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Monotonicity of time-dependent transportation costs
and coupling by reflection

Kazumasa Kuwada* and Karl-Theodor Sturm!

Abstract

Based on a study of the coupling by reflection of diffusion processes, a new mono-
tonicity in time of a time-dependent transportation cost between heat distribution is
shown under Bakry—Emery’s curvature-dimension condition on a Riemannian mani-
fold. The cost function comes from the total variation between heat distributions on
spaceforms. As a corollary, we obtain a comparison theorem for the total variation
between heat distributions. In addition, we show that our monotonicity is stable
under the Gromov-Hausdorff convergence of the underlying space under a uniform
curvature-dimension and diameter bound.
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1 INTRODUCTION

Analysis of the heat equation on manifolds or metric measure spaces is one of the central
issues in the literature. Several topics such as analysis of partial differential equations,
differential geometry and probability theory are interacting with each other there. As
one of remarkable consequences of such an interaction, many different characterizations
of the presence of lower Ricci curvature bound by means of the heat semigroup or the
Brownian motion are revealed in [36]. Among those studies, recent developments in the
theory of optimal transport enable us to interpret the heat distribution as a gradient curve
of the relative entropy in the space of probability measures (see [3,35], for instance) along
Otto’s heuristic idea in [28]. This viewpoint provides a quite natural understanding of the
fact that the presence of lower Ricci curvature bound implies a contraction property of
heat distributions in Wasserstein distance. Significantly, this argument can bring a piece
of implications between equivalent notions in [36] mentioned above. As its probabilistic
counterpart, we can show the contraction by means of constructing a coupling by parallel
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transport of Brownian motions. On the other hand, there is another kind of coupling,
called the coupling by reflection or the Kendall-Cranston coupling, which is also well-
studied in connection with the Riemannian geometry of the underlying space. The purpose
of this article is to study the coupling by reflection by formulating it in terms of the theory
of optimal transport.

To state our result, we introduce the notion of transportation cost. Given a function
c: MxM — Ron astate space M, a transportation cost 7.(u, ) between two probability
measures p and v on M is defined as follows:

Te(p,v) := inf / cdm,
MxM

mell(p,v)

where II(u,v) is the set of all couplings of p and v, namely, a probability measure on
M x M whose marginal distributions are u and v respectively. The simplest case of our
result is as follows:

Theorem 1.1 Let M be a complete Riemannian manifold with nonnegative Ricci curva-
ture with the Riemannian distance d. Let us define i(a) fort,a >0 by

o o () o () o0

1(0700)(0,), t = 0

Then, fort > 0 and two heat distributions ugi) (i = 1,2) generated by the Laplace-Beltrami
operator, we have

7:015 sg(d)</’l’g2)7luﬂgg)) 7:015 sl(d)<luﬂgi)7/’l’g1)) (11>
for any 0 < s1 < s9 < t.

In the full statement in Theorem 2.3, the same result as (1.1) holds for distributions
of a diffusion process with an upper bound of dimension and a lower Ricci curvature
bound in the sense of Bakry and Emery with an appropriate choice of ¢;(a), which is
more complicated. Alternatively, (1.1) could be formulated as a non-expansion result of
Lipschitz constants with respect to time-dependent metrics ¢;(d); see Theorem 6.1. This
allows us to interpret ; as the profile of the “worst case” initial data corresponding to
wo(d). Given K € R, the LP-contraction in Wasserstein distance mentioned above means

I (1 1P < 5T (), 1) (1.2)

for t > s > 0 and any heat distributions u() (1 = 1,2). It holds with K = 0 under
the assumption in Theorem 1.1 and hence Theorem 1.1 can be regarded as an analogue
of it. Indeed, the only difference between them is the choice of the cost function. The
counterpart of Theorem 6.1 for (1.2) is the equivalence with Bakry—Emery’s Li-gradient
estimates (see [21]).

Let us review the history on the study of coupling by reflection, to explain a meaning
and significance of Theorem 1.1. We call (X(t), X5(t)) a coupling of a diffusion process
X (t) on a state space M if (X, Xs) is a stochastic process on M x M and each X; behaves
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as X on M for ¢+ = 1,2. The coupling by reflection on a Euclidean space, or the mirror
coupling, of Brownian motions introduced in [24] is given by the global reflection with
respect to the hyperplane bisecting the line segment joining initial positions. With the help
of Riemannian geometry, a coupling by reflection of Brownian motions on a Riemannian
manifold is constructed by Kendall [15] and Cranston [6], by making a coupling of their
infinitesimal motions. In many applications, it is nice to suppose that they will coalesce
after the coupling time, namely, the time when they meet. As a matter of fact, the
coupling by reflection of Brownian motion on a Euclidean space, or more generally the
one on a Riemannian manifold with nonnegative Ricci curvature, can meet in a finite time
almost surely regardless of the dimension of the space. It is a great contrast with the case
of observing two independent Brownian motions. Under a nice condition, for example,
the presence of curvature bounds on the state space, this kind of coupling has provided
several applications e.g. in estimating the rate of convergence to equilibrium, functional
inequalities involving heat semigroups, (non-)existence of harmonic maps (see [16] and
references therein, for instance). As a simple example, the coupling by reflection under
nonnegative Ricci curvature easily implies the Liouville property, that is, non-existence
of nonconstant bounded harmonic functions. In many of those applications, we only need
to know the existence of a coupling 7 of two distributions of X (¢) having a good estimate
of m({(x,x) | * € M}), which can be provided by comparing the transportation cost in
Theorem 1.1 at s = ¢ with that at s = 0 since ¢y = 1(g,oc). Thus the monotonicity of
transportation cost in Theorem 1.1 works sufficiently well in applications.

Recently, such topics as mentioned above is extensively studied on more singular metric
measure spaces than Riemannian manifolds under a new, synthetic notion of curvature
bounds (see e.g. [5,25,31,32]). However, the traditional way of studying a coupling by
reflection of Brownian motions is based on the theory of stochastic differential equations
and hence there are many difficulties to extend the original argument directly into analysis
on such singular spaces. In contrast to such an approach, the statement of Theorem 1.1
completely makes sense even on singular spaces once we introduced the notion of heat
distributions on it. Thus there seems to be some possibility to extend it to such cases
though our framework in Theorem 1.1 or Theorem 2.3 is still on a Riemannian manifold.
Actually, we obtain a partial result in this direction by showing that the monotonicity
of the transportation cost stated in Theorem 1.1(or Theorem 2.3) is stable under the
Gromov-Hausdorff convergence of underlying spaces (see Theorem 7.2) with a uniform
curvature-dimension and diameter bound.

One might wonder why the cost function in Theorem 1.1 appears. It is based on the
fact that 7, () (,ugl), uf)) is a constant function in s and the infimum in the definition of
the transportation cost is attained by the coupling by reflection when M is a Euclidean
space [12,19]. Our choice of the cost function is natural and sharp in this sense. Our
argument in the proof of Theorem 1.1 is based on a comparison between the distance
process for the coupling by reflection on M and the one on a Euclidean space. And
then the sharpness on a Euclidean space plays a prominent role when we deal with the
comparison process. It should be remarked that, when M is a Euclidean space, the
cost function ¢;(d(z,y)) coincides with the total variation between two heat distributions
at time ¢ with initial distributions d, and J, respectively. This fact is closely related
to the maximality of the coupling by reflection of Brownian motions on a Euclidean



space (see [12,19], for instance). Indeed, by choosing the cost function as the total
variation between heat distributions, exactly the same constancy holds on a spaceform
since the coupling by reflection of Brownian motions is also maximal. As we will see,
this characterization of our cost function leads to the following comparison theorem for
the total variation between heat distributions. Let us denote the total variation norm by

[RRIEN

Corollary 1.2 Let M be a complete Riemannian manifold whose dimension is less than
or equal to N € N and whose Ricci curvature is greater than or equal to K € R. Then,

or Two nea 1SLroutions s -, s - WL ,U = 0, JOr some x; € = y s
two heat distributions pS", pu$? with p) = 6, M (i=1,2

| </
TV Mg N

where ﬁf’N(x,y) is the heat kernel on the N-dimensional spaceform Mg n of constant
sectional curvature K/(N — 1) and (Z1,%2) is any pair of points in Mg n satisfying

d([i’l, Ii’g) = d(l‘l, ZL’Q).

(1) (2)

gt — gy PN (F1,y) — DN (T2, y) | voluy  (dy), (1.3)

This is a special case of Corollary 2.4 below. It seems to be natural that we can measure
the total variation as a result of a study of the coupling by reflection since the coupling
by reflection has been strongly related with estimates involving the coupling time, which
yields an estimate of the total variation between distributions via the coupling inequality
(see [23], for instance).

