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Abstract

Given a strictly increasing, continuous function ¥ : Ry — R, based on the cost functional
fXXx 9 (d(z,y)) dg(z,y), we define the L’-Wasserstein distance Wy (u, ) between probability mea-
sures j, v on some metric space (X,d). The function ¥ will be assumed to admit a representation
¥ = po1) as a composition of a convex and a concave function ¢ and 1), resp. Besides convex functions
and concave functions this includes all C? functions.

For such functions ¢ we extend the concept of Orlicz spaces, defining the metric space LY (X, m)
of measurable functions f : X — R such that, for instance,

do(fig) <1 = /X I(f(z) — 9(2))) dpu(z) < 1.

1 Convex-Concave Compositions

Throughout this paper, ¢ will be a strictly increasing, continuous function from R, to R4 with ¢#(0) = 0.

Definition 1.1. ¥ will be called ccc function (”convex-concave composition”) iff there exist two strictly
increasing continuous functions ¢, : Ry — Ry with p(0) = ¢(0) = 0 s.t. ¢ is convex, v is concave and

¥ =@or.

The pair (¢, ) will be called convex-concave factorization of 9. ~

The factorization is called minimal (or non-redundant) if for any other factorization (p,) the func-

tion ¢~ o $ is conver.

Two minimal factorizations of a given function ¥ differ only by a linear change of variables. Indeed,
if ¢! o @ is convex and also p~! o ¢ is convex then there exists a A € (0,00) s.t. @(t) = ¢(\t) and

P(t) = 39(t).
For each convex, concave or ccc function f : Ry — Ry put f/(¢) := f/(t+) := limp~o 3 [f (¢ + h) — f(2)].

Lemma 1.2. (i) For any ccc function ¥, the function log®’ is locally of bounded variation and the
distribution (logd') defines a signed Radon measure on (0,00), henceforth denoted by d(log?’).

(i) A pair (p,) of strictly increasing convex or concave, resp., continuous functions with ¢(0) =
¥(0) = 0 is a factorization of ¥ iff

d(log¥) = ¢ 'd(log ¢') + d(log ¥') (1)

in the sense of signed Radon measures. ~
(iii) The factorization (p, ) is minimal iff for any other factorization (@, )

—d(log ') < —d(log )

in the sense of nonnegative Radon measures on (0,00).

A Very ccc junction admaits a minimal factorization en = o
(iv) Every ccc function ¥ admit I factorization (9,9) given by ¥ := 1909~ and

Iz) = /Ox exp ( )

where dv_(z) denotes the negative part of the Radon measure dv(z) = d(log?’')(z).



Proof. (i), (ii): The chain rule for convex/concave functions yields
V'(t) = ' (%(1) - ' (1)

for each factorization (¢, ) of a cce function . Taking logarithms it implies that log’ locally is a BV
function (as a difference of two increasing functions) and, hence, that the associated Radon measures
satisfy

d(log¥’) = d(logy' ov)+ d(loge)')
= o, d(logy’) + d(log y)").

(iii): The factorization (¢, 1)) is minimal if and only if for any other factorization (g, 1) the function
u=p top=109!is convex. Since logt)’ = logu'(x)) + log1)’, the latter is equivalent to

d(log ") > d(log )

which is the claim. .
(iv): Define ¥ as above. It remains to verify that ¥ < oco. Let (p,%) be any convex-concave
factorization of ¥. Without restriction assume ¢'(1) = 1. Then the Hahn decomposition of (1) yields

dv_ < —d(log ). (2)

Hence, forall 0 <z <1

0<d(z) = /Owexp (/yldy(z)> dy

/Om exp (— /yl d(log¢’)(z)) dy = ¥(x) < 0.

This already implies that Jis finite, strictly increasing and continuous on [0, c0). (For instance, for z > 1
it follows ¥(z) < 9(1) + « — 1.) Moreover, one easily verifies that 1 is concave.
Since v4,v_ are the minimal nonnegative measures in the ("Hahn’ or 'Jordan’) decomposition of

IN

v =uv, —v_, it follows that (J,7) is a minimal cc decomposition of 1. O
Examples 1.3. e Fach convex function ¥ is a ccc function. A minimal factorization is given by
(0,1d).

e Fach concave function ¢ is a ccc function. A minimal factorization is given by (Id,¥).

e Each C? function ¥ with 9'(0+) > 0 is a ccc function. The minimal factorization is given by

(z) == /ox exp (/11/ Wdz) dy

and ¥ =901, (The condition ¥ (0+) > 0 can be replaced by the strictly weaker requirement that
the previous integral defining ¥ is finite.)

