A Monotone Approximation to the Wasserstein Diffusion

Karl-Theodor Sturm

1 Introduction and Statement of the Main Results

The Wasserstein space P(M) on an Euclidean or Riemannian space M — i.e. the space of prob-
ability measures on M equipped with the L?-Wasserstein distance dyy — offers a rich geometric
structure. This allows to develop a far reaching first order calculus, with striking applications
for instance to the reformulation of conservative PDEs on M as gradient flows of suitable func-
tionals on P(M), see e.g. [Ot], [Vi], [AGS]. A second order calculus was developed in [RSt] in
the particular case of a one-dimensional state space, say M = [0, 1], based on the construction
of a canonical Dirichlet form

Ep(u,0) = [ (Duli). Dol P 1) (1)

with domain Dp C L%(P,P?). Here Du denotes the Wasserstein gradient and P? a suitable
measure ("entropic measure”). Among others, this leads to a canonical second order differential
operator and to a canonical continuous Markov process (u¢):>0, called Wasserstein diffusion.
The goal of this paper is to derive approximations of these objects — Dirichlet form, semigroup,
continuous Markov process — on the infinite dimensional space P := P([0, 1]) in terms of appro-
priate objects on finite dimensional spaces. In particular, we will approximate the Wasserstein
diffusion in terms of interacting systems of Brownian motions.

For each k € N we consider the strongly local, regular Dirichlet form (&£, Dy) on L?(R* ,pk dx)
defined on its core C*(R¥) by

&U,V) = k/Rk VU (z) - VV(z) pl () da. (1.2)
The density
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(where yg := 0,y := 1) is continuous, positive and bounded from above by
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on the simplex Xy := {(z1,...,21):0 <21 < ... < 2 < 1} C R* and vanishes on R* \ 3.

The strong Markov process (XF)i>0 = (Xf’l, ... ,th’k> . associated with the Dirichlet form
= t

(&, Dy,) is continuous, reversible and recurrent. At least on those stochastic intervals for which



XF(w) € X it can be characterized as the solution to an interacting system of stochastic
differential equations
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for some k-dimensional Brownian motion (W;)¢>o.

In many respects, an alternative representation for (1.1) is be more convenient. The map
X : g+ g«Leb|jg ) establishes an isometry between the set G of right continuous increasing
functions ¢ : [0,1) — [0,1] and P. Here G will be regarded as a convex subset of the Hilbert
space L2([0,1],Leb). The image of the form (1.1) under the map x~!: P — G is given by the
form (E,D) on L?(G, Q") with

Emno=1éaangnv@»d@ﬂw> (1.4)

where Du denotes the Frechet derivative for ”smooth” functions v : G — R and Qﬂ is the
well-known Dirichlet-Ferguson process with parameter measure 3 - Leb|[071].

Theorem 1.1. (i) For each k € N the Dirichlet form (&, Dy) on Lz(Rk,pg dx) is isomorphic
to a restriction (E,Dy) of the Dirichlet form (E,D) on L*(L?([0,1], Leb), Q®). The isomorphism
is induced by the embedding
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of R* into L?([0,1], Leb) (and of Xy into G ).
(ii) The semigroup TF associated with (B, Dy,) is given explicitly in terms of the semigroup T}
of the Dirichlet form (£, D). If g = () for some x € R* then

Tyu(g) = YU ()

with U :=uo .
(iii) The strong Markov process (gF)i>0 on G associated with (E,Dy,) is given by
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if go = t(z0) and if (XF)i>o denotes the Markov process on R¥ associated with (£, Dy) with
mitial condition X(]f = x9.
(iv) A strong Markov process (11f)i>0 on P (not necessarily normal) is defined by
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that is, as the empirical distribution of the process (Xf)tzo. It is continuous, recurrent and
reversible with invariant distribution IP’f = (Lp)*mg obtained as push forward of the measure

mﬁ(dm) = p’,f(x)dm under the embedding
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Theorem 1.2. (i) The domains Dor are increasing in k € N with D = UrD2 . Therefore,
(E,Dye) — (E,D) in the sense of Mosco
and, hence, for the associated semigroups and resolvents
']I‘?k — Ty, Gik — G, strongly in L*(G,QP) as k — oc. (1.5)

(ii) For the associated Markov processes on P starting from the respective invariant distributions
we obtain convergence

k
(4 )ezo = ()0 as k — o0 (1.6)

in distribution weakly on C(R4,P).
A closely related approximation result has been presented by Sebastian Andres and Max-K. von

Renesse [AR]. Their finite dimensional objects are more explicit; the convergence issues in their
approximation, however, are quite delicate.

2 Dirichlet-Ferguson Process, Entropic Measure and Wasser-
stein Diffusion

2.1 The Dirichlet-Ferguson Process

Let G denote the space of all right continuous nondecreasing maps g : [0,1] — [0,1] with
g(1) = 1. We will regard G as a convex subset of the Hilbert space L?([0,1],Leb). The scalar
product in L?([0, 1], Leb) will always be denoted by (., .).