Note that, to the best of the authors’ knowledge, an estimate of type (1.1) with the
use of a time-dependent cost function is studied first in [30, Example 4.6]. While it is
discussed only on R™, it includes Lévy processes as an example. Also note that our
cost function in Theorem 1.1 (or Theorem 2.3) is a concave function of the distance
function. It corresponds to the observation in [9], which says that the optimal transport
map for a concave cost function reverses the orientation. Indeed, the reflection map used
in constructing the coupling by reflection does so. Finally, we remark that there is a recent
related result in [7], which studies a behavior of the transportation cost of a concave cost
function in connection with the coupling by reflection of a diffusion process on R™.

The organization of the paper is as follows. In the next section, we will give a more
precise statement of our main results. For proving them, we will study the coupling by
reflection in section 3. There we will follow the argument in [17,20] in which we construct
the coupling by reflection via an approximation of diffusion processes by geodesic random
walks. It might be possible to follow an alternative approach in [38]. Section 4 is devoted
to show several regularity properties of the function cpf’N(a) introduced in section 2 to
describe the main theorem. Some explicit expressions of gotK ’N(a) as well as asymptotic
behavior as t — 0 or t — oo are also given there. Some results in this section might be of
independent interest. The proof of our main theorem is given in section 5. Though most
part will follow from the result in section 3, we need an additional argument with the aid
of results in section 4 to complete the proof. We also study new monotonicity formulae
for time-independent transportation costs (Corollary 5.3) as a consequences of the main
theorem and results in section 4. In section 6, we give a short remark on gradient estimates
for the diffusion semigroup corresponding to our main theorem. Though a similar gradient
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estimate is already obtained in [6] in the same spirit, what we obtained is sharper in
many respect. The stability of our main result under the Gromov-Hausdorff convergence
is discussed in section 7. It ensures that all the results obtained before this section will be
inherited to the measured Gromov-Hausdorff limit under a uniform curvature-dimension
and diameter bound. In section 8, we will give a brief comment on the extension of
results in sections 2-6 to the time-dependent metric case. Note that the assumption there
is satisfied if the metric evolves according to the backward Ricci flow.

2 FRAMEWORK AND THE MAIN RESULT

Let (M, g) be a complete m-dimensional Riemannian manifold with m > 2. Let d stand
for the Riemannian distance on M. Let Z be a C'-vector field and we denote the generator
of the form A + Z by L, where A is the Laplace-Beltrami operator with respect to g.
Let ((X(t))iefo,00)> (P2 )zenr) be a diffusion process associated with £. Let (VZ)” be the
symmetrization of VZ, i.e., a (0,2)-tensor given by

(VZ)(X,Y):==({(VxZY)+ (VyZ, X)).

N —

Our basic assumption is the following condition involving the upper dimension bound and
lower Ricci curvature bound formulated in terms of L:

Assumption 1 Given K € R and N € [m, 0|, the following holds:

1
Ric —(VZ)’ — N ZeZ =Ky

—m

Here we regard the third term in the left hand side is 0 when N = oo, and N = m 1is
permitted only when Z = 0.

It is well known that Assumption 1 is equivalent to the following curvature-dimension
condition of Bakry and Emery (see e.g. [4,22]):

(LY, ) =2 L,VER) 2 K(VLTS) + (L)

N | —

This condition is equivalent to dim M < N and Ric > K when Z = 0.
In order to state our main theorems, we introduce the notion of comparison process
and associated transportation costs. Let K € R and N € [2,00]. Set R = Rk n by

B N -1
Ri n = K
00 otherwise.

m if K>0and N < oo,



We define sx and cx as a usual comparison function as follows:

(1

——sin(V K0 K >0,
\/Esm(\/ )

8K<¢9) = 0 K= 07

\ \/i_Ksinh(\/jﬁ) K <0,
(cos(VKD) K >0,
cx(0) =<1 K =0,
| cosh(vV—=K0) K <0

and tx = sk /ckx. Let U =Ug y : (=R, R) — R be given by

—QKtK/(N,l) (g) if N < oo,

\I’K,N(u) =
—Ku otherwise.

Let us define a diffusion process p(t) = prna(t), t > 0 on (=R, R) C R as a solution to

the following stochastic differential equation:

dpre.n.a(t) = 2V2dB () + U (px.n.a(t))dt, (2.1)
pK,N,a(O) = Q.

Note that, when R < oo, both —R and R are entrance boundary for p(t). For t > 0, let

us define o™ 1 [0, R) — [0,1] by

KN/ N . .
pr () =P inf prva(s) > 0]

Remark 2.1 (i) The process pi . comes from the coupling by reflection on the space-
form. Actually, when N € N, a simple computation implies that the distance process
d(X(t)) for the coupling by reflection X (t) = (X1(t), Xo(t)) of Brownian motions on
the spaceform My k solves the stochastic differential equation defining px . with
a = d(X(0)).

(ii) Since —pr n.a has the same law as pr.n._—a, the reflection map x +— —x on (=R, R)
provides a so-called ‘reflection structure’ in [19]. It is shown in [19] that the mirror
coupling for prx N and pr n—q 15 mazimal in such a case. As a result, we have

o1 M(a) = ||Po (prwa(t)/2) ™ = Po (prn—a(t)/2) | oy -

In particular, we can easily verify that cp?’N equals to ¢, in Theorem 1.1. Moreover,
Elpi—s(|p(s)])] is a constant function in s € [0,t] by [19, Lemma 3.4].

(ii) When N € N, the coupling X(t) by reflection of Brownian motions B(t) on My y
is mazimal by the same reasoning (see [19, Theorem 5.1 and Example 4.6]). Thus
we have

905(7]\[(&) = HPiﬂl © B<t>71 - IP>1ﬂ~2 © B<t>71HTV
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for any pair of points (Z1,T2) in Mg y satisfying d(Z1, T2) = a and Elp;_s(d(X(s)))]
is a constant function in s € [0,t]. In particular, the right hand side of (1.3) equals
to o (d(w1,m2)).

Now we are in turn to state our first main theorem as follows:

Theorem 2.2 Suppose that Assumption 1 holds. Then, for any xi,xs € M, there exists
a coupling X(t) = (X1(t), Xa(t))i>0 of L-diffusion processes starting from (1, xs) such
that, for anyt >0 and s > 0,

E [N (d(X(s))] < @l d(ar, 22).

Indeed, as we will see, a coupling X(¢) appeared in Theorem 2.2 will be given as the
coupling by reflection. Theorem 2.2 yields the following corresponding property described
in terms of 7, (). This is our second main theorem:

Theorem 2.3 Suppose that Assumption 1 holds. For i = 1,2 and p» € P(M), let
MS) be the distribution of X (t) with the initial distribution u. Then, for any t > 0,
T s(d) (,ugl), Mf)) is a nonincreasing function of s € [0,t]. That is, for 0 < s; < sy < t,

Toroy @B 1) < T @y (1, 1), (2.2)
As a result of Theorem 2.3, we can compare 7,,__(q) (ugl),,ug)) at s = ¢ with the one at
s = 0 to obtain an estimate of the total variation between distributions of the diffusion
process X (t). In particular, when ,u(()l) and ,u(()Q) are Dirac measures, we obtain the following

comparison theorem thanks to Remark 2.1 (ii):

Corollary 2.4 Suppose that Assumption 1 holds. Then, for xi,xo € M andt > 0,

[Pry 0 X (1) = Ppy 0 X (1) 7| 1y
< HP © (pK,Nvd(ﬂfl,m)(t)/Z)il —Po (pK,Nv—d(JCLm)(t)/Q)il HTV .

When N € N it immediately implies Corollary 1.2 by virtue of Remark 2.1 (iii).

Note that, by taking t — oo in (2.2) after a suitable rescaling, we can obtain a similar
monotonicity formula whose cost is independent of . See Corollary 5.3 below. Especially,
when K < 0, it does not seem to be known in the literature.

Remark 2.5 When K > 0, it is shown in [18] that under Assumption 1 the Bonnet-
Muyers type diameter bound
N -1

i M) < —_—
diam(M) < e

holds. Moreover, the equality holds only when N = m, Z = 0 and M 1is isomelric to
N-dimensional sphere of constant sectional curvature K/(N —1). In the case of equality,
the assertion in Theorem 2.2 is obvious by Remark 2.1 (iii) and hence we may assume

diam(M) < m\/(N — 1)/ K in the sequel.



