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Abstract

The goal of this paper is to study optimal transportation problems and gradient flows
of probability measures on the Wiener space, based on and extending fundamental
results of Feyel-Ustiinel. Carrying out the program of Ambrosio-Gigli-Savaré, we
present a complete characterization of the derivative processes for certain class of
absolutely continuous curves. We prove existence of the gradient flow curves for the
relative entropy w.r.t. the Wiener measure and identify these gradient flow curves
with solutions of the Ornstein-Uhlenbeck evolution equation.

Introduction

Let (X, H, 1) be an abstract Wiener space. Consider on X the dy distance defined as

_ |.Z‘ - y’H T—YyE€ Ha
(0.1) di(@,y) = { +o0 otherwise.
It is well-known that (z,y) — dg(z,y) is lower semi-continuous over X x X. Denote by P(X)
the space of probability measures on X. For vq,v5 € P(X), we define the following Wasserstein
distance Ws:

1/2
(0.2) Wa(v1,v0) = inf{/ lz — y|4 n(dz,dy); € C(v, VQ)}
XxX

where C(v1, v2) denotes the totality of probability measures on X x X, having v; and v as marginal
laws. The distance Ws(v1, v2) could take the value +o0o. Note that it would be more appropriate
to attribute the distance W5 to Kantorovich and Rubinstein, but we keep the name “Wasserstein”
(referring to Vasershtein’s contribution [Val) since this terminology is now quite standard.

During recent years, due to the success of constructing Monge optimal transport maps on the
Wiener space [FU], there are intensive researches on the transformations of measures on the Wiener
space (see [FUZ], [BK], [BKM]). The purpose of this paper is to study the geometrical aspect of
the Wasserstein space (P(X), Wa). Our work is based essentially on the following ones:

1) the lecture note [AS] given by L. Ambrosio and G. Savaré, in which the authors introduced
rigorously the tangent spaces of the Wasserstein space (Pz(R?), W3), where Py(R?) denotes the
space of probability measures with finite second moment, and the structure of gradient flows is
systematically studied.

2) the fundamental work [FU] by D. Feyel and A.S. Ustiinel about the Monge-Kantorovich
optimal transportation problem on the Wiener space.

To emphasize the difference between these two situations, we outline the following two points:
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1) the compactness of the closed ball {x € R% |r|ge < R} allows to prove the tightness of
a family of probability measures in Po(R?); while on the Wiener space (X, H, ), neither {z €
X; ||z||x < R} (non compact) nor {z € X; |z|g < R} (of measure p zero) does work.

2) for a sequence of probability measures (u,) on R? converging weakly to p, there exists a
sequence of random variables (Z,,) of law u,, and Z of law u such that

|Z, — Z|ga — 0 a.s.,

then (see [Ch, chapter 5]) under the uniform integrability of second moment, the weak convergence
tn to p implies the convergence

Wa(pin, p) — 0 as n — +00;

while on the Wiener space, the convergence with respect to the norm of X does not imply the
convergence with respect to the dy distance, the counterpart does not hold in this latter situation.

Now we describe the content of this work. In a geometric context, the connection between the
convexity of the entropy functional (relative to the Riemannian volume or to a reference) and the
lower bound of the Ricci curvature has been developed in [LV] and [St]. In section 1, we will clarify
this connection in the framework of Wiener space, see Theorem 1.5. Tangent spaces to Wasserstein
spaces have been firstly considered at a formal level in [Ot] and rigorously implemented in [AGS].
In Section 2, we will introduce the derivative processes associated to absolutely continuous curves,
so that the distance W5 is expressed as a Riemannian distance, a new interpretation for the
Benamou-Brenier’s formula, see Theorem 2.6. The gradient flow associated to a general convex
functional is defined usually through sub-gradients. For the entropy functional, in section 3, we
compute explicitly the directional derivative and prove that the gradient of the entropy functional
exists at the minimizers in Jordan-Kinderlehrer-Otto’s approximation scheme [JKO]. We will prove
that solutions to the Ornstein-Uhlenbeck evolution is the gradient flow associated to the entropy
functional, see Theorem 3.10.

1. 1-convexity of the entropy functional

Let (X, H,pu) be an abstract Wiener space, that is, X is a separable Banach space, H is a
separable Hilbert space which is densely and continuously embedded in X such that

/ eV @) qy(z) = eI OE2 g e X" (dual of X)

X

where 7 : H — X is the injection map and ¢* : X* — H the dual map. For simplicity, we consider
X*CHCX.

In what follows, we denote by || - || the norm of X and Ent(f) = [ flog f du for any positive
measurable function on X such that [ v fdp = 1. Let Wa be the Wasserstein distance on the
space P(X) defined in (0.2). Then for any couple of measures (v1,v2) in P(X) of finite distance
Wo(v1,v2) < +00, there exists 7, € C(v1,v2) such that

(1.1) W22(V1,V2) = / |x—y|%1 To(dx, dy).
XxX
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Such a 7, is called the optimal coupling plan between v and v,. The following result due to Feyel
and Ustunel is our starting point

Theorem FU ([FU, Th. 6.1) Let vy = pipu,ve = pop such that Wo(v1,v9) < 400. Then there
exists a unique optimal coupling plan m, € C(v1,v2); moreover there exists a unique Borel map
&: X — H such that for any bounded Borel function ¢ on X x X

/ o, y)mo(de, dy) = / (@, + £(z)) din ()
XxX X

and the transformation T : x +— x + £(x) is invertible.

It is obvious that T' pushes vy forward to 5 and
(1.2 W) = [ le(@)li i)

Recall that Talagrand’s inequality W2 (u, pu) < 2Ent(p) which was first proven for Gaussian mea-
sures on R" [Ta] also holds true on the Wiener space [FU]| [Gen](see [BGL], [OV] for related topics).
It immediately implies Wa (11, 1v2) < +00 whenever Ent(p;) and Ent(ps) are finite. Therefore Wy
induces a true distance on the space

(1.3) P*(X) = {v = pu; Ent(p) < +o0}.

For v = pu € P*(X), it is convenient sometimes to use the notation Ent(r) instead of Ent(p).
Since the distance dg is stronger than the norm on X, a sequence of probability measures (v, )n>1
on X converges to v with respect to Ws, converges also with respect to the Wasserstein distance
defined using the norm of X; therefore v, converges weakly to v (see for example [Vi]). In what
follows, we give a direct proof using Theorem FU.