Proposition 2.1. For each real number B > 0 there exists a unique probability measure Q°
on G, called Dirichlet-Ferguson process, with the property that for each k € N and each family
O=th<ti<to<...<tp_1<tp=1

k
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The Dirichlet-Ferguson process can be identified with the normalized distribution of the standard
Gamma process (y¢)i>0: For each B > 0, the law of the process (%)te[o,l] 1s the Dirichlet-
Ferguson process QF.

Recall that a right continuous, real valued Markov process (7:):>0 starting in zero is called
standard Gamma process if its increments 4 — v, are independent and distributed for 0 < s < ¢
according to Gy_s(dz) = ﬁl[om) (v)xt =" te=%dx.

In [RSt] as well as in [RYZ] a change of variable formula (under composition) has been derived
for the Dirichlet-Ferguson process.

2.2 The Dirichlet Form on ¢

Let €1(G) denote the set of all ('cylinder’) functions u : G — R which can be written as
u(g) = U ({g,%1),...,{g,¥n)) withn € N, U € C}(R",R) and ¥1,...,¢, € L%([0,1],Leb). For
u of this form the gradient

n

Du(g) = > 0iU ({g,¢1), .-, (g,%n)) - i)

i=1



exists in L?([0, 1], Leb) and
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=1

For u,v € €(G) we define the Dirichlet integral

E(u,v) = /3 (Du(g), Du(g)) dQ°(g). (2.2)

Theorem 2.2 ([RSt] Thm. 7.5, 7.8, [DS]). (i) (E, € (G)) is closable. Its closure (E,D) is a
regular, strongly local, recurrent Dirichlet form on L*(G,QP).

(ii) The associated Markov process (g¢)i>0 on G is continuous, reversible and recurrent.

(iii) The Dirichlet form (E,D) satisfies a logarithmic Sobolev inequality with constant %

2.3 The Dirichlet Form on the Wasserstein Space

Let P = P([0,1]) denote the space of probability measures on the unit interval [0,1]. The

map x : G — P, g — g«Leb|jg ) establishes a bijection between G and P. The inverse map

Xt P =G, opu gu assigns to each probability measure p € P its inverse distribution

function defined by g, (t) := inf{s € [0,1] : p[0,s] > ¢} with inf() := 1. The L Wasserstein
distance on P is characterized by dw (u,v) = ||gu — gv |2 for all u,v € P.

The entropic measure P? on P = P([0, 1]) is defined as the push forward of the Dirichlet process
QB on G under the map x.

Corollary 2.3 ([RSt] Thm. 7.17). The image of the Dirichlet form defined above under the
map x is the regular, strongly local, strongly local, recurrent Dirichlet form Ep on L%(P,PP),
defined on its core 31(P) by

Ep(u,0) = [ (D). Dol 1), (2.3

The associated Markov process (jit)e>0 on P, called Wasserstein diffusion, is given by

Mgw) = (91@)*[/65’[0,1]-

Here 3'(P) denotes the set of all functions u : P — R which can be written as u(u) =
U (fol Uidp,. .., fol \Pndu) with some n € N, some U € C!(R") and some ¥y, ..., ¥, € C}([0,1]).
For u as above we define its "Wasserstein gradient’ Du(u) € L%([0,1], 1) by

Du(p) =Y U ([Urdp,. .., [Cndp) - ()
=1

with norm
9 1/2

> oU([Cidp, ..., [Undp) - V| dp
=1

1
| Du(ys)l| 2y = /O

Recall that the tangent space at a given point u € P can be identified with L2([0, 1], u).

The analogue to (2.3) on multidimensional spaces has been constructed in [St].



3 The Distribution of Random Means

Let mf = (PP denote the distribution of the random variable ¢ : p — fol x dp(x) which assigns
to each probability measure p € P its mean value (random means of the random probability

measure PP). Actually, mf coincides with the distribution of the random means of the random

probability measure Q?, that is, mf = (.QF where ¢ : g — fol tdg(t) assigns to each function
g € G the mean value of the probability measure dg.

Indeed, integration by parts yields fol tdg(t) = fol(l —g(t))dt = fol(l — z)du(zx) for pu = g.Leb.
Due to the symmetry of the entropic measure under the transformation x — 1—x the distribution
of fol(l — x)du(x) coincides with mf

The law of the random means of the Dirichlet-Ferguson process is a well studied quantity. Let
©3 be the distribution function of m? . For simplicity, we will restrict ourselves in this section
to the case 8 € (0,1). The following result can be found e.g. in [RGN], Proposition 8 and
Proposition 3.