3 PROOF OF THEOREM 2.2

We will show that the coupling by reflection studied in [20] (cf. [17]) satisfies the assertion
of Theorem 2.2 under Assumption 1. We begin with reviewing the construction of the
coupling by reflection. Let (&,)nen be independent random variables all of which are
uniformly distributed on the unit disk on R™. Let (V4y)syem be a measurable family of
unit-speed minimal geodesics defined on [0, d(x, y)] such that 7., joins z and y. Without
loss of generality, we may assume that -,, is symmetric, that is, v,,(d(z,y) — ) = V4. (5)
holds. Let us define my, : T, M — T, M by

ma:yv =V = 2(”7 ’ny(o»’)/a:y(o)

This is a reflection with respect to a hyperplane which is perpendicular to 4,,. Let
/~ be the parallel transport along a curve 7. Let us define my, : T,M — T,M by
Mgy = |4y, © May. Clearly my,, is an isometry. Set D(M) := {(z,z) | + € M}. Let
® . M — O(M) be a measurable section of the orthonormal frame bundle &' (M) of M.
Let us define two measurable maps ®; : M x M — (M) for i = 1,2 by

®y(z,y) = (),

d (SL’ ) — mxy(bl(xvy)v (l‘,y) € M x M\D(M),
A5G O (z), (x,y) € D(M).

Take 1,19 € M. Let t& := o*n for n € Ny. By using ®;, we define a coupled geodesic
random walk X*(t) = (X{(t), X$(t)) with a scale parameter a by X{*(0) = z; and, for
le [tgv tz-l-l]a

Enr =V 2(m + 2)8; (X(17)) Ent,

a t— t% )
X3 (t) == expxaa) (7 <04§n+1 + 0422))

for i = 1,2, where exp, is the exponential map at x. Let us denote C([0,00) — M x M)
and C([0,00) — [~R, R]) equipped with the topology of compact uniform convergence
by ¢ and %) respectively.

In what follows, we assume Assumption 1. Then, by [17, Theorem 3.1] (also see
references therein), X®(¢) converges in law in C([0,00) — M) to an L-diffusion process
starting from z; for i = 1, 2 respectively. Thus (X%),~¢ is tight and hence a subsequential
limit X* — X = (X, X3) in law in € exists. We fix such a subsequence (ag)gen. In
the rest of this paper, we use the same symbol X for the subsequence X and the term
“a — 0”7 always means the subsequential limit “oyp — 07. Let 7% be the first hitting time
to D(M) of X. Then we define a coupling by reflection X* = (X7, X3) by

X*(8) i {X(t) it <,
(X1(t), Xq(t)) ift > 7",

Since 7* is a stopping time with respect to the filtration generated by X, and X; (i = 1,2)
is a solution to the martingale problem associated with the same filtration, X* is again a
coupling of L-diffusion process.



Fix a reference point o € M. For R > 0, let o : 6, — [0, 00] be given by og(w) :=
inf {t € [0,00) | w(t) > R}. We define 6% (i = 1,2) and 6 by 6% := or(d(o, X2(-))) and
OR := 0k A 0%. Proposition 3.4 in [17] says that

lim limsupP[og < co] =0 (3.1)

R—oo 40

holds.

We next review a difference inequality of d(X*(¢)). To describe it, we will introduce
some notations. For simplicity of notations, let us denote VX)X (ta), MX(t2)Xg (ta) and
d(X(t2)) by Y, m, and r%(n) respectively. Let &5 ,(0) be the orthogonal projection of
€l ., to the hyperplane being perpendicular to 4, (0), that is, 2£n+1( )= (14+m,)EL, . We
denote a vector field along ~, given by parallel transport of &+, (0) by (§5,1(5))seo,re(n)]-
Let us define a weight function h, 41 = hn 71 on [0,7%(n)] and a vector field V,, 14 = anil
along 7, by

T.Oé

71 o
n S—Tr-(n .
hKN( ) = CK/(N-1) ( ; )) CK/(N-1) ((*2 ( >)) if N < oo,
n+1 T
1 if N = oo,

Vot (8) = hoa (8)64 (5)-

Recall that we are assuming diam(M) < 7/(N —1)/K when K > 0 and N < oo (see
Remark 2.5). Hence h, ;1 is well-defined. For a smooth curve v and vector fields V' and
W along ~, we denote the index form by Z,(V,W). When V = W, we use the symbol
L(V) for I,(V,W). Take v € R™. Let us define \,;; and A, by

N {M (E1,1(0),4n(0)) i X2(22) ¢ D(M),

2v/2v/m + 2(£,41,v)  otherwise,
Apsr 1= ( (Z(t2), ()2 + L, (Vis) ) Lixaia)gp(an)y-

For 6 > 0, let us define 75 : 41 — [0,00] by 75(w) := inf {t > 0| w(t) <d}. We also
define 75 by 75 := 75(d(X?(+))). In the sequel, we fix 6 € (0,1) and R > 1. The first goal
is to prove the following difference inequality for r*(n):

Proposition 3.1 For each e > 0, there exists a family of events E® with lim,_,o P[EY] =
1 such that
r*(n+1) < %) + ad,y1 + AU (r*(n)) + ea?

holds for n € N with t& < 75 N 6r on (E)° for sufficiently small cv.

We will prove this assertion by a similar argument as in [17,20]. Thus we only give a brief
sketch of arguments. It consists of the following three lemmata. The following is shown in
the same way as [20, Lemma 3] or [17, Lemma 4.4] by using the second variation formula
of arclength with a careful treatment of singularities arising from the cutlocus.



Lemma 3.2 Forn € Ny, we have
r*(n+1) <7%M) + adny1 + @*Ayyr + o(a?) (3.2)

when n < 75 A 0r and « is sufficiently small. Moreover, we can control the error term
o(a?) uniformly in the position of X°.

Set F, == (&1, .., &) and Api1 :=E[A, 1] Z#,). Fore >0 and R > 0, let us define an
event E< by

~ n _ €
B = A —A) < b
‘ {tgggR;( i =) < QQQ}

By following arguments in [20, Lemma 6] or [17, Lemma 4.5] which are based on the Doob
submartingale inequality, we obtain the following.

Lemma 3.3 For any e > 0 and R > 0, P[E?] tends to 1 as a — 0.

Lemma 3.3 ensures to replace A,;1 in Lemma 3.2 with A,;; with small errors on (E)e.
Thus, the proof of Proposition 3.1 will be completed with £ = E< once we show the
following:

Lemma 3.4 A, < U(r%(n)).
Proof. Note that we have

r (n)

(Z, (S = hasa ()2, ()] o
re(n)
= [ (P27 G50
20 () (8)(Z,3n(s)) ) s, (3.3)

By an easy computation, we obtain E[¢{;] = 0 and Cov(y/2(m + 2)&;) = 2Id. Thus we

have “n)
Lo W) = [ (0= DB ()2 = RicGu(s) s s () ds. (34
0
Combining (3.3) and (3.4) with the definition of A,,, we obtain

v (n)
Awy=<A (s (V2 (Gul5), 50(5)) + 2y (5)ona ()07, ()

+ (m - ]')h/n+1(3)2 — RIC ('yn(s), ’}/n(S)) hn+1(3)2)d3> ]-{Xa(t%)¢D(M)} (35)

Thus, when N = oo, the conclusion easily follows from Assumption 1. When N = m,
Z = 0 holds and Assumption 1 means Ric > K. Thus an easy computation in (3.5) yields
the conclusion. When m < N < oo, the arithmetic geometric mean inequality implies

1 (9, 5u(5)

h1(8)°Z @ Z(Fu(s), 4u(s)). (3.6)

20!, 1 (8) a1 (8)(Z, Am(5)) < (N —m)hl, 1 (s)* +
1
N-—m

= (N = m)hj1(s)* +
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By substituting (3.6) into (3.5), we obtain

Apgr < </0”a(") <(N — Dl (s)

1 . . .
—+ hn+1<5)2 (N — mZ ® Z + (VZ)b _ RIC) (’yn<8), "}/n(S)) )dS) 1{Xa(t%)¢D(M)}-

Hence Assumption 1 reduces the assertion to the same computation as in the case N = m.
O

Set a := d(x1,72). Let p% y,(t) be a discrete approximation of pg n4(t) defined
inductively by p% v ,(0) = a and for ¢ € [ty 7, ]

I ¥e

PrNat) = P na(th) + o7 - (a)‘n-i-l + QQII’(P?(,N,a(tff))) .

For R > 0, let us define R* > 1 by

. R—% if K >0and N < o0,

R otherwise.
The following comparison theorem is crucial for the proof of Theorem 2.2.

Proposition 3.5 For T > 0, R > 0 and ¢ > 0, there exists a constant C(e,T) > 0
satisfying lim._,o C'(e,T) = 0 such that

d(X?) S p?(,N,a(t) + 0(87 T)
holds fort < 75 Nor A or-(pf no) NT on (E2)¢ for sufficiently small a.