2 The Metric Space LV(X, i)

Let (X,Z, 1) be a o-finite measure space and (p,1) a minimal ccc factorization of a given function 9.
Then L”(X, 1) will denote the space of all measurable functions f : X — R such that

[ (Gear) du< oo

for some ¢ € (0,00) where as usual functions which agree almost everywhere are identified. Note that —
due to the fact that r — ¢(r) for large r grows at least linearly — the previous condition is equivalent to
the condition [y ¢ (+(|f])) du < 1 for some ¢ € (0, 00).

Theorem 2.1. LY(X, ;1) is a complete metric space with the metric

o) =it {e .00 [ p(Fur-)) dus}.



The definition of this metric does not depend on the choice of the minimal ccc factorization of the
function 9. However, choosing an arbitrary convex-concave factorization of ¥ might change the value of
dy.

Note that always dy(f,g) = ds(f — g,0).

Proof. Let f,g,h € L”(X, i) be given and choose r, s > 0 with dy(f,g) < r and dy(g,h) < s. The latter

implies
1 1
/ @ (w(f —gl)) dp <1, / @ (w(g - h|)> du < 1.
X r X S
Concavity of ¢ yields ¥(|f — h|) < ¥(|f — g]) + ¥(Jg — h|). Put ¢ =r + s. Then convexity of ¢ implies

o(Fuls—mn) <o (32Ut s Mo =bDy oo (UUTd) o (Ula 0D,

t r t S r S

Hence,

/Xsocw(fhl)>duSZ-/}(@(M)dw?/xw(w)dué

and thus dy(f,h) < t. This proves that dy(f,h) < do(f,g) + ds(g, h).

In order to prove the completeness of the metric, let (f,), be a Cauchy sequence in LY. Then
dy(fn, fm) < €p for all n,m with m > n and suitable ¢, \, 0. Choose an increasing sequence of
measurable sets X, k € N, with pu(X%) < oo and Up Xy = X. Then

/ ¢ <1w<|fn - fm|>) dp <1
X €n

for all k,m,n with m > n. Jensen’s inequality implies
1 / 1 1
Pl 7w 71/) |fn _fm dﬂ) <
(e ot = ) < 2o

/ () = ()| i < ) (Wl()) |

In other words, (¢(fn))n is a Cauchy sequence in L!(Xy, it). It follows that it has a subsequence (¢(fn;)):
which converges p-almost everywhere on Xy. In particular, (f,;); converges almost everywhere on Xj
towards some limiting function f (which easily is shown to be independent of k).

Finally, Fatou’s lemma now implies

/ w(lw(lfn—fl)) i < it | ¢<1w(|fn—fm|)) a1
Xk €n m—oo Jx, €

n

oo (Zetn-10) nsn,

dﬂ(fna.f) <eén

1+

13
| ®

and thus

for each k£ and n € N. Hence,

that is,
which proves the claim.
Finally, it remains to verify that
dy(f,9)=0 < f=gpae onX.

The implication <= is trivial. For the reverse implication, we may argue as in the previous completeness
proof: dy(f,g) = 0 will yield ka ¢ (+¢(|f —gl)) du <1 for all k € N and all ¢ > 0 which in turn implies

ka [(f) —¥(g)| dp = 0. The latter proves f = g u-a.e. on X which is the claim. O

Examples 2.2. If 9(r) = r? for some p € (0,00) then

1/p”
dy(f,g9) = (/X |f —gl? du)

withp* :=pifp>1landp*:=1ifp<1.



Proposition 2.3. (i) If ¥ is convex then || f| 1o(x ) = do(f,0) is indeed a norm and L°(X, ) is a
Banach space, called Orlicz space. The norm is called Luzemburg norm.

(ii) If 9 is concave then
do(f.g) = /X (11 = gl) di > 19CF) — 9912 ¢x -

(#ii) For general ccc function ¥ = ¢ o)
dy(f,9) = 1O(1f = gDllzex -
(iv) If u(M) =1 then for each strictly increasing, convex function ® : R, — Ry with ®71(1) =1

d‘boﬁ(fv g) > dﬁ(f)Q)
(7 Jensen’s inequality”).

Proof. (1) If ¥(r) = cr then obviously dy(tf,0) =t - dy(f,0). See also standard literature [2].
(ii) Concavity of ¥ implies 9(|f — g|) > |9(f) — 9(g)|.
(iv) Assume that dgoy(f,g) < t for some t € (0,00). It implies

[o(e(Gutr-a)) anst.

Classical Jensen inequality for integrals yields

o ([ o(Gu0r-ab) au) <1

which — due to the fact that ®~!(1) = 1 — in turn implies dy(f,g) < t. O

3 The L’-Wasserstein Space

Let (X, d) be a complete separable metric space and 9 a ccc function with minimal factorization (¢, ).
The L-Wasserstein space Py(X) is defined as the space of all probability measures p on X — equipped
with its Borel o-field — s.t.