Proposition 1.1 Let (v,)p>1 be a sequence in P*(X) such that Wy(vy,v) — 0 as n — +oo for
v € P*(X). Then v, converges weakly to v.

Proof. By Theorem FU, there exist &, : X — H such that I + &, pushes v forward to v, and
W3 (n,v) = [y [&alFrdv. Set 0y = W3(vp,v). Let ¢ : X — R be a bounded continuous function.
We have

\/ e = [ in,] < [ lpta) = plo+ €@ vta)

/ () — o + n(2))] di(z) + / 0(2) — (e + Eu(2))] du(a),
{lénla>en} {lénla<en}

where £, are chosen so that lim,, .y o, % = 0. The first term on the right hand of (1.4) is dominated
by

1 on
2l 7 [ 160 rcvla) = 2iglloe T3 — 0.5 1 = +o0;

for the second term, it is sufficient to notice that 1yj¢, (2)|y<e,1l0(2) — @(z + &n(x))| tends to 0 as
n — +oo for v-almost everywhere z € X. Therefore letting n — +oo in (1.4) gives the result. u

Theorem 1.2 Let R > 0. Then the subset

Kr ={v e P*(X); Ent(v) < R}



is compact in P*(X) with respect to the weak topology.

Proof. By the superlinear growth of s — slogs, Kr is weakly compact in L'(X, ). Combining
with the lower semicontinuity of v +— Ent(v) (see for example [AGS], [St, p.102], [JKO]), the result
follows. n

Corollary 1.3 Let vy € P*(X) be given. Then the subset
Cr = {v € P*(X); Wi(v,v) +Ent(v) < R}

18 compact.

Proof. It is sufficient to notice that v — W2 (v, )+ Ent(v) is lower semi-continuous for the weak
topology. =

Let vy and v1 in P*(X). Let £ and 7, be given in Theorem FU. We set, for 0 <t <1,

(1.5) vy = (I +t&) 1o

and 7y € C(vp, ;) defined by

(16) /X _plem(de.dy) = /X (@, + 16 (2)) dvo ().

Proposition 1.4 We have for 0 < s <t <1,

(1.7) Wa(vs,vp) = (t — s)Wa(vo, v1).

Proof. See [AGS] and [FU2J. »

The above result says that ¢ — v; defined in (1.5) is a geodesic with constant speed. Taking s =0
in (1.7), we see that m; defined in (1.6) is the unique optimal coupling plan in C(vp, 1), supported
by the graph of T} := I 4+ t£. The following result strengthen Theorem 7.3 in [FU].

Theorem 1.5 Let vy be defined in (1.5). Then vy € P*(X) and for 0 <t <1,

t1—t) W2(1/0, v1).

(1.8) Ent(r;) < (1 —¢)Ent(v,) + tEnt(r4) — 5 5

Proof. Firstly remark that if pg and p; are cylindrical, then (1.8) is reduced to a finite dimensional
case: it holds true (see [AS] [AGS]). Secondly for the general case, we consider a sequence of
increasing subspaces V,, C X* such that U,,V,, is dense in H (with respect to the norm of H). Let
P, : X — V,, be the projection and denote by EV» the conditional expectation with respect to the
sub o-field on X, generated by P,. Note that (P,).u is the standard Gaussian measure 7, on V,,.
Set

ps =E"(py), pit = EV*(p1).
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Then pf, pi converge in L'(X, p), respectively to py and pi; therefore the measures p§u (resp.
pp) converges weakly to pop (resp. piu) as n — 4oo. Let m, € C(p{u, pYp) be the optimal
coupling plan. Up to a subsequence, 7, converges weakly to 7 € C(pou, p11t). Then we have

W2 (pogts prit) < / o= yli(do.dy)

(1.9) X
< lim inf/ |z — y|% 7 (de, dy) = liminf W3 (plu, pip).
n—+oo XxX n—-+o0o

Now we will prove that 7 realizes the minimum:

(1.10) W2(vg,v1) = / |z — y| %7 (d, dy).
XxX
To this end, introduce the functions p}' : V;, — R such that p} = pi' o P, for i« = 0,1. Define
7on € C(PgVns P1Yn) Y
| e dz) = [ (P, P, dy)
Vi XVy XxX

where 7 € C(vp, 1) is the optimal coupling plan. We have

W2(pR s 1) = W2 ) < /V a1 = 2 (o)
'n.>< n

— / P — ) Pe(de, dy) < / &yl (de, dy) = W2(vo, ).
XxX XxX

Combining with (1.9), we get the equality (1.10). By uniqueness of optimal coupling plan, we
conclude that 7 = w. Now define

(1.11) /Xgodl/f:/x Xgo((l—t)x—i—ty)ﬂn(dx,dy).

Then for any bounded continuous function ¢ : X — R,

(1.12) lim pdvl' = / o((1 —t)z + ty)n(dx, dy).
b's XxX

n—-+oo

This means that the sequence (v]*) converges weakly to vy defined in (1.5), as n — +o0.
By the first case, we can apply (1.8) to v} to get

Ent(v)") < (1 —t)Ent(vf) + tEnt(v]) — 15(12_75)W22(V6L,V{1).

For any € > 0, by (1.9), there exists ng > 0 such that
W3 (pops, pris) — & < W3 (py s pY1), 1m0 > no.
By Jensen inequality Ent(v') < Ent(vp) and Ent(¢]") < Ent(r1). Then for n > ng,

tH1— 1)

(1.13) Ent(v}') < (1 —¢)Ent(vg) + tEnt(v1) — 5

(WQQ(VO, vy) — 5).



By Theorem 1.2, v, € P*(X) and Ent(r;) is dominated by the right hand of (1.13). Letting e — 0
gives (1.8). u

Remark: The inequality (1.8) says that the entropy functional is 1-convex along geodesics. The
assertion of Theorem 1.5 was already stated in [St, p.125]. Moreover, a sketch of a proof was
indicated, based on approximation of X by finite dimensional subspaces equipped with Gaussian
measures. However, due the the degeneracy of the metric on X, the proof requires a more careful
argumentation since e.g. Wa(u,v,) = +00.