Proof. By [17, Corollary 3.6(i)], it suffices to show the assertion only when ¢ = t¢ for
some n < nl® (cf. [17, Lemma 3.10]). For simplicity of notations, we denote Pienaltn)
by p*(n). Applying Proposition 3.1, we obtain

P (n+ 1) — g (n+1) < 1%(n) — g (n) + Q2L (n)) — V(P () 420 (3.7)

for n < nl® with t¢ < 75 A 6r A or- (P na) on E2. Under our assumption on t = ¢,
r®(n) € [0, R] and p*(n) € [0, R*] hold. Note that ¥ is bounded on [0, diam(M) A R*].
Let f, : R — R be a function of class C? satisfying the following conditions:

(i) fa(z)=0for x <0 and f,(z) =2+ a/2 for x > a,
(ii) f, is convex,
(iii) limsup o®sup f(u) < C for some C' > 0

a—0 u€eR
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(cf. the proof of [17, Lemma 3.10]). By (3.7), the Taylor expansion together with the
condition (iii) of f, yields

Ja(r®(n+1) = p*(n+1)) < fo(r®(n) = p*(n))
+a?fo(r"(n) — p%(n)) (¥(r*(n)) — ¥(p"(n))) +2e0” (3.8)

for sufficiently smaller o than €. Since U is nonincreasing, properties (i) and (ii) of f,
imply

fo(r®(n) = p%(n)) (¥ (r*(n)) — ¥(p*(n))) < 0.
Thus, an iteration of (3.8) together with the fact f,(z) + /2 > x Vv 0 yield

«
(r%(n) = p*(n))+ < fa(r®(n) = p*(n)) + 5 < 2ea’n + ¢
for o < 2e. Since 1 = a’n < T, the conclusion follows. O

Now we are in position to give a crucial step of the proof of Theorem 2.2.

Proposition 3.6 For any nondecreasing continuous function ¢ : [0, R) — [0,1] with
¥(0) = 0, we have
E[o(d(X"(s)))] < E[¢(p(s)) ; To(p) > 5]

Proof. Take d >0, R > 1andt > s. Let € > 0 be so small that C'(e,t) < §/2. By
virtue of Proposition 3.1, for sufficiently small «,

E[p(d(X%(s)))] < E(d(X*(s))) ; {75 > s} N {or > s} N (£7)]
+Plop < 5]+ E[p(d(X¥(s)); 7 < s]+e. (3.9)

By Proposition 3.5 and the choice of ¢,
E[p(d(X(s))) 5 {7s > s} N {or > s} N (ET)]
<E [0(p*(s) + C(e, 1) 5 7572(p%) A oge(p7) > 5] + Plon-(p%) < 5] (3.10)
Let us define ¥ : [0,00) — R by
U(u) = (W(u) A[T(2R))]) V (~¥(=(2R)))).

We define p* and p by replacing ¥ with ¥ in the definition of p* and p respectively. Since
U(u) = W(u) for u € [0, R*|, we obtain

E[¢(p*(s) + Cle, 1) 5 10(p™) Aoge (p™) > 5]
<E [§(5%(s) + Cle, 1) 5 752(p") > 5], (3.11)
Plog(p) < 5| = Plog () < 3. (3.12)

Since ¥ is bounded and continuous, we can easily show that 5 converges in law to j in
C([0,00) = R). Note that the following holds:

{we€; mp(dw)>sh C{web; m5u(dw)) > s}.

12



By combining this fact with (3.11), the Portmanteau theorem together with (3.10), (3.11)
and (3.12) yields

limsup E [)(d(X*(s))) ; {# > s} N {6k > s} N (EY)]

a—0

<E [$(3(s) + Cle. 1)) 5 7a(p) > 5] + Plow-(5) < 8] (3.13)

In a similar way as (3.11) and (3.12), we obtain

E [¢(p(s) + C(e, 1)) ; 75/a(p) > s] + Ploge(p) < 5]
<E[i(p(s) + Cle,t) ; 15a(p) > ] +2Plog-(p) < s (3.14)

Here we used the fact ¢ < 1. Since X® converges in law to X in €, by applying the
Portmanteau theorem to (3.9) together with (3.13) and (3.14), we obtain

E [ (d(X(s)))] = lim E [ (d(X(s)))]
)

(s
<E[6(p(s) + C(e.0))  7oa(p) > 5] + 2Plom(p) < 5
+limsupP[og < 5] + B [$(d(X(s)) 5 75(d(X()) < 5] + <.

a—0
By letting € — 0 in this inequality, we obtain

E(d(X(s))) 5 ms(d(X(-))) > 5]
<E [U(p(s)) 5 T57a(p) > 5] + 2P[og-(p) < 5] + limsup Plor < s]. (3.15)

a—0

By the definition of X* and 7%, we have

lim B [1/(d(X(s))) ; 75(d(X(-))) > s] = Iim E [ (d(X"(s))) ; 7s(d(X"(-))) > s

=E[Y(d(X*(s))); 77 > 5]
= E[¢(d(X"(s)))]. (3.16)
Here the last equality follows from ¢(0) = 0. Similarly we obtain
i E [4(6(s)) 5 73/1(6) > 5] = E[(6(5)) : () > . .17

6—0

Thus, by combining (3.15) with (3.16) and (3.17) and by tending R — oo with (3.1) in
mind, we obtain

E [ (d(X*(s)))] S E[¢(p(s)) ;5 0(p) > s].

Here we used the fact that p cannot hit R in finite time. Hence the assertion holds. [

To complete the proof of Theorem 2.2, we will use a regularity result on ¢; in the next
section. As you will see, all the arguments in the next section are independent of this
section. Thus there are no danger of circular arguments.
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Proof of Theorem 2.2. By virtue of Proposition 4.5 (ii) below, we can apply Propo-
sition 3.6 with 1 = ¢;. Thus we obtain

Elp:(d(X*(s)))] < Elgi(p(s)) 5 0(p) > . (3.18)

Since —px.N.a < PK.N,—a holds, a process p* = (pM), p?) given by

PrNa(t)  prNa(t)
2 ’ 2

pK,N,a<t) pK,N,a<t>
2 ’ 2

) ift < TO(pK,N7a),

) if t > 79(pr,N.a)-

is a coupling of px /2 and px n._a/2. Since the reflection map = — —x on (—=R/2, R/2)
provides a reflection structure for pg n,/2 in the sense in [19], p* is a maximal coupling
of pr.na/2 and pr N —a/2, and 70(px N.a/2) = To(pr.N.a) is the coupling time of p*. Thus
Remark 2.1 (ii) yields

ei(|p*(s)]) = pris(a). (3.19)

Since the definition of p* implies

Ele:(p(s)) 5 10(p) > s] = Elge(|"(s)])],

the combination of it with (3.18) and (3.19) deduces the conclusion. O

4 PROPERTIES OF THE COST FUNCTION

Let us define x : [0, 00] — [0, 1] by

1 T
x(r) = ——ZW/ e 2y,

and x(oco) = 1. We can easily verify that y is increasing and concave. The first goal of
this section is the following expression of ¢;(a):

Proposition 4.1 For each N € [2,00], K € R and t > 0, there exists a probability
measure Gy on [0,00) such that

oula) = / X (m) Gore () (4.1)

holds for each a € [0,00). In addition, we can take (; x n so that it is continuous in t with
respect to the topology of weak convergence.

The expression (4.1) will be used to study some properties of ¢;(a) in Proposition 4.5.
We divide the proof of Proposition 4.1 into the following two lemmata; Lemma 4.2 when
N = oo or K =0 and Lemma 4.4 when N < oo and K # 0. We will give an expression
of (¢ k,n there.
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Lemma 4.2 Suppose N = o0 or K =0. Then

pi(a) = x <m> )

2Kt_1

where n(t) = nk(t) is given by

e
— K #0
ne(t) = { 2K 70,
t K =0.

In particular, Proposition 4.1 holds with ¢ ke = Go,n = Ont) -

t
Proof. In this case, p, == e %la + 2\/5/ XD 4p, holds. By the martingale repre-
0

sentation theorem, fot efsdp, can be written as a deterministic time-change of a standard
one-dimensional Brownian motion. By using this fact together with the expression of the
hitting time distribution of the Brownian motion, the desired expression of ¢, follows. [J

To consider the case N < oo, we begin with the following auxiliary lemma:

Lemma 4.3 Suppose N < co. Let 3(t) be the standard one-dimensional Brownian mo-
tion for i =1,2. Let 0(t) be the solution to the following stochastic differential equation:

a0 =20 + (22— ot o))

i/ (N—1)

>

(0)=0.
Let us define Z(t) by

=20 = 255 (cxv—n OO sy (5 + V2 [ #f(@()))) (12)

Then = has the same law as p.