[ o (Getatam ) dute) <o

for some y € X and some t € (0,00). The L?-Wasserstein distance of two probability measures p,v €
Py(X) is defined as

. o 1
Wo(p,v) = mf{t>0- qeﬁl(lﬂ,y)/xmw(tw(d(m’y))) dq(z,y) < 1}

where II(u, ) denotes the set of all couplings of p and v, i.e. the set of all probability measures ¢ on
X x X s.t. ¢(Ax X)=p(A4),q(X x A) = v(A) for all Borel sets A C X.
Given two probability measures u, v € Py(X), a coupling ¢ of them is called optimal iff

/xXx v (;w(d(x,y))> dq(z,y) <1

for w := Wy (p, v).
Proposition 3.1. For each pair of probability measures p,v € Py(X) there exists an optimal coupling q.

Proof. For t € (0,00) define the cost function ¢;(z,y) = ¢(34¢(d(z,y))). Note that t — ¢ (z,y) is
continuous and decreasing.

Given p,v s.t. w = Wy(p,v) < oco. Then for all ¢ > w the measures p and v have finite ¢-
transportation costs. More precisely,

mf/ ci(z,y) dg(z,y) < 1.
q€I(p,v) J x x X



Hence, there exists ¢, € (u,v) s.t.
1
Cowt L (1[,’7 y) dqn(xv y) < 1+ -—.
XxX " n

In particular, fXXX Cw+1(2,y)) dgn(z,y) < 2 for all n € N. Hence, the family (g, ), is tight ([3], Lemma
4.4). Therefore, there exists a converging subsequence (gy,), with limit ¢ € II(u, v) satisfying

1
/ Cw—‘rl(’ray) dQ(xay) S 1 + =
XxX " n

for all n ([3], Lemma 4.3) and thus

/ cw(x,y)dg(z,y) < 1.
XxX

Proposition 3.2. Wy is a complete metric on Py(X).

The triangle inequality for Wy is valid not only on Py(X) but on the whole space P(X) of probability
measures on X. The triangle inequality implies that Wy (u,v) < oo for all p, v € Py(X).

Proof. Given three probability measures i, ug,us on X and numbers r,s with Wy(u1, p2) < r and
W (2, 13) < s. Then there exist a coupling g12 of p; and ps and a coupling gog of pe and s s.t.

/w(llbod) dgrs < 1, /w(lwod) das < 1.
T S

Let ¢123 be the gluing of the two couplings ¢12 and g3, see e.g. [1], Lemma 11.8.3. That is, gi23 is a
probability measure on X x X x X s.t. the projection onto the first two factors coincides with g2 and
the projection onto the last two factors coincides with go3. Let g13 denote the projection of ¢123 onto the
first and third factor. In particular, this will be a coupling of p; and ps. Then for ¢ :=r + s

/X><X v (1w(d(x»z))> dgu3(z, 2)
< /XXXXX ¢ <1¢(d(:c, y) + d(y, z))) dnss(e..2)

t
d d
< /X XXXX¢<:w< (f’y” +§¢( %,z))) daiss (2,9, 2)
: E/X X X@(W) dqug(m,y,z)—k%/X X X90<w(d(i/’2))> dqi23(x,y, 2)
< ;-1+§-1:1.

Hence, Wy (u1, ng) < t. This proves the triangle inequality.

To prove completeness, assume that (ug)x is a Wy-Cauchy sequence, say Wy (un, i) < t, for all
k > n with ¢,, — 0 as n — oco. Then there exist couplings g, i of p, and p s.t.

[ (o) dinsten < 1. 3)
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Jensen’s inequality implies

/d(x,y) dgn (2, y) <t -0 1(1)

with d(z,y) := ¥(d(z,y)). The latter is a complete metric on X with the same topology as d. That is,
(1%) is a Cauchy sequence w.r.t. the L!'-Wasserstein distance on P(X,d). Because of completeness of
P1(X,d), we thus obtian an accumulation point y and a converging subsequence (jx;);. According to [3],
Lemma 4.4, this also yields an accumulation point ¢, of the sequence (gy k,;):- Continuity of the involved
cost functions — together with Fatou’s lemma — allows to pass to the limit in (3) to derive

ln

[ (o) danten <1



which proves that Wy (p, pn) < t, — 0 as n — oo.

With a similar argument, one verifies that Wy(u,v) = 0 if and only if u = v. O

Remark 3.3. For each pair of probability measures p,v on X

Wy(u,v) <1 <= inf / Hd(x,y)) dg(z,y) < 1.
q€ll(psv) J x x X
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