Lemma 3.1. Og admits the following representations

0 1 1
Op(z) = % + 717/0 exp <§/0 log [1 + t*(z — y)?] dy> - sin (ﬁ/o arctan [t(z — y)] dy> %
and 5 e
Op(x) = e/ (@—y)" ey (1= )P0 sin(rBy) dy.
T Jo

Proposition 3.2. The measure mf is absolutely continuous with density 95 = (0©g)" given by

03(0) = 6 [ (@) Loy (1 gy P00 Jeos(iy) — Dsin(e) ow ] g (3.
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Figure 1: Graph of ¥g(z) for f = % and % in blue and red respectively. The dashed lines
represent the graph of ¥(z) = [e - 2(1 — z)]°.

8
Proof. The proof requires some care since we are interested in the case 8 < 1. Put

8
n(y) = ;7 YT (1= y) PO sin(mBy)

in order to obtain

Op(z) = 5/;(3; — )" n(y) dy = ﬁ/om Ytz —y)dy.
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Differentiating the latter yields (since n(z —y) \, 0 for y " z)
© 51 ; 1
03(a) =8 [ i@y =5 [ = o @y

Moreover, calculating 1’ gives

W (y)=ey= . (1—y) 0. [008(776?;) - %Sin(ﬂﬁy) -log - L ;
This proves the claim. O
Proposition 3.3. The density ¥ : [0,1] — R has the following properties
(i) O is symmetric, i.e. 9(x) =(1 —x);
(i) ¥ is continuous on [0,1] and C* on (0,1);
(1ii) ¥ > 0 on (0,1) and ¥(0) = ¥(1) = 0;
() 9(z)/I(z) =1 asz — 0 orz — 1 for (x) = [e- z(1 — z)]’;
(v) 3C > ¢ >0, e.g. ¢ =cos(nB/2) and C = 48[1 + B/e], s.t. for all x € [0, 1]
cd(x) < V(z) < CY(z). (3.2)
Proof. (i) is proven in [RGN], Proposition 6. It also follows immediately from formula (4.1).
(ii) The smoothness inside (0, 1) follows from the representation formula in the previous Propo-
sition. Continuity at the boundary is a consequence of the estimates in (iv).
(iii) is a consequence of (V).

(iv) Using the notations from the proof of the previous Proposition and the fact that 7/(y) — €°
as y — 0 we obtain

(j.(gﬁ_ ﬁ)g /Ow(ﬂ?—y)ﬁl-n'(y)dy — :g/ox(x—y)ﬂldy—l

(e-x

as x — 0. Combined with the symmetry (i) this proves the claim.
(v) A lower estimate of the form

I(z) > (e x)? - cos(n3/2)

for x < 1/2 follows from the estimate 7/(y) > € - cos(m3/2), valid for all y < 1/2,
On the other hand, the estimate

1
/) < 26)° - |contapy) — Lsin(rin) tog 2| < 2e)* 142,
T -y e
again valid for y < 1/2, implies
3 B
Hx) < (2ex)” - |14 =
e
for all < 1/2. Due to the symmetry of ¥ this proves the claim. O
Remark 3.4. For all z € (0,1)

e Og(x) =2 and ¥g(x) > 1 as B —0

e O5(z) = - 1{%}(33) + 1(%’1](95) as ff — oo.



4 The Measure mg in the Multivariate Case

From a technical point of view, the main result of this paper is the identification of the distri-
bution of the random vector

1 1
Ji(9) = (/ o dg, .. / <I>,(f)dg> (4.1)
0 0
under QP where
‘ 1, for t € [0, Tl]
o (t):=4 i—kt, forte [l ]] (4.2)
0, for t € [£,1].
o) (1)
1
0 1 1 1 1 1 1 ‘ 1 1 i t
0 = 3 1

k
Figure 2: Graph of CIJI(f) (t).

Note that integration by parts yields

i
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k

foralli=1,...,kand all g € G. Put
mf = (jk)*QB'

Theorem 4.1. Forany B > 0 andk € N, k > [, the measure mg on RF is absolutely continuous.
The density s strictly positive and continuous on the simplex

Ypo={(x1,...,21):0< 21 <...<xp <1} CR"
and vanishes on R¥ \ ¥y For x € ¥y, it is given by
I'(5) /“ / { <33z Yi 1) ]
B _ A . \B/k=2
Pp(T1y ey Tk) = 5 Y (Vi —Yi—1 dyy ... dyg—
k( ) F(B/k)k Tpo x1 11:1 Bl Yi —Yi-1 ( ) !

(where yo == 0,y := 1) with U5 as defined in (3.1).

Proof. Let us start with the simple observation that

[otas (2 b0 ()] L1

with

Now the crucial fact is that, conditioned on (g (1) ,..-,9 ( 1)), the processes (g;(t Niepo,1) for
i = 1,...,k are independent and distributed according to @5/ k. (This can be deduced from
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Figure 3: Picture of the transformation §(t) = glr+1(s = 1)) g(r).
9(s) —g(r)

the explicit representation formula for the finite dimensional distributions (2.1), see also [RSt],
Proposition 3.15).