The alternative expression of p in the last lemma comes from a skew-product expression
of the distance between two Brownian motions coupled by reflection on a sphere. For
explaining a heuristic idea behind it, we assume N € N, K = N — 1 and Z = 0 for a
while. We identify the sphere SV of constant sectional curvature 1 with an unit sphere
in RV™! as a submanifold. Let H be a (uniquely determined) 2-dimensional plane in
RN+ containing origin and given starting points of the coupling of Brownian motions by
reflection. Then we can decompose the Brownian motion on SV into the “circular part”,
that is, the projection to H and the “complementary part”, that is, the projection to H*.
As a result, we can describe the distance between the two Brownian particles coupled by
reflection by the scaled distance between two time-changed Brownian motions coupled by
reflection on a circle whose space scaling and clock process are given by functionals of the
complementary part. This description leads us to the expression in Lemma 4.3. Moreover,
once we obtained this expression, we can verify it valid even when N ¢ N or K < 0 as we
will see in the following proof of Lemma 4.3. For the skew product expression of spherical
Brownian motions, see [14,29], for example.
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Proof of Lemma 4.3. For simplicity of notations, we denote K/(N — 1) by K in this
proof. Let Z(t) := sz (Z(¢)/2) and p(t) := si(p(t)/2). It suffices to show that both =(¢)
and p(t) solves the following stochastic differential equation

NK

dz(t) = /1 — Kz(t)2dw(t) — Tz(t)dt (4.3)

for a standard Brownian motion w(t). By the It6 formula together with (2.1), we can

easily verify that p solves (4.3) with w(t) = f(¢). The It6 formula together with (4.2)
yields

d2(t) = —Ksg(0(t))sg (9 +V2 %) do(t)

+ch< +f/ dﬁQ )B()

@)
5w iy 5 )
_ BRse(8(1) ( / ) ae)

+ch< +f/ 46*(s) )d52(t) — NKZ(t)dt.

Here we used the relation cz(r)? + Ksg(r)? = 1, which holds for any K € R, to obtain
the last equality. By a direct computation, we have

(xsKw(»sK( +f/ 45(s) )) +CK( +f/ 45°(s) ):1 RE@®?

Note that 1 — KZ(t)? > 0 holds for any ¢ > 0 almost surely since §(t) never hits R/2.
Thus, = solves (4.3) with w(t) = 5*(t) given by

/\/T( Rsg(0 >sK( +f/ 52“ )cwl(s)

[I]>

u

—l—cK( +f/ ‘WZ )d62(5)>

and hence the conclusion follows. |

Lemma 4.4 Suppose N < co. We denote the law of fot cxyn—1)(0(s))%ds by Cxn for
each t > 0, where 0(-) is as in Lemma 4.3. Then the conclusion of Proposition 4.1 holds
true.

Proof. The continuity in ¢ of (; g n directly follows from the definition. Let = be
as in Lemma 4.3. By the martingale representation theorem, there exists a standard
one-dimensional Brownian motion B(t) such that

b (2 [ cm(ffw@))?) vz #&;m

16




holds. Since ' and $? are independent, B(-) behaves as a standard Brownian motion
even under the conditional probability measure P[ - |o(/3!)]. Thus the definition of ¢;(a)
and Lemma 4.3 yield

ou(a) = P it o(s) > 0] —Pp { inf <g+\/§ ) dﬁQf“)(u))) > 0]

0<s<t 0<s<t o Cr/n-1)(0
- . p
:Pinf{ngB(s)’OSsgz/ u 2}>0}

:E:P{inf{g+B(s) 'ogsgz/t

—E x (235 (/Ot CK/(N?;L(H(U))Q)W)] |

Hence the desired result holds. |

Now we state some consequences of the expressions of ¢;(a) in Proposition 4.1:

Proposition 4.5 (i) Fora € [0, R], [0,00) 3 t = ¢:(a) is continuous.

(ii) oy is continuous on [0, R) and smooth on (0, R) fort > 0.

(iii) ¢ is concave on [0, R) fort > 0.
(iv) Fort >0, K, K' € R with K > K', N, N’ € [2,00] with N < N’ and a € [0, Rg.v],

o (a) < @ ().

(v) Fort>0, K €R and N € [2,00], oi" is differentiable at 0. Moreover, for K' € R
and N € [2,00] with K' < K, N' > N,

A= [l < @l (1.4

In particular, (o1 ™) (0) < (@%°)(0) = (7n(t))~/2/4. Here n(t) = nx(t) is as in
Lemma 4.2.

1

=i

Proof. (i) It is obvious by the continuity of (; x n in (4.1).
(ii) Note that the derivative of x(a/(2v/2u)) of any order with respect to a-variable is
a bounded function of u for a € (0, R) in (4.1). Thus the dominated convergence theorem

(vi) For K € R and N € [2 oc]. lim Vi(io{"") (0)

yields that ¢y is smooth on (0, R). We can show the continuity of ¢; on [0, R) similarly.
(iii) Since @y = 1(p,00) by definition, it is obviously concave. Thus it suffices to consider
the case t > 0. As we did in the proof of (ii), we can compute ¢ (a) at a € (0, R) by
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using the dominated convergence theorem. Since x is concave, ¢} (a) < 0 and hence the

conclusion holds because ¢, is continuous on [0, R) by (ii).

(iv) By a direct computation, we can verify Wx y(u) < Wy n/(u) for any u € [0, Rg n).
Thus the comparison theorem for stochastic differential equations (see [13] for instance)
yields that pg n.a(t) < pxr v (t) for @' > a and t > 0. It implies ;" (a) < ol N ()
by the definition of @f( ’N(a). Since ; is continuous, the asserted inequality follows by
tending da’ | a.

(v) Since x is concave and x(0) = 0, x(r)/r is nonincreasing. Thus the monotone
convergence theorem yields

ei V(@) — N (0) ’ i V(a) / Coxcn(du)
= lim ———~= = _— .
0,00)

lim
al0 a al0 a

/ru

By combining this identity with (iv), we obtain

/ Crren(du) _ / Grrvr(du) / Gtk o) 1 “
[0,00) 4\/7TU B [0,00) 4\/7TU o [0,00) 4\/7TU 4 ﬂ-nK’(t)

and hence the conclusion follows.

(vi) We use the expression of (o) (0) in (v). When N = oo, it easily follows from
Lemma 4.2. Next we consider the case K > 0 with the expression of (; x n given in
Lemma 4.4. By the definition of #(t) in Lemma 4.3, cx/v-1)(6(t)) € (0, 1] holds for each

t > 0. Thus we have fot(cK/(N_l)(Q(s)))*st > t and therefore the dominated convergence

theorem yields
1 [ ds 12 1
(Z/o CK/(Nl)(Q(S))z) N

Finally, for the general K € R and N € [2,00), the conclusion follows from (4.4) together
with the above-mentioned two cases. 0

1
. K,Ny/ T
1551 Vile ) (0) _1551 4\/7?E

Since ¢,(0) = 0, Proposition 4.5 (iii) yields the following corollary:

Corollary 4.6 We have p.(a+d') < ¢.(a)+p.(a’) forr >0 and a,a’ > 0. In particular,
fort >0, pi(d(+,-)) is a bounded distance function being compatible with the topology on
M.

Though the preparation of the proof of Theorem 2.3 is already finished in Proposi-
tion 4.5, we will discuss further properties of ¢; in the rest of this section. First we will
study more explicit expression of ¢;(a) than the one in Lemma 4.4 in the case N < oo
and K # 0. Lemma 4.7 and Corollary 4.8 below study the case K < 0. Based on the
expression of the Brownian motion on the hyperbolic space by a stochastic differential
equation (see [27], for instance), we can show the following in a similar way as Lemma 4.3:
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Lemma 4.7 Suppose N < oo and K < 0. Let $*(t) and $%(t) be independent, one-
dimensional standard Brownian motions. Let Z'(t) and 0'(t) be given by

0'(t) := exp ( gﬁl(t) + Kt) ,
E’(t) = SK/(N— 1) —|—\/_/ 9’ dﬁQ

Then 25K/ y(E'()/0'() has the same law as p.

Proof. As in the proof of Lemma 4.3, we denote K /(N — 1) by K. We already know in
the proof of Lemma 4.3 that si(p(t)/2) solves the stochastic differential equation (4.3)
with w(t) = B(t). Thus it suffices to show that Z'(t)/60'(t) also solves (4.3) for a standard

Brownian motion w(t). The It6 formula yields

=/

=0\ =) ., W1
d(@f(t)) G >2d9 O+ g0+ = ®

\ /— ) (\/id/sl(t) — (N — 2)\/—Kdt) K ?f/((f)) dt + V/2dB%(t)

0'(t)
— V2B (1) — / —2f<;:((tt)) d8'(t) — Nk ;((f)) dt.