2. Benamou-Brenier’s formula

An absolutely continuous curve {c(t);t € [0,1]} on a Riemannian manifold M admits tangent
vectors c/(t) € T,y M for almost everywhere ¢ €]0, 1[. In order to understand the tangent spaces of
the Wasserstein space (P*(X), W3), it is convenient to consider absolutely continuous curves (1)

in P*(X).

Definition 2.1 We say that a curve (v4)iejo] is in the class ACy if there exists m € L?([0,1])
such that

to
(2.1) Wa (v, vt,) §/ m(s)ds, t1 <ts.

ty
For such a curve, for a.e. t € [0,1],

W
(2.2) lim sup Walvise, 11)

< m(t).
-0 |€| — ()

For any curve (v¢):e[0,1] in ACq, the limit

W
V/](8) = lim Y 2rer )
20 el

exists for a.e. t € [0,1], which is called the metric derivative of (v;)icjo,1)(see [AGS, Theorem
1.1.2]). The function t — |v/|(t) belongs to L2([0,1]) and (2.1) holds w.r.t. [¢/|(¢). It is minimal in
the sense that for each function m satisfying (2.1), it holds

1V|(t) <m(t), a.etel0,1].
Note that the curve defined in (1.5) is in the class ACy due to (1.7). In order to construct another
examples, we will recall some elements in Malliavin Calculus (see [Ma] for more details).

A function F': X — R is said to be cylindrical if it is written in the form

where {e; € X*; ¢ > 1} is a given orthonormal basis of H. We will denote by Cylin(X) the totality
of such cylindrical functions. Note that Cylin(X) is not a vector space. A cylindrical vector field
Z on X is amap X — H in the form

K
(2.4) Z =Y Fjh;, with F; € Cylin(X),h; € X*.
j=1



For a function F' € Cylin(X) in the form (2.3), we define

K

VF(z) =Y (0if)(e1(x), ..., ex(x))es,

i=1

which is a cylindrical vector field on X, where 9; f denotes the derivative with respect to the ith com-
ponent. Similarly, for Z given above, we define VZ = Zle VF;®h;. Now we denote by D} (X) the
Sobolev space which is the closure of Cylin(X) under the norm ||F|[[} | = [ (|F|P+|VF|}) dy; and
DY (X; H) the closure of cylindrical vector fields under the norm || Z|]} | = [ (|Z[+|VF [} g x) du.

In the similar way, we define the Sobolev spaces D?(X) where r € N is the order of the derivative.
Then for p > 1 and Z € DY(X; H), the divergence §(Z) € LP(X) exists such that

/Fé(Z)du:/ (VF,Z), dp, F e Cylin(X).
X X

For a vector field Z given by (2.4), the divergence §(Z) admits the expression
K
(2.5) 8(2) = (Fihy(z) = (VFj(x), h;) )

Jj=1

Note that §(Z) is a continuous function of . Now pick Z € Ny>1 ,>1DP(X; H) and assume that
(2.6) / eeO‘Z‘i’du < 400 for a small g >0 and / e d1 < 400 for some A > 0.
b's b's

Then there exists a flow of measurable maps U; : X — X such that for a.e. z € X,
t
Ui(x) = x +/ Z(Us(x))ds, t>0,
0

and Upys = Up o Us, (Up)wpp = Kpp with (see also [Dr] for a detailed proof):

t
(2.7) K, = exp(/O 5Z(U—s(x))d8), OiltlETHKtHiz < /Xe“”(z”du for T < \o/4.

We refer to the two recent works [AF] and [FL|, which insure that the above statement holds true.

Proposition 2.2 Let vy = pop € P*(X). Define vy = (Uy)«vp. Then under the condition (2.6),
the curve (v¢)ie(o,1) 45 in the class ACs.

Proof. By definition, [, pdv; = [y ¢(Uy)podp = [ ppo(U-¢) K dp holds for any bounded Borel
function ¢. If we denote vy = pyu, then py = po(U—;) Ky, and

(2.8) Ent(pr) = Ent(p0) + /X (log I,(U2) pod.

Using (2.7), |log K¢ (U)| < fot |0Z(Ui—s)| ds and by Young inequality uv < e*+wvlogv for u,v > 0,
we have for any n > 0

t
log K (U:)| po < eMOZIWUi—s) gg o log @.
n n
0
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Then (2.8) yields

t
Ent(pt)gEnt(p0)+// e""sz‘(Ut—s)d,uds—l—Ent(@).
0JX n

Now we will prove that for n small enough

(2.9) sup / 21U 4y < 4oo.
0<t<1JXx

First of all, for Ty < A\g/4 and ¢t € [0, Tp], we have,
1/2
/ ¢TI gy, — / 21 ¢, dy < (/ €2n|52|dlu) [
b X X

1/2 1/2
< (/ eznwzwdu) (/ er\a(Z)\dM) ,
X X

1/2
where we used (2.7) for estimating || Ky||r2. Let A = (fX e>‘0|5(z)‘d,u) . Now using the property

of flow,

/en|5Z|(UTO+t)dM:/ 677|5Z|(UT0)thM
X X

< (/ eznw(zn(UTo)dM)”Q.A
X

< (/ ez%wwndﬂ)m A2,
X

Let N be the integer such that NAg > 1, then by induction, we have for each t € [0, 1]

1/2V
/eMZ'(Ut)dug (/ 62Nn|5(Z)|d'u> '
X X

So we get (2.9), which implies that Ent(p;) < +oo.
Now let ¢; < t3. Define a probability measure m on X x X by

/ o, y)n(da, dy) = / o(Uen Us,) du.
XxX

X

Then m € C(vt,,14,) and
W22(1/t171/t2) S / ‘Utl - Utzﬁ{ dZ/g.
b's

But for a.e v € X, |Uy, — U, |y < :f |Z(Us)| g ds; therefore

to
</ ||Z(Us)||L2(y0)dS~

L2(vo) ~ Jy,

(2.10) Walvr 1) < H/tt 12U, ds

Let m(s) = ||Z(Us)||L2(1,)- We have for any € > 0
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m(8)2:/X\Z(Us)%{podug/xeflzws)'?f dp + Ent(po/e).