Moreover, according to Proposition 3.2 the distribution of fol(l — t)dg;(t) for QF/F-distributed
(gi(t))te[o,l] is given by dmf/k(:z;) = ﬂﬁ/k(x) dz.

Finally, the distribution of the random vector (g (%) sees g (%)) is given explicitly by the
Dirichlet distribution, see formula (2.1).



Putting these informations together we obtain for each bounded Borel function U on R*

[o(([om),, )
- /gU ((9 (F) b (@) -o(F)] [o-mme) )

)

~ T /E[/ v <<y21+ y@-_ﬂ-/;(l—t)dgi(t))i_l k)
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k
dQ/*(g1) ... dQ* (g } TT i = wie)?* 7t dyn . dyres
1=1
= yz ‘|‘ —Yi-1] " %i);—
F /Ek 1 [/ / 1 1] z) 1I<:>
k
Hﬁg/k (zi)dz1 -z | ] (i —wi0)™* " dyn - dys
i1 i=1

_ %/Ekl [/yjkl/yjl U ((xi)izl,...7k)

k
Ty — Yi— _
|:795/k (2/1) (i — yie1)? 2] dry,...dog| dy ... dyk—
1 Yi — Yi—1

- e

H |:196/k ( — Y- 1) . (yz - yil)ﬁ/k2:| dyl, NN dyk_l] d:Cl PN dack

=1 —Yi—-1

= / U(xl,...,xk)-pg(xl,...,xk)da:l...dxk
Xk

with pf as defined above (and always with yo := 0,y := 1).

The continuity and strict positivity of pg on Y, follows from the explicit representation formula
and from the fact that ¥4/, is smooth and > 0 on (0, 1). O

Remark 4.2. The densities pg have the following hierarchical structure:

pr(T1, o, . .. ,a:k) = Qk/k pgk(ajl &1+ &, — &, Xk —‘rfk)dfl .o dEg. (4.4)
R

This is of course a consequence of the fact that they are obtained via projection from the same
measure QF and that

1 21 %
(I)l(c) =5 (ng : +q)gk))

forallk € N and alli=1,..., k. Thus for allU on R*

1ty Y2k—1 t Y2k
/ U(x)p}f(a:)dx = / U< ! 5 22 12 : >p’§k(y)dy
Rk R2k

= /U(UC) [Qk/ P (1 — €1, @1+ €1, ap — &y g+ &) dEr .. dEy| da
Rk Rk




Proposition 4.3. (i) There exists a constant C = Cg, such that for all x € Ey:
k
pg(xl,...,xk)gC-[:L‘l(l B/(Qk -t HZL’ —xiq)PEL (4.5)
1=2

(ii) Foralll € {1,...,k—1} there exist continuous functions y1 > 0 on 3; and v2 > 0 on Xj_;
such that
p(@) = m(r, . 2r) e (@i, zp) - (g — ) 2R (4.6)

for all x € Sy, with |x41 — x| < §min{|ay — 21|, |22 — 241}

Proof. (i) Using the fact that ¥z, < C and the trivial estimate (a + )™ < 27P . a~P/?2 . p=p/2
(Va,b,p > 0) we obtain

pf(l’l, N ,:Ifk)
L'(B) /” / B/k—2
< oF. 2L ) dyr . ..dyr—1
O Ly, S, Wi
k
I'(B) _ = (2k)— 2k)—1
< ok 98 Qk/ / i — ;)P i — yi1)? PO dyy L dy,
F(,B/k:)k ey - £[1 z ( ) 1

_ k
ok . L6 T(8/(2k))? 982k [ (1 )P/ 201 2i— i )P
rw/kwf[ L(B/k) ] ' U

(ii) We assume k > 28 and 2 < [ < k — 2. (The cases | = 1 and | = k — 1 require some
modifications.) Fix z € ¥j as above and put 0 := |z;4; — 2;|. In the representation formula
(4.3) for pf, restrict the interval of integration for dy;—q from [z;_1, ] to [z; — 26, x; — J] and
that for dy;y1 from [z;11, x140] to [z111 + 0, 2141 + 26]. Moreover, use the lower estimate (3.2)

for the ¥g/;, i for i € {l,l + 1} to obtain the estimate
B/k \ yi—

pf(wl,..

Tip1 prip1+20 prigs Tp
> C \/ / / / / / o /
x;—20 Ti41+90 Tito Tr_1

11 [ﬁﬂ/k <:EZ — yll) (yi — yi—l)ﬂ/k2] :
ie{1,. I~ 1}U{I42,... k} Yi — Yi1
'(961 - yzfl)’B/k (g — ﬂﬁl)ﬁ/k ) ($l+1 - yl)ﬁ/lC (Y1 — T4
(=) 2 (i — ) PR 2 dyy Ly

Here and in the rest of the proof C always denotes a constant > 0 changing from line to line.
Now we use the lower estimates

)B/k’.