Thus Z'(t)/0'(t) solves (4.3) with w(t) = 5**(t) given by

- [ (1 7 6(()))>/ (a2~ V= (50 059

Corollary 4.8 Suppose N < oo and K < 0. Then

pi(a) =E [x (%SK/(N_U (g) ( /O t 0'(5)2ds) 1/2)} , (4.5)

where 0'(t) is as in Lemma 4.7. Moreover,

[ (s e ()

(N—-1) 1+e* e’ —2Kt\ du
xexp< 5 (Kt — ) 5 vV N 1 udx,

where

I(r,t) == %e’#/(m/o €7/ o= eosh(©) ginh (€) sin ( E) de.
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Proof. Let Z'(t) and () be as in Lemma 4.7. By the martingale representation
theorem, there exists a Brownian motion B(t) such that

2 () £ sk /-1 (g) +B (2 /0 t 9’(5)2d5) .

Hence, as in the proof of Lemma 4.4, the definition of ¢;(a) and Lemma 4.7 yield

Sot(a)zp{lnf ,0()>O]:IP’{1nf }

0<s<t 0<s<t

—p {inf{sK/(Nl) (g) + B(s) ‘ 0<s<2 / o' (u) du} > 0}
_E [x (%WWI) (g) (/O 8’(u)2du)_1/2>] .

This is nothing but (4.5). Now the conclusion follows by using an explicit expression of
the distribution of f(f 0’ (u)?du in [26, Theorem 4.1] (also see references therein). O

In the case K > 0, we use several properties on the Gegenbauer, or ultraspherical,
polynomials to obtain alternative expression of ¢; in Lemma 4.9 below. We refer to [33]
for basics on Gegenbauer polynomials.

Lemma 4.9 Suppose N < oo and K > 0. Then, for all a € [0, R],

_ S 7(2n+1)(2n+N)Kt/(N71)(_1)n(4n+N+1)B N-1 D p
¢i(a) nz:%e (20 + V) 5 N+ 5 ont1(@),

where B(-,-) is the Beta function, a := sin(y/ K /(N — 1)a/2) and P,(z) is the n-th Gegen-
bauer polynomial of parameter (N —1)/2.

Proof. Let us define p(t) by

ﬁ@y:gn(% NflpCNigﬁ)>.

Then p(t) solves the following stochastic differential equation:

p(t) = /1= p(t)*dB(t) ——,0

p(0) = a,

where 3(t) is a one-dimensional standard Brownian motion. Thus j(¢) is the Legendre
process, or the diffusion process on (—1,1) generated by Ly given as follows:



It is well-known that py(dz) = (1 —2%)V/?7!dz is the symmetrizing measure of Ly. More-
over, Ly is essentially selfadjoint on L?(uy), the spectra of Ly on L*(uy) is {—n(n+ N —
1)/2}nen, all of which are eigenvalues of multiplicity one, and the normalized eigenfunc-
tion corresponding to the n-th eigenvalue is n-th normalized Gegenbauer polynomials P,
defined by P,(z) = Z;'P,(x) and

o ! 9 12 B 21*N/2\/7T1"(n +N—-1)
. {/ fal) ”NW)} T VAl + (N—D/20(N - 1)/2)

As a result, the transition density p;(t, z,y) of p(t) with respect to uy is given by

W(t,2,9) Ze nEN=DY2 B ()P (y), (4.6)

where the sum converges in L?(uy ® puy). We claim that the infinite sum in the right
hand side of (4.6) converges uniformly in x and y. Recall that the Gegenbauer polynomial
P, satisfies the following recursion relation:

2n+ N —3 (n+ N —3)

P.(z) = f:an_l(x) — .

Py(z) =1, Pi(x)=(N—-1)z.

P, 5(x), (4.7)

By induction, we can easily show that there exist ¢y > 0 and ¢ > 0 such that

sup | Pu()| < cog” (4.8)
ze(—1,1)

(for instance, we can dominate the left hand side by (N — 1)4"[[,_,(1 + |N — 3|/k)). It
is not difficult to see that there exists ¢; > 0 such that Z,; I < c1y/n for all n € N since
N >m > 2. Then these estimates imply the claim.

Now the reflection principle yields

pila) =P Lgi ls) > o]

:IP’[ inf  p(s)>0

0<s<2Kt/(N—1)

- / (2 ) - —0) ) vl

- Z / AN DKUY (P () — By (~a)) Pa(@)pun(da)

1
—2) e By (o | P @t
0

n=0
The Rodrigues formula for the Gegenbauer polynomial asserts

(=2)"T(n+ (N -1)/2)T(n+ N — 1)( o x2)1—N/2£ 2yn+N/2-1

bl@) = TN D2t N = 1) L)
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By using this formula twice, we obtain

(=2 T2+ (N + D)/2AT@n+ N) [ ]!

@n+ 1 T((N = 1)/ An+ N+ 1) |dezn 0~ %)
— (N_ 1) (N+2)
B (2n+1)(2n+N)P2 )

[ Pontntan) =

9

where PQ(,]LV ™2 i the (2n)-th Gegenbauer polynomial of parameter (VN + 1)/2 (associated
with Ly,2). By the recursion formula (4.7), we obtain

T'(n+ (N +1)/2)
T(N +1)/2)nl

Py 2(0) = (-1)"

Thus the duplication formula of the Gamma function yields

- —(2n+1)(2n+N)Kt/(N— (=D"2(N = 1)I'(n + (N +1)/2) ~
Z e )Z§n+1(2n+1)(2n+N)F((N+1)/2)n! on+1(@)

= ~)"4An+N+1) (N -1 1 N
(2n+1)(2n+N)Kt/(N—1 ( B ZVP
Z 7T<2n+N) ( 2 7n+ 2) 2n+1(a’>'

=0

This is nothing but the desired identity. O

Based on expressions of ¢;(a) in Lemma 4.2, Corollary 4.8 and Lemma 4.9, we will
obtain the asymptotic behavior of ¢;(a) as t — oo in the following corollary:

Corollary 4.10 The following convergence holds compact uniformly in a € [0, R):
(i) When N =00 and K >0, or N < oo and K =0,
li t = —.
Hm /g (t)i(a) VG

In addition, this is an increasing limait.

(ii) When N = o0 and K <0,

lim ¢;(a) = x

t—o0

(%),

(iii) When N < oo and K > 0,

N? -1 N-11 1 K
lim eVEY/ NV, (g) = ( )B < ,§> sin (5 a) .

t—00 7N 2

In addition, sup{e"EYWN"Np (a) |t > 1,a € [0, R]} < c0.
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(iv) When N < oo and K <0,

: 1 = —Ku a N-3)/2 ~u
i ei(e) = mry = 1)/2)/0 X < (N — 1) K/ (5)) Wl e
(4.9)
Proof. (i) (ii) The convergence easily follows by elementary calculus. The monotonicity
in ¢ in (i) follows from the concavity of x. In both cases, the Dini theorem ensures the
uniformity of the convergence on each compact set.
(iii) The computation of the limit as well as the uniformity on [0, ] and the finiteness

of the supremum directly follows from Proposition 4.9 and (4.8).
(iv) By (4.5) and the monotone convergence theorem,

lim ¢(a) = E [X <$5K/(N—l) (g) (/OOO 9’(5)2ds) _1/2>] : (4.10)

Then the distribution [ #'(s)2ds can be described with the aid of [26, Theorem 6.2] (also
see references therein) to obtain (4.9). Since the convergence in (4.10) is monotone, the
compact uniformity of the convergence follows from the Dini theorem. OJ

5 MONOTONICITY OF TRANSPORTATION COSTS

Based on Proposition 4.5 and Corollary 4.6, we will show some continuity properties for
¢(a) and T, g with respect to ¢ in the following two lemmata.

Lemma 5.1 Let ¢, : M x M — [0,00) be a family of continuous functions converging to
c: M x M —[0,00) pointwisely. Let p,v € P(M).

i) If sup cn(T,y) < 00 or ¢, is nondecreasing in n, then
n,r,y y g

limsup 7, (1, v) < Te(p, v).

n—oo

(ii) If the convergence ¢, — ¢ is uniform on each compact set or ¢, is nondecreasing in

n, then
liminf 7, (u,v) > To(u, v).

n—oo

Proof. (i) Under the assumption on ¢,, for each = € II(y,v),

limsup 7., (i, v) < limsup/ Cpdm :/ cdm.
M x M MxM

n—oo n—oo

Thus the assertion holds by taking infimum over = € II(u, v).
(ii) Take a subsequence (¢, )k of (¢,), so that

lim 7., (u,v)=liminf 7. (u,v).
k—r00 k n—o0
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Since II(u, v) is compact and ¢, is continuous and nonnegative, a usual variational argu-
ment implies that there is a minimizer of 7., (u,v), i.e. there exists 7, € II(u,v) such

that 7., (pv) = | arsear Cni . We may assume that m, converges as k — oo by taking
a subsequence if necessary. We denote the limit by 7.