The same procedure as above yields fol m(s)?ds < +oo. u

Theorem 2.3 Let (v4)ic(0,1) be a curve in ACy. Then there exists a Borel vector field (t,z)
Zi(x) € H such that fol HZtH%?(w) dt < +oo and the continuity equation

(2.11) (Z+v-(ztut) =0 n]0,1[xX

holds in the sense (see [Kr]) that
(2.12) /0 /X (o ()F(x) + (Z,(x), VF()) , at)) di(z)dt = 0

for all o € C°(]0,1]) and F € Cylin(X).

Proof. Denote ¥ = {(z,y) € X x X; x —y € H}. For s €]0,1[ and n > 0 small enough, we
consider the optimal coupling plan m, € C(vs, Vs4y). Then the support of 7, is included in 3. For
(z,y) € ¥, we have

F(y) — F(x) = /0 (VE)(ty + (1 —t)x), y — x),, dt.

Set H(x,y) = fol(VF)(ty + (1 — t)x)dt. By expression (2.4), we see that (z,y) — H(z,y) is a
bounded continuous function from X x X to H. Then

/Fst+77_/ des:/<H(x,y),y—x>H7rn(dx,dy).
b X b

The Cauchy-Schwarz inequality yields, for n > 0,
Ws (Vs’ Vsin

(2.13) ;‘/;chVS”_/XFdVS - )(/Z |H(:c,y)|§{7r,7(dx,dy))l/2.

1 — 1
/ Fdvey,, —/ Fdv,| = lim,_o— ’/ Fst+n—/ Fdvg
X X nJx X

Take a sequence 7, such that lim —
n—-+oo Mn

As vy, converges to vy with respect to W, it converges weakly; therefore the family {r, ;n > 1}

is tight. Up to a subsequence, 7, converges to 7 € C(vs,v,). We have

<

[ o= sbitdndy) <l o [ o= sl (dedy) =l W vet,) = 0
XxX X xX n—+0o
so 7 is supported by the diagonal D = {(z,y) € ¥;x =y }. Hence
i _ [ HGo o)y, (do.dy) = [ |Hio,)(do.dy) = [ VFF du,
n—teo Jn D X
According to (2.2) and (2.13), for a.e s €]0, 1],

<m(s) [[VF||2(,)-

1
(2.14) limnlof‘ / Fdvs.y — / Fdv,
nJx X
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Now take 6 > 0 such that supp(«)+] — 9,6[C]0,1[. Then for 0 < n < 4,

// ©) dvg s (2 ds—// 5 — 0)F(z) dvs(x)ds,

and
1
/ 1 [/ a(s)F(z) dvs(z) — /Xa(s)p(x) dys+n($):| s
(2.15)
/ /X n (s = )] F(x) dvs(x)ds.
It is obvious that as 77 — 0, the right hand side of (2.15) tends to [, [, o/(s)F(2) dvy(z)ds. By (2.1),

1 Wa(Vs, Vin) 1 fs+77 |v/|(u)du and the fact that s — supn>0( fs+n \ ’\(u)du) is integrable over
[0 1]. Now we can use (2.14) to get that

’// z) dvs(@ ds‘</ m(s) ||e(s)VF|[r2(,) ds
S(/O v/ [2(s) // la(s)VE (@) 2, di(a )ds)l/z.

Let P, be the probability measure on [0, 1] x X defined by

/[0,1]XX o(s,2)dP,(s,x) = /Ol/X (s, )dvy(z)ds.

Introduce the vector space

(2.16)

K
= {Z a;(s)VF;(z); a; € C°(]0,1[, F; € Cylin(X), K € N}.

Let V be the closure of V in L?(P,). Define for ¢ = Zfil a;(s)VF;(z) eV,

(2.17) 2/ / ) dvg(a)ds.

By linearity of the two sides of (2.15), the inequality (2.16) holds for v, that is

1
(2.18) IL(¥)| < / V2 (s)ds - [[4]| L2(p, )-
0
It follows that L is well defined and is a bounded linear operator on V. Therefore there exists

Z €V such that )
://<Z,¢>Hdl/sds, Y eV
0JXx
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Now take 1 = o VF and according (2.17), we get (2.12). Moreover,

1 1
(2.19) 12een = | [ V2 dnyds < [ s ds
0 X 0

Following [AS] and [AGS], we define, for any v € P*(X),

K
(2.20) €= {Z VE; F e cyhn(X)}, T, = closure of € in L2(X, H,v).

=1

Proposition 2.4 Let Z be constructed as in Theorem 2.3. Then for a.e. t €]0,1[, Z(t, ) € T,,.
The solution to (2.11) satisfying this property is unique. Moreover, it holds that

1 1
(2.21) W22(V0,1/1)S/O/X]Z(s,x)ﬁ{dys(x)ds, a"dHZ‘%Z(P,,):/O |V |2(s) ds.

Proof. Let ¢, € V such that ||Z — ¢y|[z2(p,) — 0. Or

lim 01(/X|Z(t7m)—wn(t,x)ﬁ{dyt(x))dt:o.

n—-—+oo

Then up to a subsequence, for a.e. t, €]0, 1],

n—-—+o0o

lim / |Z(to, ) — Yn(to, 2)|3dvs, (x) = 0.
b's

This means that Z(t,,-) € T,, . Now let Z be another solution to (2.12) such that Z(t,-) € T,,
for a.e t €]0,1[. Then we have

/01 a(t) (/X<Z(t,:v) — Z(t, x), VF($)>Hth(£C)> dt = 0.