(w1 — yi1)?* > oPIF (o1 — wi31) /" > 607F,
(i —y1) PE2 > 30) P2 (g — )R > (30) 2,
W1 —y=2)"" > (@ =y (e — ) ”* = (yise — 2ig1) R,

ZTi—1 — Yi-2 -1 —Yi-2 Ti+2 — Yi+1 Yi+2 — Ti42
v (G ) 2o () o (i) 2o (202
B/ Yi—1 — Yi—2 bl Ty — Y2 B/ Yi+2 — Yi+1 B/ Yi+2 — Ti4+1

valid for all y;_1,y;, y+1 in the restricted domains of integration. Moreover, we put

2 Ti — Yi— -
(@, ..oa) = / / [%/k (_y1> (i — yi) " 2] :
1 T2 zE{l =2} Yi Yi—1

Li-1 — Y12 B/k
2 — ) (x;—y— dyj_o...d
,6’/k< p—— > (@1 — yi—2)" " dyi—2 .. . dy1
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and similarly

Ti43 T — Vi1 B
VQ(lerl? ceey l'k) = / / |:19,3/k’ <H> . (yz — yz—l)ﬁ/k 2
T2 T Yi —Yi—1

Yi+2 — T(42
Vg /i <+ * ) (g2 — we1) P dye_y - dyigo.
Yiv2 — Ti41

k=1 zE{l+3

Then we obtain

pf(ml, cey Tk
> C- 'yl XT1,... e%) 1‘l+1,...,wk)'
z;—0 Tyl CEH_I-{-Q(S
5 / / / (i — 2)P% - (231 — )" dyi_1dyidyisa
r;—20 Jag l+1+6

= C-m@,..,m) 2T, zp) - §2h/R=L,
This proves the claim. ]

Remark: We do not know whether the exponent 23/k — 1 in the previous lower estimate can be
improved to 5/k — 1. In the upper estimate, the exponent 3/k — 1 is certainly optimal.

5 Projections, Isomorphisms, Approximations

5.1 Finite Dimensional Projections

For each linear subspace H C L?([0, 1], Leb) let €},(G) denote the set of all functions u : G —
R which can be written as u(g) = U ({g,91),...,{g,%,)) with n € N, U € C}(R",R) and
Y1,...,0n € H. Moreover, let Dy denote the closure of €% (G) in D = Dom(E) w.r.t. the
norm (E+[.[|7, Qf@ )1/2. Then (E,Dg) is a — not necessarily densely defined — Dirichlet form on
L*(G,Q°).

More precisely, let Vz denote the closure of Dy in L?(G,Q”). Then (E, Dg) is a closed quadratic
form in V. As usual, there exist a strongly continuous semigroup (T} )t>0 and a resolvent
(G) a0, both consisting of Markovian operators on V. Let 7y : L2(G,Q%) — Vg be the
orthogonal projection onto the closed linear subspace V. Then a semigroup on L?(G, Q%) —
not necessarily strongly continuous, however — can be constructed by

TH .= TH o 7y, (5.1)

The projection #yu of u € L*(G, Qf ) can be characterized as the conditional expectation

Farulg) = /g (@) Q (d51{(d, @) = (g, @) for all o € HY)

of the random variable u : § — u(g) on G under the condition {(g, p) = (g, ) for all ¢ € H}.

5.2 Monotone Convergence

Let (H(k))en be an increasing family of linear subspaces with L?([0,1],Leb) = |J, H(k) and
define Dy (1) as above. Then Dy 7 with (J, Dgx) = D. In particular,

(E,Dgky) — (E,D) in the sense of Mosco for k — ooc.

Hence, if 'ﬂ‘f *) and Gf(k) denote the semigroup and resolvent operators on L?(G, Q8 ) associated

with (E, Dgxy) and if Ty and G,, denote the corresponding operators associated with (E, D) then
Tf(k) —T,, GH® G, strongly in L2(G,QP) as k — oo,

cf. [RSi].
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5.3 Isomorphisms I

Let H be finite dimensional with basis H = {gp(l), e gp(k)} and consider the map
Fn: 130, 1),Leb) 5 BE, g ((g.6D), .. (g,0®)).

Its restriction to H — denoted by J3 — is a vector space isomorphism with 7, L'"RF S H, 2+
Z?,j:l a:iai_jlgo(j) where (ai_jl) denotes the inverse of the matrix (a;;) defined by a;; = (p(®, (7).
This map induces an isomorphism between C!(R¥) and ¢ (G):

Uec'(®Y) 20y eel(g).