First we consider the case that ¢, converges to ¢ compact uniformly. Take ¢ > 0 and
choose a compact set K C M x M such that m(K¢) < e. Then, for any R > 0, the
assumption on ¢, implies

lim 7., (p,v) > lim inf/ Cn,, N\ Rdmy,
K

k—o0 k—o0

> liminf/ cNRdm, — ¢
K

k—00

> liminf/ cARdm, — (R+1)e.
M

k—o0

:/ cNRdry — (R+ 1)e.
M
Thus, by taking € | 0 and R 1 oo, we obtain

lim 7., (u,v) > / cdms > To(p,v)
M

k—00

and hence the assertion holds.
Next we consider the case that ¢, is nondecreasing in n. Then, for k£ € N,

/ Cpy Ao < lim inf/ Cp, dmp < lim inf/ Cpy dmp = lminf T, (p, v).
M xM M xM M xM

=00 =00 n—00

By taking £ — 0o, the monotone convergence theorem implies that

Te(p, v) < lim sup/ Cny, Ao
MxM

k—o00

Thus, the conclusion follows by combining these two estimates. 0

For later use, we will state the following lemma in a slightly more general form than
what we will use in the proof of Theorem 2.3.

Lemma 5.2 Let (fi5)scfo,00) nd (Vs)selo,00) be families of probability measures on M which
1s continuous in s with respect to the topology of weak convergence. Fort > 0, let d
[0,] x M x M — [0,00) be a continuous function such that d(s, -, -) is a distance function
on M for each s € [0,t]. Then s = T, .y (ks Vs) is continuous on [0,t) and lower
semi-continuous at t.

Proof. For simplicity of notations, we denote d(s,z,y) by ds(z,y). Let sy € [0,¢) and

take a decreasing sequence (S, )neny With lim, o s, = so. Let € > 0. Since (s, )nen and
(v, Jnen are tight in P(M), there exist a compact set K C M such that 7((K x K)¢) < e
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for any 7 € J, e H(fts,,, Vs, ). Since ¢;_g, (a) is nonincreasing in n, the Dini theorem yields
that ¢y, (ds,) converges to ;s (ds,) as n — oo uniformly on K x K. By Corollary 4.6,

‘(ptfsn (dsn (.T, y)) — Pt—s, (dso (.T, y))‘ S Qotfsn<|dsn<x7 y) - dSO (SL’, y)|)

By the assumption on dg, we have

lim sup |ds, (z,y) — ds, (2, y)| = 0.

n—o0 :v,yGK

By combining these estimates, we obtain

hm Sup }7:% sn dsn)(l’bsrw Vsn) - nt—so(dso)(l’bsrw Vsn)‘

n—oo

< limsup ( SUp | Prs, (den(2:9)) — @ (doo ()

n—00 z,yeK

+SMJ%SAM%@wy—@ALwD)+e
zyeK

=c. (5.1)

By virtue of Corollary 4.6 and [34, Theorem 7.12], the weak convergences s, — fi5, and
. = Vs, imply that T, (a,.)(is,, Vs,) converges to To, (d.,)(Hso» Vso)- By combining this
fact with (5.1), we obtain

lim nt—sn(dsn)(l’bsn’ VSn) = nt—so(dso)(/j’s(ﬂ VSO)'

n—oo

It proves that T, _(a,)(/ts, Vs) is right-continuous at sq. In a similar way, we can show the
left-continuity of Ty, (4,)(1ts, vs) at so. Finally we will show the lower semi-continuity at
t. Since @, (a) is nonincreasing in r, for ¢’ > ¢, we have

hmefT (NSa vs) > hm 7;%/ s(d s)(/"LS’ vs) = nt’—t(dt)(ut’ V).

Hence the conclusion follows from Lemma 5.1 (ii) by letting ¢’ | ¢. O
Proof of Theorem 2.3. Recall that, for ¢/ > 0, s > 0 and z, 29 € M, Theorem 2.2
yields

nt/(d) (]P)Z‘l © X(S,)_la ]P)m © X(Sl)_l) < g0t1+51(d(l‘1, xQ)) (52)
Let 0 < s1 < sy < t. For each y1,ys € M, take 722”2 € TI(P,, 0 X (s9 — 51) ', Py, 0 X (50—

s1)71) so that

Et—sg(d) (Pyl © X<32 - 81)717 P?JQ © X<32 - 81)71) = / Pt—ss <d> dﬂ-ggl?sf
M xM

We can choose ih%, so that (yi,y2) — 7%, is measurable (see [35, Corollary 5.22],

§2—S81

for instance). Let us take a minimizer m € H(,ugl), ns ) of T (@) (,ugl), s ) and define
* (1)

e T(uly, 1) by

T (A) == / T (A)m(dyrdys).
M xM
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Then, by applying (5.2) with ¢ =t — sy and s’ = sy — s1, we obtain

o (u) 1) < / orsn(d) d”
_ / vty (Byy 0 X (52— 51) ™ By 0 X (52 — 1) e(dyadye)
M x

< s, (A1, y2)) 7 (dy1dys)
= Torey@ (1), 1)

Thus the assertion holds when t> s When t = s,, the assertion follows by taking so 1 ¢
together with Lemma 5.2 with d(¢, z,y) := d(z,y). O

In Theorem 2.3, the cost function ¢;_4(d) depends on time parameter ¢. Thus it seems
to be natural to consider the limit ¢ — oo, under a suitable scaling if necessary. We can
realize it by combining Corollary 4.10 with Theorem 2.3 with the aid of Lemma 5.1. Then
we obtain the following monotonicity of transportation costs:

Corollary 5.3 Let us define © = Oy : [0, R) — [0,00) and k = (K, N) € R by

a (K:O),
(N =00 and K > 0),

(\/—K (N =00 and K <0),
@KJV(CL) = K

(N < oo and K > 0),

(, [ 2N sK/(N ) N=3/2e=tqy (N < 0o and K < 0),

KVO0
K(K,N):=¢ NK
N -1

L.

=
N | —
2

H
v

V0 (N<oo).

Fori=1,2 and i € P(M), let 1) be the distribution of X (t) with the initial distribution
1. Then e To ) (,ugl), uf)) is nonincreasing in s.

When K =0 or N =00 and K > 0, what the last corollary states is nothing but the
L'-Wasserstein contraction. When N < oo and K > 0, what we obtained is essentially
well-known (see [37] for the statement formulated in terms of optimal transport theory).
Thus the most interesting assertion is in the case K < 0. In the usual LP-Wasserstein
contraction in (1.2), The upper bound grows exponentially fast as time increases when
K < 0. The last corollary says that a nonincreasing property still holds even when K < 0
by choosing a cost function appropriately.
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6 GRADIENT ESTIMATES

For a bounded and measurable function f : M — R, we define the action of the diffusion
semigroup P, f by P,f(x) := E,[f(X(t))]. We denote the dual action of P, to P(M) by
Pr. That is,

Pont4) = [ BAIX(0) € Al u(da).

Since ¢;(d(z,y)) is a distance function by Corollary 4.6, the Kantorovich-Rubinstein du-
ality easily implies the following (cf. [21,30]):

Theorem 6.1 Given t,s > 0, the following are equivalent:
(i) For pu, pa2 € P(M),

Ef’N(d)(Ps*,ula Plus) < 7;515(6;) (h1, p2).

(ii) For any o™ (d)-Lipschitz function f on M,

Pf(@) — P _
SUp — ¢ = SUP TN
sty prys (d(2,Y)) sy @ (d(

|f(x) = F)l
r,y))

The condition (i) in the last theorem comes from the consequence of Theorem 2.3. Note
that, in the condition (ii), those supremums may be attained at (z,y) € M x M with
d(x,y) > 0 since ¢;(d) is not a geodesic distance. As an easy consequence of Theorem 6.1,
we obtain the following gradient estimate.

Corollary 6.2 Under Assumption 1, we have

IVE flloo < ¢4(0) 0sc(f)

for any bounded measurable function f on M.