It follows that [, (Z(t,x) — Z(t,z), VF(z)) ,dvi(z) = 0 holds for ¢ in a full measure subset Qp C
10, 1[. For each K > 1, let D C C°(RX) be a dense countable subset. Set

(*) D:{iinPKiQ fiGDKi,mEN}v
=1

where Px : X — Vi = span{ey,---,ex}. For each VF € &, there exists a finite number of
Ky, -+, Kgsuchthat F = >7 | fioPg, with f; € C°(RXi). We have VF = >4 (Vmx, fi)oPk,.
Therefore there exists F;, € D such that

sup |VF,(x) = VF(z)|g — 0.
rxeX

11



Define Q7 = NpepQp. Then for t € Qz, [ (Z(t,z) — Z(t,x),VF(x)>Hth(x) = 0 holds for
all VF € £. Therefore Z(t,-) = Z(t,-) v-a.e. For proving (2.21), we consider a sequence of
increasing subspaces V,, € X* such that U,V,, is dense in H. Define Vt(n) = (P,)«v¢. Since
Wz(ut(”),ug")) < Walvg,vs), t — I/én) is also an absolutely continuous curve in ACy. Therefore,
according to the result on finite dimensional spaces (see [AS][AGS]), there exists Z§") such that
folfvn 12 2dy{™ dt < +00 and the continuity equation

holds in the distribution sense:

// () f + (2™, V fHa(t)) dviMdt =0,

or

// foPy+(Z" 0P, VfoP,), alt)dudt = 0.
In the continuity equation (2.12), take F' = f o P, with f € C°(V,,), we get

/Ol/X (a'(t) f o Po4(Z:, Vo Pn)yalt) dvdt = 0.

;From the above two equations, we deduce that for a.e t €]0,1[, P, Z; — Zt(”) o P, is orthogonal in
2 1%
L?(v;) to the space {Vfo P, f € CC(Vn)}L ( t), which contains Zgn) o P,. Tt follows that

12811200y < 1P Zellz2wn < 1202 0n)-

HL2(ut

In the finite dimensional case, it holds that (see [AGS, Theorem 8.3.1])

t
(*) Wl o) < [ 112011 o

For reader’s convenience, we will give a sketch of the proof of (%) as in [AGS]. To this end, we omit
(n).

(i) If Z; is a good vector field on RY, more precisely, assume that

1
/ (Sup \Z,()| + Lip(Zt,B)) dt < ++oo for all ball B ¢ RY,
0 ‘z€eB

and folfRd | Zy|dvydt < +o00,where Lip(Z;, B) is the Lipschitz constant of x — Z;(z) on the ball B,

such that J
% +V-(Zw) =0 on (0,1) x RY,

then for vp-a.s € R?, the differential equation

Xt(a:):x+/0 Zs(Xs(x))ds

12



admits a unique solution X;(x) for ¢t € [0,1] and v, = (X¢)«10. In this case, for the coupling
measure 7 € C(vy, , 14, ), defined by m = (X, , X¢, )«v0, we have

) 1/2 12
WQ(VtNVtz) < </ 4 ’Xh _Xt2’ dVO) < / ”ZSHL2(Vs)dS'
R t1

ii) For the general case, we regularize 14 and Z; by convolution product with the Gauss kernel
pe(z) = (27r5)_d/26_|w‘2/2 by setting

v = v xpe, Zp = (Zywn) * pe /vy

Applying (i) gives

t2 1/2
Wao(vg,,v;,) < / (/ \Z;\Qdyi) ds.
t R4

1

But by Jensen inequality

Zi) < [ |zttt

vs(z)

which implies that [g. |Z5|°dv < [ga|Zs|*dvs. Using the lower semi-continuity of (p,v) —
Wa(p, v), we get the desired result by letting € | 0 in

to
Walvs, 5,) < / 1Zu| 120 ds.
t1

Now we return to our situation. By (x), we have WQ(Vt(n), u§”)) < fst ||Zul|L2 (v, du. Noting that

Wy (v, vs) = lirf Wg(yt(n), Vgn)) and letting n — +o0, we get

t
WQ(Vtays)S/ HZuHL2(Vu)du‘

Hence,

. ”2<Vt Vs)
/ — B AN 7
1v'|(s) %HI; It — 5| <l SHL?(VS)7

/01 V[?(s)ds < /Ol/X |Z(s, )3 dvs(x)ds.

Combining this with (2.19), we get the last inequality in (2.21) and the argument is complete
now. u

Definition 2.5 Let {v;; t € [0,1]} be a family of probability measures in P*(X). We will say
that t — Z, € T,, is the derivative process of t — 1, in the sense of Otto-Ambrosio-Savaré if

dO
fole | Zy(x)|%dv(z)dt < 400 and the continuity equation (2.12) holds. We denote Z; by Wyt
dO
Using tyt , the result obtained in [AS, p.30] (for previous versions, see [BB], [Ot]) can be expressed

exactly as a Riemannian distance. Namely, in our setting,

13



Theorem 2.6 Let vy, v € P*(X) be given. Then

dol/t

(2.22) W2 (v, 1) 1nf /’

dt; vy € ACy connecting vy, 1/1}.

47

Proof. Let v; be defined in (1.5). By (1.7), Wa(vs, 1) = (t — s)Wa(vo,v1). Then taking m(s) =
Ws(vp,v1) in (2.18), we get
ILEO)| < [Wllz2p,) - Walvo, 1)

(o}

dl/t
Let Z =
¢ dt

be given in Theorem 2.3. Then

[ [ 20y anas] < Watn) - [olincn v V.

o

d
It follows that ||Z||L2(p,) < Wa(vo,v1). The equality is realized for Wyt, according to (2.21). =

Corollary 2.7 Let vy,v1 € P*(X) and £ be given in Theorem FU. Define Ty = I +t£, vy = (1)1
and Wy = £(T; ). Then for a.e. t €]0,1[, W; € T,,.

Proof. By l-convex inequality (1.8), v; € P*(X), so T; ' exists for each ¢ € [0,1]. Let F €
Cylin(X). We have

jt/ Fdy, = d/ (z + t&(z))dvo(x /<VF (T}) §>de0_/<VF W), dvr.

