ¢, provided that g"” # 0.

3. Find a nonlinear solution to

cu/

Vita?

in parametric and non-parametric form, where ¢ > 0 is a constant.

u=zxu —

Problem 2 (Linear transport in 1D)
Consider the linear transport equation

Owu(t, x) + a(t, z)0u(t, z) = 0. (1)
1. Determine the characteristic curves x = x(t), 2(0) = z( for the transport
velocities
(a) a(t,x) = x,

(b) a(t,x) = wcosh(wt + ¢), w, ¢ € R,
(c) a(t,x) = g(xo), where

0 it 29 <0,
g(zg) = ¢ —wg if 0 <y <1,
-1 if 1 < .
In each case, sketch the trajectories x(t) for ¢ > 0 and several values of x.

What happens in (c) for ¢ sufficiently large, and how can this behaviour be
interpreted physically, e. g. if x(t) are trajectories of gas molecules?

2. Give a simple yet non-trivial condition on a = a(t, x) such that
(a) characteristic curves do not intersect,
(b) a solution to (1) exists for all ¢ > 0.

Problem 3 (A nonlinear PDE)
Use the method of characteristics to solve

Uy, Uz, = T1T2 in RQ,

u(ry, o) = x4 on I' = {zy = 0}.



Problem 4 (Scalings of Burgers’ equation)
Obviously, Burgers’ equation

Oy + udy,u = 0. (2)

is invariant under the transformation x — x — xg, t — t — g, that is, if u solves
(2), then also u(t,z) = u(t — tg, x — xg) solves (2).

1. Given uy € R, show that the transformation x +— x — ugt, u — u + ug leaves
(2) invariant.

2. Given a solution u of (2), show that uy(t,x) = A\*u(Nt, \'z) solves (2) for
any A > 0, provided «, 3,7 € R satisfy certain relations.