Recall that an expression of ¢}(0) is given in Proposition 4.5. Note that a gradient
estimate like in Corollary 6.2 also follows from the reverse Poincaré inequality (see [4,22]
for instance; also see [2]). When K > 0, Corollary 6.2 and Proposition 4.5 (v) easily imply
the Liouville property, that is, there are no nonconstant bounded £-harmonic functions,
by taking f as a bounded harmonic function (so that P,f = f) and t — co.

Proof. Theorem 2.3 tells us that the condition (i) holds with ¢ = 0 under Assumption 1.
Then the definition of ¢, yields

flx) —

up 2) = S0)
vty 9o (d(,y))

Recall that the differentiability of ¢ at 0 is given in Proposition 4.5 (v). Thus Theo-

rem 6.1 implies that

= osc(f).

1 Ps - Ps
(¢s7)'(0) oty ps(d(T,y))
and hence the conclusion holds. |
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7 STABILITY UNDER THE GROMOV-HAUSDORFF CONVERGENCE

In this section we consider a sequence of Riemannian manifolds (M, g,) (n € N). By
technical reasons, we restrict ourselves into the case that each M, is compact. Let f,, be
a positive C''-function on M,, and Z,, := Vf, for n € N. Suppose that, given N < oo and
K, (M,,g,) and Z, satisfies Assumption 1 for all n € N where the parameters N and K
are independent of n. Let vol,, be the Riemannian volume measure on (M,,g,) and set
v, = e"vol,. Under Assumption 1, the metric measure space (M,,d,,v,) satisfies the
curvature-dimension condition CD(K, 00) (see [25,31,32]). Thus the gradient flow of the
relative entropy functional Ent,, on L?-Wasserstein space over (M,,,d,,v,) is identified
with the gradient flow of the Dirichlet energy functional on L?(M,,,v,) (see [1,8,11]).

Definition 7.1 (i) Let (My,dy) and (Ma,dy) be metric spaces. For e > 0, we call
f My — My an e-isometry if the following hold:

sup [dy(x,y) — do(f (), [ ()| <&, sup dy(y, f(Mh)) < e

z,ye M ye Mo

(ii) Let ((My,dn, Vp))nen and (M, d,v) be metric measure spaces. We say (M,,, d,, vy,)
converges to (M, d,v) as n — oo in the measured Gromov-Hausdorff sense if there
exist €, > 0 (n € N) with lim,,_,. &, = 0 and ,-isometry f, : M,, — M so that
f#v, converges to f#v in the vague topology.

In the sequel, we assume that (M,,, d,, v,,) converges to a compact metric measure space
(M,d,v) in the measured Gromov-Hausdorff sense via e,-isometries f,, : M,, — M. Note
that, in this framework, the convergence with respect to the measured Gromov-Hausdorff
distance is equivalent to the convergence with respect to the distance D introduced in [31]
(see [31, Subsection 3.4]). Under the assumption, (M,d,v) satisfies CD(K,c0) again
(see [2,25,31]). Thus, for uy € P(M) with Ent, (uy) < oo, there exists a unique gradient
curve 1, of Ent, on P(M) starting from pq (see [1,2,10]).

The following theorem asserts that these gradient curves enjoy the same monotonicity
as shown in Theorem 2.3:

Theorem 7.2 Fori = 1,2, let ,u(()i) € P(M) with Enty(ug)) < oo and 1\ a gradient
curve of Ent,, with initial distribution ug). Then, for any t € [0,00), To,_ (a) (), )y s

a nonincreasing function of s € [0,¢].

Proof. By virtue of Lemma 5.2, it suffices to show the assertion for s € (0,¢). For
i = 1,2, there exists ,u(()i’n) € P(M,) for n € N such that Entyn(,u(()i’n)) < oo and that
ffpg’n) converges to ,u(()i) by following an argument in the proof of [25, Theorem 4.15].
Let uti’") be the gradient curve of Ent,, on P(M,) with the initial distribution ,u(()i’n).
Then, by virtue of [10, Theorem 21], ffugi’") converges to ,ugi) fori=1,2 and t > 0.

We claim that for each s € (0,1),

(tm) @y — o (fE ) fEuEm)) = 0. (7.1)

Hm (7o, (a0 (14

n—oo
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Take 7 € H(Mg " ug" ) and set 7™ = (f, x f,)* 7. Then we can easily see that
7 e TI(f# ™ f# ™) holds. Since f, is en-isometry and ¢,_4(+) is nondecreasing,

o (FEA0™, fRu0) < /M (o)A dndy)
- /M ld(Fula), o) )

_ /M M(pt_s(dn(x,y)+€n)7r(")(d$dy)- (7.2)

Since our choice of 7™ € H(ugl s ,qu’")) can be arbitrary, (7.2) and Corollary 4.6 yield

Tora@ (SER™, FE ™) < To @ (1, 18™) + 01 s(€0). (7.3)

To complete the proof of the claim, let us take an approximate inverse g, for each n € N,
that is, g, : M — M,, satisfies

lim sup d(z, g,(f.(z))) =0, lim sup d,(z, fn(gn(x))) = 0.

n—00 yc M, n—00 pc M

We may assume g, is €/ -isometry for some ¢/, with lim,, . €/, = 0 without loss of gener-
ality. By a similar argument as what we used to obtain (7.3),

7:Dt—s(dn) ((gn © fn)#ﬂgl’n)v ( (2 n))
< Torsay (FFR™ L FELEM) + 0 (e]). (T7.4)

Since (id x (g 0 fu)) ™ € I(us™, (gn o fu) i),

7:0 s(d )(Ngln (g of) (Zn) < dn(xagn(fn(x))) (Zn(dx)

My X My,

< sup dy(z, gu(fn(x)))

reEMy,

for ¢ = 1,2. By combining this estimate with (7.4), we obtain

™)

< Tor ) (f# (1,n) ffﬂ?’n)) +9 561}\14) do(, gn(fn(2))) + i_s(el). (7.5)

74’Pt—s(dn) (Mgl7n)

Hence (7.3) and (7.5) imply the claim since ¢;_4(+) is continuous.
By Corollary 4.6 and [34, Theorem 7.12], T, _

oo for i = 1,2. Hence (7.1) yields lim, o nt_s(dn)(ugl NS )) = To_od )(ugl),ﬂg)).

Since Etfs(dn)(ugl NS ")) is nonincreasing in s by Theorem 2.3, the conclusion holds. [J

(f#,us ,,ugi)) converges to 0 as n —
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8 TIME-DEPENDENT METRICS

Let (9(t))icin, ) be a family of smooth complete Riemannian metrics on M depending
smoothly in ¢. Let Z(t) be a time-dependent vector field on M depending continuously in ¢
and consider the time-inhomogeneous diffusion process ((X (t))icir,, 2], (P2 )zenr) generated
by L; := Agw) + Z(t). The following assumption corresponds to Assumption 1 with
N = oc:

Assumption 2 Given K € R, the following holds for each t:
1 .
(VZ(1)) + 50u9(t) < Ricy) —Kg(t).

An important example of the time-dependent metrics ¢(t) satisfying Assumption 2 is the
backward Ricci flow, that is,

1 :
§8tg<t) = RICg(t) .

Under Assumption 2, the coupling by reflection of X (t) is already studied in [17] via
the approximation by geodesic random walks (The notation in [17] looks slightly different
since we considered the diffusion process generated by Ay /24 Z(t) there). By modifying
arguments in previous sections, we can obtain the results corresponding to Theorem 2.2,
Theorem 2.3, Corollary 2.4 and Corollary 5.3 with N = oo by replacing d which measures
the distribution at s with dgy4s). For example, the conclusion of the statement corre-

sponding to Theorem 2.3 is as follows: Let ,ugi) be the distribution of X (¢) at t = s + 1
with initial distribution ,u%) for : = 1,2. Then, for t > sy > 51 >0,
nt—sg(dg(sﬁTl))(”g)#-Tl’ ”ga-Tl) < nt—sl(dg(sﬁTl))(”g)#-Tl"ug)-i-Tl)' (8'1)

For reader’s convenience, let us explain briefly why the time derivative with respect
to the metric appears in Assumption 2. When we follow the argument in the time-
independent metric case in Proposition 3.1, we consider dgyq)(X*(t7)) instead of r*(n) =
d(X*(t%)). Then, in the Taylor expansion in the proof of Lemma 3.2, there appears the
time derivative of dy(;) as an additional term. It can be described in terms of the time
derivative of g(t). Then our condition in Assumption 2 will be used to implement this
additional term into the lower bound of Bakry—Emery Ricci tensor. For more details,
see [17].

Note that, by [17, Lemma 2.5, d(t,z,y) := dg(e+1)(,y) satisfies the assumption of
Lemma 5.2. This fact will be used to complete the proof of (8.1) when ¢t = s,.
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