O

On the other hand, let Z(¢,z) = . The equation (2.12) implies that for a.e ¢ €]0, 1],

/ Fdl/t / VF, Zt>Hth'

In the same way as in the proof of Proposition 2.4, there exists a full measure subset 2 C]0, 1] such
that for t € €,

/ (VF,Wy — Z;),, dvy =0, F e Cylin(X).
X

It follows that there exists ; € L?(X, H,v;) orthogonal to all VF such that W; = Z; + n;. Then

/ € dvo = / (Wi 2 dvy = / \Z4[3ydv, + / e[,
X X X X

From this equality, we see that t — f X In¢|%; dv; is measurable; integrating the two sides over [0, 1],

we get
W2(1/0,I/1 // |Zt|Hdl/tdt+// |77t|Hthdt

But by (2.22), we deduce that fofx In¢|%dvy dt = 0. Therefore for a.e. t €]0,1], n; = 0 for v-a.e.
It follows that Wt = Zt € Tyt. |

14



3. Gradient flow associated to the entropy functional

Let VF € €. Let (Up)ier be the quasi-invariant flow associated to VF'.
Proposition 3.1 Let vy € P*(X) be given and denote vy = (Uy)«vy. Then

d
(3.1) — |t=oEnt(14) :/ LF dvy,
at ;

where LF = §(VF).
Proof. By expression (2.5), LF admits the expression

N N
LF ==Y " (8;0:f) (ej,ei) y + Y _(0ifJes(a).
i,j=1 i=1

Note that  — LF(x) is a continuous function and for a small g9 > 0,
/ eQeOlLFlzdu < +o0.
X

Set u; = %f;(LF)(Ut_s)ds. By Jensen inequality,

2 1 [t 2
/Xeeow dug/)<<t/ (=0l (L) (Utfs>ds)dﬂ
0
1 [t 2
:t/ (/ T Kiadp)ds
0 X
) 1/2 1/2
(/ o2€0|LF| d#) (/ 64\LF\dN)
X X

where we used (2.7) for estimating ||K¢||12(,). By Young inequality,

IN

/|ut|2pod,u§/ eg"'“t'zd,u—l—Ent(po/eo).
X X

Therefore supg;<; (fX |ut]2p0du> < 400. Now remarking that

1
glogKt(Ut) =u; — LF ast — 0,

and using (2.8), we get (3.1). »

Definition 3.2 Let Z = VF € &, we denote (0zEnt)(vy) = %h:OEnt(yt).

Corollary 3.3 Let pg > € > 0 be given in the form (2.3) but with f € C}. Then there exists a
unique v € Ty, such that

(3.2) (02Ent)(vy) = (v, Z>Tu0’ forallZ=VF €€&.
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Proof. Rewrite (3.1) in the form

(GZEnt)(VO)—/X(S(VF)pod,u—/)((VF,Vp0>Hdu—/X<VF,1)>Hd1/0,

with v = Vlog pg. Take a sequence of F;, € Cylin(X) such that F,, — log po in D?(X). Then

/!VFn—VlogpolfqpoduéHpoHoo/ [VF, — Vlog poli du — 0,
X X

as n — +oo. It follows that Vlogpg € Tp,. n

Definition 3.4 We will say that the gradient VEnt exists at vy € P*(X), if there exists v € T,
such that for all Z = VF €&,

(3.3) <U’Z>Tu0 = (0zEnt)(vp).

and we denote v by (VEnt)(vy).

The Corollary 3.3 says that the gradient (VEnt)(vy) exists for a good measure vy. The following
result plays an important role for our understanding of the gradient flow associated to the entropy
functional.

Proposition 3.5 Fiz vy € P*(X). Then for anyn > 0, there exists a unique v € P*(X) such that
Lo . NS ( Qe *
(3.4) §W2 (v, 7)) + nEnt(v) = 1nf{§W2 (vo,v) + nEnt(v); v € P*(X) }

Moreover the gradient (VEnt)(?) at U exists.

Proof. By Corollary 1.2 and the fact that v — 1W3(vo,v) + nEnt(v) is semi-lower continuous
with respect to the weak convergence, such a ¥ does exist. The uniqueness comes from the strict
convexity of the entropy functional.

Now let Z = VF € € and (U;)ier be the associated quasi-invariant flow of X. Let m € C(vp, D)
be the optimal coupling plan. We define m; € C(vy, (Uy)«2) by

| vewmidndy) = [ ot Uiy)atdndy).
XxX XxX
Then we have

Wi (v, (U)o?) — W (1, ) < /

{l2 = Uw) = |z =yl pe(de, dy).
XxX

It follows that
— L7 .5 . 2 N
(3.5) limy g — [WQ (vo, (Up)«v) — W3 (o, 1/)} < - (Z(y), s — y>H7r(dm, dy).
2t XxX
By construction of o, for t > 0,
n . N 1 P A 2 .
(3.6) n Ent((Uy)+0) — Ent(0)| + % W5 (vo, (Up) ) — W3 (vo,0)| > 0.

16



By Proposition 3.1, as t | 0, the first term in (3.6) tends to (0zEnt)(2). Combining with (3.5), we
get

WO D)~ [ (Z).0 = )yn(da.dy) > 0.

Changing Z into —Z, we get another inequality, so that
(3.7) WOzE)) = [ (Z(). ~ y) (de.dy).
XxX

Now by Theorem FU, there exists £ : X — H such that 77 = I + £ pushes vy forward to 7 and
W3(vo,0) = [y €3 dvo. Rewriting (3.7), we get

(35 OzEnt)(7) =+ [ (2(10).~€)y dvo = = [ (2,607 ) 0.

Note that [, [£(T7)|3d0 = [y |€|%dvo < +00; So the gradient (VEnt)(#) € T} exists, which is
the orthogonal projection of —&(T71)/n on Tp. u

Denote by Dom(VEnt) the set of v € P*(X) such that (VEnt)(v) € T, exists. In what follows, we
will develop De Giorgi’s “minimizing movement” approximation scheme, avoiding the use of the

space P2(R?) done in [AS]
We denote by (V) the element # obtained in Proposition 3.5. By induction, define step by step
v(") which realizes the minimum of

1
Vi §W22(V("_1), v) + nEnt(v).

So we get a sequence of probability measures {v(™; n > 0} with (©) = 1. Let N be an integer
such that Nn < 1. Define

N+1

(3.9) vty dz) = v (da) 11y o (8)-
k=1

By Proposition 3.5, for t > 0, v, (¢, ) € Dom(VEnt).
Proposition 3.6 The family of measures {v,(t,dz)dt; n > 0} over [0,1] x X is tight.
Proof. By construction of {#(*);k > 1}, we have

1
§W22(1/(k71), v®)) 4 nEnt(v®) < nEnt(v*FD).