Let mft denote the distribution of the random vector ((g, g0(1)1>, .. (g, cp(k))), that is, m% =
(j’;.[)*(@ﬂ and define a pre-Dirichlet form on L?(R*, m?{) = {u o jﬁl TS VH} by

k
EU,V) = ay /R DU )05V () dm () (5.2)

4,j=1

for U,V € C*(R¥). This form is closable — since the closable form (E, €%(G)) is isomorphic to it

— with closure being a strongly local Dirichlet form on L?(RF, mf{) with domain

DH:{uojﬁlz UGDH}

and with A A
En(U, V) =E(U o T,V o Ty)

for U,V € Dy, cf. [FOT].
Let (T/);~0 denote the semigroup associated with (€3, D). Then for all u € Vi C L2(G, Q)
THu = (T]'U) (jH) (5.3)

with U € LQ(Rk,mf{) such that u = U o Jy.

5.4 Standard Approximations

For each k € N let us from now on fix the linear subspace H (k) C L?([0, 1], Leb) spanned by the
orthogonal system H (k) = {(p,(cl), ey (p,(f)} with

To simplify notation, write mg, Ti» E, TF etc. instead of m?{(k), Tr(k)s Exys I“tH(k), resp.
Note that in this case

% 1 1 1
Jilg) = (k/ g(t)dty---,k/ g(t)dt) - (/ @,(fl)dg,,,,,/ q)’gk)dg>
0 k-1 0 0

k

with <I>,(j) as introduced in (4.2). Hence,the measure m',f = (J)-Q° on R* coincides with the
measure investigated in detail in the previous chapter. In particular,

dmg(x) = pi(m) dz

with pf given by formula (4.3). Recall that pg is continuous and > 0 on the open simplex
¥ C R* and that it vanishes on R¥ \ 2.
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The Dirichlet form (&, D) on L?(RF, pf ) is given explicitly on its core C!(R¥) by

(U V) =k [ VU(x)-VV(z)dm] (z) (5.4)
Rk

with VU denoting the gradient of U on R*. If we regard it as a Dirichlet form on L?(Zy, pg )
then it is regular, strongly local and recurrent. (Indeed, {ulsg : u € CY(RF)} is dense in C(Xy)
as well as in Dy. Strong locality and recurrence is inherited from (E,D).)

The semigroup (T}F);>0 associated with (€, D) can be represented as

Tru(z) = E, [u (Xf)} (5.5)

(for all Borel functions u € L?(Xy, pg ) and a.e. * € ) in terms of a strong Markov process

k k1 Kk
(Xt )tZO = (Xt 7"'7Xt )tZO

with state space X, defined on some probability space (€2, F, Py) 2eS, and canonically associated

with (Ek, Dk). This process is continuous, recurrent and reversible w.r.t. mg At least on those
stochastic intervals for which X (w) € ¥ it can be characterized as the solution to an interacting
system of stochastic differential equations

dlog pf

dXF =k 5
Z;

(Xf) dt +V2AkdWi, i=1,....k (5.6)
for some k-dimensional Brownian motion (W3)¢>o.

5.5 Isomorphisms II

Let G, := GN H(k) denote the subset of those g € G which are constant on each of the intervals

(52, 4) for i =1,...,k. Then

k
1w
jk Xk — Gk, T Zl‘z . 1[1—1’%)

k
i=1

is a bijection. It maps the strong Markov process (Xf)tz() on Y, onto a strong Markov process

(gF)i>0 on Gy, with
k

of (@) = 77 (XFw)) = 3o X () -

S (5.7)

T

Now recall that the Hilbert space Vj, := €1(G)
Hence, (5.3) together with (5.5) and (5.7) imply

Tiu(g) = By [u (of )| = By [u (i Xt 1[121,;))] (5.8)
=1

for all Borel functions u € Vi and a.e. g € G. Finally, according to (5.1)

k
ki ] ]
i (ZXt -1[2217;)” (5.9)

i=1

3
) coincides with {U oJr: Ue LQ(R’“, mg)}

Tfu(g) = Ejk(g)

for all Borel functions u € L?(G,Q%) and a.e. g € G with u;, = #pu being the projection of u
onto Vi, (or, in other words, the conditional expectation of u).

13



This process canonically extends to a — not necessarily normal — strong Markov process (gf)tzo
on G, projecting the initial data by means of the map

k
_ . 1 i)y (i
T 1= jk ! Ojk G — gka g %ZQ]?SOI(@)%D;)
=1

5.6 Isomorphisms III

Let Py, denote the subset of u € P which can be represented as yu = %Zle 0, for suitable
T1,...,2, € [0,1]. The maps x : Gx + P and Iy := Jp 0 X ' : Px — X establish canonical
isomorphisms. The inverse of the latter

-1,
Ik 1T

k
>
=1

defines the canonical embedding of ¥}, into . On the other hand, the map

el

ik ::jkOX_li’P—)ik

can be characterized as follows: Each 1 € P can be represented uniquely as p = % Zle Wi with
probability measures j; supported on [y;—1,y;] for suitable 0 <y < ... <y < 1. (Indeed,
yi = inf{t > 0: p([0,t]) > ¢ for each i = 1,...,k.) Then

N

Ti(p) = (1, ..., xx)

with z; = 2!' = fol t dp;(t) being the mean value of the probability measure p;.
In particular, the projection 7, = Ik_l oi’k : P — Py, is defined by

k
P
=1

T =

T

Let (f)i>0 be the image of the strong Markov process (gF);>o under the bijection x : g
g*Leb\[OJ}. Then

k
1
k — .
wy(w) = Z El 5Xf,z(w).