For any 1 < ¢ < N, summing the above inequality from k = 1 to ¢ gives

Z W2 (*=D ) L pEnt(v(9) < nEnt(v®).
k=1

14
1 -
(3.10) )
But for each 1 < ¢ < N, W2 (v(® v(@) < Nzgzl W3 (=1 ) < aNpEnt(v(@). Tt follows

that
W2 ©, v @) 4 Ent(v?) < (2N + 1)nEnt(v(?)) < 3Ent(v©).
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By Corollary 1.2, for any € > 0, there exists a compact K C X such that V(q)(KC) < ¢e. Then

N+1
/ v (t,dx)dt < Z ' D (K¢) < Nne <,
[0,1]xK®

q=1
the result follows. n

By Prokhorov theorem, there is a sequence 1 | 0 such that v, (¢, dx)dt converges weakly to v(dt, dz).
Set v¥) (dx) = p™¥)(2)du(x). Then

N+1

vy (t, dz)dt = (Z PSP (t)) dp(z)dt = py(z, t)dp(z)dt.
k=1

We have
/ pn(z,t)log py, (x,t)du(x)dt
[0,1]x X

N+1  kpal N+1
= Z / (/ o) log p(k)d,u> dt < Z nEnt(y(k)),
k=17 (k=1)n */.X k=1

which is less than, again by (3.10), Zivzo nEnt(v(?) < Ent(v(®)) < 4o00. Therefore v(dz,dt)
admits a density with respect to dudt: v(dz,dt) = p(z,t) du(z)dt, with

(3.11) / p(z,t)log p(z, t) du(z)dt < Ent(v(?).
[0,1]x X

It follows that for a.e. to € [0, 1], Ent(p(to,-)) < +00. Now we denote:

(3.12) vi(dz) = p(x,t)du(x).
Then for a.e. t € [0,1], v, € P*(X).
Theorem 3.7 The curve {v;t € [0,1]} solves the following Fokker-Planck equation:

(3.13) _ / o () Fdvydt + / o(t) LF dvydt = a(0) / Fdu,
[0,1]x X [0,1]x X X

for all « € C2°([0,1]), F € Cylin(X).

Proof. The proof is similar to [JKO]|, but for the reader’s convenience and the difference with
finite dimensional spaces that we emphasized in the introduction, we will give a full proof. We
have

/[ o () F (), (¢, da)dt

p
_ (a(kn) — a((k — 1)77))/ F(2)p™ (2)dp(z)
k=1 X
N
— ;a(kn) [/X F(2)(p™ (z) — p* ) (2)) dp( )} _a(o)/XdeU),
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On the other hand,

/ a(t)LF(x)vy(t, dx)dt
(0,1]x X

N+1

= Z (/(k77 a(t)dt) /XLF(x)p(k)du(az)

k=1 7 (k=1)n

N 1 ptDn i1

= Z(/ a(t)dt) -77/ LF(z)p*tdu().
o 1 Jkn X

Let 7)€ C(v®) p(+1) be the optimal coupling plan and set

I, = /X F(z)(p® (z) — p**Y (2))dp(x) — /X X<:vfy, (VE)(y)) 7 (dz, dy).

Then
I, = /){(F(I) — F(y) —(z —y, (VF)(y)>H> 8 (dz, dy).

But
F@) = F) = (2 = 4. (VF)(y)) | < Clz = ol

where C' is a constant governing 1|V2F|ygp. It follows that |I| < C WZ(v®, =) By (3.7)
and (3.1),

| (TP = ),y 7 ¥, dy) = 0 @Ent) 0 H0) = [ LEauH,
XxX X

Therefore, noting G = a(kn) — % k(s-ﬁ-l)n a(t)dt,

/ o () F () (¢, d)dt — / () LF () (t, da)dt
[0,1]x X [0,1]x X

n N
= o ). — 7®) (da
(3.14) kZ:l <k:n>fk+k§:;ﬂk /X (VF@).z ), e dy)

~ a(0) /X Fav® — ( /0 na(t)dt) . /X LEaW.

The first term on the right hand of (3.14) is dominated, according to (3.10), by

N
Clla||oo ZW%(V(k),V(k+1)) < nC|o||Ent(rg) — 0 as n — 0;
k=1

The second term is dominated by

n
IVEl el oS /X o= ylae ) d.dy)
k=1 X

al 1/2
< |IVF||ze<]la’|oon \/N<Z W2, y(’““)))
k=1

< VIlIVE||zel|e/[|oc v/ Ent(vg) — 0 as g — 0
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Note that W3(vg,v™M) < nEnt(vy) — 0 as n — 0. By Proposition 3.6, as n — 0, the first
term on the left hand of (3.14) tends to f[o,l}xx o/ (t)F(z)dwdt. Since LF is not bounded, for
the convergence of the second term, we have to use the cut-off function. By the expression of
LF, LF = G1 + G2, where G; is a bounded continuous function and |Ga(z)| < C||z||x with

l|z||% = ZZK1 e?(x). Let xgr € Cy(R) be a cut-off function such that 0 < yg < 1 and yg = 1 over
[0, R] and xr = 0 over [2R, +o00[. We have

K
/[0 1)x X a(t)Ge (1 - XR(; €; (l’))Vn(t, dx)dt

kn K
- > / atdt) - / Ga(w) (1 — xr(>_ (@) p M dp.
k=1 Y (k=1)n X i=1
N+1
< Cllallen / 2l p®d.
Z {llz]3, >R}

But

1
®au < / 2 hk)q

L 2 1 1.1
< Cllalloe = ([ e+ L) + Liog L),

=1 "1
can be arbitrarily small (independent of 7 > 0) as R is big enough. So the second term on the left
hand of (3.14) tends to f[o 1x X a(t) LF dvdt, as n — 0. The proof is completed. =

Note that Ent(v*)) < Ent(v(?)). Then the term f[o %X a(t)Gs (1 - XR(Z e?(x))vy(t, dz)dt

Remark: The Fokker-Planck equations and related topics on a Hilbert space were studied recently
in [ASZ].

o

v,
We will prove the existence of the derivative process ' in the sense of Otto-Ambrosio-Savaré of

(Vt)tefo,1) (see Definition 2.5). Define

N+1

(3.15) Zy(@,t) = 3 Z00 41 an (), Z® = (VEnt)(w).
k=1

Denote by T = I + &, which pushes v*~1 forward v(*). We have, according to (3.8)

N+1
// | Z (2, ) |30 (t, da)dt < Z / |Z®)2,dp )
(3.16) N+1 1 N
<n Z / &k (( (T3 dv® = Z W2 (=Y )y < 9Ent(v©).