In other words, the strong Markov process (uf)¢>0 on P}, is the empirical distribution of the
strong Markov process (X[)i>0 on 3.

Finally, a probabilistic representation — similar to that for (Tf) o also holds true for the
t>

semigroup (’]AT;% t) o associated with the Dirichlet form (Ep,Dp) on L%(P,P?):
) t>

T%,tu(u) = EI,LL

1 k
i (k 25)(5,,-)] (5.10)

for all Borel functions u € L?(P,P?) and a.e. u € P and with z, := Zp. ().
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6 Convergence

6.1 Convergence of Finite Dimensional Distributions

Note that H(2%) ¢ H(2") for k,n € N, k < n, and thus D?" ¢ D?", v2' c v According to
section 5.1 .
T2 u — Tiu  in L*(G,QP) as k — oo (6.1)

for all u € V® := J,cyV*". The latter is a dense subset in L?(G,Q"). The previous in
particular implies
k
(u, T? V) 12(,08) — (U, Ttv) 12(g,08) as k — oo (6.2)

for all u,v € V*° and thus
k k
Eqp [u(gd") - v(97")] = Bglu(go) -v(g)]  as k— oo (6.3)
for all u,v € C(G).

The Markov property of the processes (g¢):>0 and (g?k)tzo together with their invariance w.r.t.
the measures Q° and ng allows to iterate this argumentation which then yields

k k k
E@ﬂ [U1(9t21 ) 'U2(9t22 ) UN(QEN)}
ok
k k k
= Lul . Tt21*t0 (UQ . Tt227t1 (’U,g . TtQN*tN—luN> .. ) d@gk
1

= /;ul . Th—to (’U,Q . Ttg—tl (U3 ot EN_thluN) .. ) d@ﬁ

= EQﬁ [u1(ge,) - u2(ge,) - - - - - uN(gtN)]

as k »ooforall N e Nyall 0 < ¢ < ... <ty and all u,...,uy € C(G). Since functions
U € C(GV) can be approximated uniformly by linear combinations of functions of the form

U(g1,92,---+,9n) = H,]:;l Un(gn) it follows that

k k k
Eng U(gi 7gt22 Y. 791&21\7) - EQﬁ [U(gt17gt27 s 7gtN)]
ask —ooforall Ne€N,all0<t; <...<tyandall U € C(GV). That is, we have proven the
convergence

(6 )iz0 = (ghis0  ask — oo (6.4)

in the sense of weak convergence of the finite dimensional distributions of the processes, started
with their respective invariant distributions. By means of the various isomorphisms presented
before, this can be equivalently restated as convergence

(1 )z0 = (u)izo  as k— oo, (6.5)

again in the sense of weak convergence of the finite dimensional distributions of the processes,
started with their respective invariant distributions. Here (4):>0 denotes the Wasserstein diffu-
sion on P — associated with the Dirichlet form (1.1) — with the entropic measure P? as invariant
distribution and

2k
2k o ].
My (w) = 2? Z;éka’i(w)
=

k ; —
with (Xt2 ’Z> . being the continuous Markov process on the simplex o — associated with the
t

Dirichlet form (5.4) — with invariant distribution ng (z)dz.
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6.2 Convergence of Processes

Convergence of the processes

k
(gf )0 — (9t)e>0 as k — oo

will follow from the convergence (6.4) of the respective finite dimensional distributions provided
we prove tightness of the family (g?k)tzo, k € Nin C(R4,G). The latter is equivalent to tightness

of (<¢, gfk>)t>0 k€ Nin C(Ry,R) for all ¢ € L2([0, 1], Leb). It suffices to verify this for a dense

subset of 1, e.g. for all v € |2, H(2') C L?([0, 1], Leb).

Fix ¢ € H(2") for some | € N with |[¢|| = 1. For each k € N,k > [ the continuous function
u(g) := (1, g) lies in Vo with energy E(u) = ||1]|> = 1 and square field operator

Ly (9) = (6.6)

for a.e. g € G.
Given T > 0, the process

admits a Lyons-Zheng decomposition

k k 1 ok 1 ok 2k
u(g?’) —ulgd’) = M) =5 [M) M oy

into a forward martingale and a backward martingale. According to (6.6) the quadratic variation
of the forward martingale — as well as that of the backward martingale — is given by

(M@, =1,

uniformly in ¢ € G and k € N,k > [. Hence, using hitting probabilities of 1-dimensional
Brownian motions we deduce for any R > 0 and uniformly in kK € N, k > [,

k k
Ps | sup (u(gt2 ) — ul(gp )) >R
2k | tef0,T)
< PQg sup Mt(gk) > R| + PQg sup (M:(FQ’“) _ M:(F2f2) orr >R
2k | t€l0,T] 2k | te[0,T]
2 (R/2)?
< 24/ — — .
- — ( 2T

Since we already know that the 1-dimensional distributions g%k converge, this proves tightness

of the family of processes
2k _ 2k
<u(gt )>te[0,T] N (<¢’gt >)te[0,T]

for k € N. Since this holds for all ¢ € |J;2; H(2!) it implies tightness of the family (ggk)tzo, keN,
and thus convergence of the processes

k
(92 )0 — (g1)s0  as k — oo.
Applying the usual isomorphism, this may be restated as convergence of the processes
k
(17 iz0 = (pe)e=0 as k — 0o

n C(R+P)
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6.3 Final Remarks

Given k € N a mapping Jj : G — X — very similar to our mapping Jj, from (4.1) — is obtained
by replacing the functions (D,Ef) from (4.2) by él(j) (x) = L L;l](:c) which leads to
)72

~ L. 21 —1
o= (fon)  ~(C).,
k(9) o " J i=1,...k I\ "2k i=1,....k

)

In this case, the identification of the push forward measure mf (J1)+QP on X, is much easier.
Indeed, it is absolutely continuous with density

k
pr(x) =C - [x1(1 — x)] B/(% H$—$zl /kfl.
=2

The strong Markov process on ¥ associated with the Dirichlet form &, (U) = k fz VU2 ’g dx

on L%(%y, ﬁf dz) admits a very explicit characterization: at least on those stochastic intervals
on which the process is in the interior of the simplex it is a weak solution to the coupled system
of stochastic differential equations

; Bi-1—k Bi — k .
dxX;/ = : A | dt +V2kdW}, i=1,....k 6.7
! XFimt xRt xki xRt ! (6:7)

for some k-dimensional Brownian motion (W});>0 and with X0 = 0, XM .= 1. Here
Bo=Pr=p/2and B; = fori=1,...,k— 1. This is essentially the approximation used by S.
Andres and M.-K- von Renesse [AR].

The fundamental disadvantage, however, is that the functions g — fo dg are no longer in the
domain of the Dirichlet form E. More generally, for any non-constant U € C'(R¥) the function
u(g) == U(Jx(g)) is neither continuous on G nor does it belong to D.

References

[AGS] L. AMBROSIO, N. GIGLI AND G. SAVARE, Gradient flows in metric spaces and in

the space of probability measures, Lectures in Mathematics ETH Ziirich, Birkh&user
Verlag, Basel, 2005.

[AR] SEBASTIAN ANDRES AND MAX-K. VON RENESSE, Particle Approzimation of the
Wasserstein Diffusion, Preprint 2007.

[DS] M. DOERING AND W. STANNAT, The Logarithmic Sobolev inequality for the Wasser-
stein diffusion, Probability Theory and Related Fields, Volume 145, 2009, 189-209.

[FOT] MASATOSHI FUKUSHIMA, YOICHI OSHIMA, AND MASAYOSHI TAKEDA, Dirichlet

forms and symmetric Markov processes, de Gruyter Studies in Mathematics, Volume
19, Berlin, 1994.

[LR] ANTONIO L1jol, EUGENIO REGAZZINI, Means of a Dirichlet process and multiple
hypergeometric functions, The Annals of Probability, Volume 32, 2004, 1469-1495.

[Ot] FELIX OTTO,The geometry of dissipative evolution equations: the porous medium
equation, Communications in Partial Differential Equations, Volume 26(1-2), 2001,
101-174.

[RSi] MICHAEL REED AND BARRY SIMON, Methods of modern mathematical physics (I),

Functional Analysis 2nd Edition, Academic Press Inc., New York, 1980.

17



[RGN]

[RSt]

[RYZ]

[St]

[Vi]

EuGENIO REGAZZINI, ALESSANDRA GUGLIELMI, GUILIA D1 NUNNO, Theory and

numerical analysis for exact distributions of functionals of a Dirichlet process, The
Annals of Statistics, Volume 30, 2002, 1376-1411.

MAX-K. VON RENESSE, KARL-THEODOR STURM, Entropic measure and Wasser-
stein diffusion, The Annals of Probability, Volume 37, 2009, 1114-1191.

MAX-K. VON RENESSE, LORENZO ZAMBOTTI, MARC YOR, Quasi-invariance prop-
erties of a class of subordinators, Stochastic Processes and their Applications, Volume
118, 2008, 2038-2057.

KARL-THEODOR STURM, Entropic Measure on Multidimensional Spaces, Preprint,
20009.

C. VILLANI, Topics in optimal transportation, Graduate Studies in Mathematics,
Volume 58, American Mathematical Society, Providence, RI, 2003.

18