k 1

Lemma 3.8 There erists a sequence n | 0 and Z € L*(X, H, P,) such that

(3.17) hm// ), Zn(, 1)) vy (t, d)dt = // x), Z(x,t)) yvi(de)dt,
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for any a € C°([0,1]), F € Cylin(X).
Proof. Define a probability measure on [0, 1] x X x X by

(3.18) / Ot x,y)dTy (1,2, y) = / Bt 7, Z(t, ) (t, de)dt.
[0,1]x X2

(0,1]x X
Let 712 be the projection (t,z,y) — (t,z) and 73 the projection (¢, z,y) — y. Then
(771’2)*Fn =Pk, (773)*F77 = (Zn)*(Puy,)-

Note that (73),I',, is a measure on X, supported by H. Recall that By (R) = {z € X;|z|g < R}
is a compact subset of X. We have

[(7%).T,] (B (R)) = /[O oy L )t o

1

2
— | Z,(t, )30 (t, do)dt < ﬁEnt(uo),

[0,1]xX

this last inequality was deduced from (3.16). It follows that {(73).T,,n > 0} is tight. Combining

with Proposition 3.6, the family {I',, n > 0} is tight. Up to a sequence, we get the weak convergence
of

(7)., — w(dz), T, —T.

We have
(712).T = p(t, 2)dpdt, (7%).T = w(dx).

By semi-lower continuity of x — |z|y, we have
(3.19) / 2f3w(dz) < lim, / 12, (t,2) By (t, dx)dt < 2Ent(vo).
X [0,1]x X

Therefore the measure w is supported by H. Let I'(dy|m!? = (¢, 7)) be the conditional probability
given 712 = (t,z). By (3.19),

/[0,1]xx</x [yl T (dyl™* = (t7x)))P(tax)du(:c)dt < +00.

Then for a.e. (t,z) € [0,1] x X, y — y is Bochner integrable with respect to I'(dy|r? = (¢, x)).
Define

(3.20) Z(t.2) = [ yTlayln'? = (t.2).
X
We have
|1zttt )du)de
[0,1]x X
(3.21) S/ (/ lyl5 T (dy|n'? = (t,x))) p(t, x)dp(x)dt
[0,1]x X
=/ ly|F; dD(t, 2, y) =/ ly|Fw(dy) < +oc.
[0,1]x X2 X
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Now for ae € C2°([0,1[) and F € Cylin(X). By expression (2.4),

K

(ta (L‘,y) - Ck(t)<VF(IE), y>H = a(t) Z(azf) ez(y)

i=1
is continuous from [0,1] x X x X to R. Let R > 0, consider

K

wR(tvxvy) = Oé( )<VF y>H XR(Z (y)2)7

=1

where xg € Cp(R) is the cut-off function considered in the proof of Theorem 3.7. Then (¢, z,y) —

Yr(t,x,y) is a bounded continuous function; therefore

/wR(t>$7y)dr(t>$7y> :%%/¢R<t7xay)drn(tawvy)

Since

[1a0)(VF@).9) H\[l—xRiez )] dry(t,2,5)
K

< lallol V1l [ 1231501 = (3 ess 2yt 20)%) (0. i)

=1

p | Zn| vy (t, do)dt

- <ei Z (t,:v)>22R

HO‘HOOH ||00/ 2||O‘HOOH || oo
——— | |Z,( vp(t,dz)dt < Ent(vg),
e [, 0,0 By ) T Bt

< |ra||oo|\w|roo/
>

which is arbitrarily small as R is big enough. Hence

/ Q(t)(VF(2),) 4T, ) = lim / a(t)(VE(2),y) Tyt 2,1),

or (3.17) holds. u
Proposition 3.9 {v;t € [0,1]} and Z(t,x) are linked by the following continuity equation
(3.22) / a(t)(VF(z), Z(t, $)>det(x)dt + / o (t)F(x)dvy(z)dt = 0,
0,1]x X [0,1]x X
for all F € Cylin(X) and o € C2°(]0, 1]).
Proof. Let I} = f[o,l}xX a(t)(VF(z), Zn(t,x)>H1/n(t,dx)dt. Then I} admits the expression

N+1 1 ke )
I, = ;(n /(kl)noz(t)dt) -/X<VF(ac—|—§k)’§k>Hdu(k N

Changing the index and using the optimal coupling plan 7(*) ¢ C(l/(k), l/(k—H)), we get

I% = i(l /k(k—H)77 oz(t)dt) /XXX<VF(y)7y - $>H7T(k)(dx,dy).

n
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==Y alkn) [ (F) - F@)r® (o, dy).

The same quantities appeared already in the proof of Theorem 3.7, we see that lim, ¢ (I% +1 727) =0.
But by Lemma 3.8, I} tends to f[O,l]XX a(t)(VF(z), Z(t,x)) ,dv(x)dt, while the term I7 tends to
f[o 1x X o/ (t)F(z)dvy(x)dt. So we get (3.22). n

Theorem 3.10 Let (v4)c(0,1) be the solution to the Fokker-Planck equation (3.13). Then for a.e.
t € [0,1], s € Dom(VEnt) and

(3.23) d;t”t — _(VEnt)().

Proof. By (3.13) and (3.22), we have

(3.24) /[0 e a(t)(VF(z), Z(t,x)) ,dvi(x)dt = — / a(t)LF (z)dv(x)dt.

[0,1]x X

Let V be the vector space generated by {aVF; a € C*(]0,1[), F € Cylin(X)} and V the closure
of Viin L*([0,1] x X, H; P,)). Let Z be the orthogonal projection of Z onto V. Then for a.e.t €0, 1],
Zy € T,,. By (3.24), there exists a full subset Qp CJ0, 1] such that for ¢ € Qp,

/ (VF(2), Z(t,2)),dvi(z) = — / LF (z)dv ().
X

X

Again by density arguments, there exists a full measure subset © CJ]0, 1] such that for ¢ € Q the
above equality holds for all VF € £. Now by (3.1), the right hand side is equal to —(dv rEnt)(v4).
Therefore VEnt exists at v; and R
(VEHt)(I/t) = —Zt,
dO
this last term was denoted as —Vt; therefore we get (3.23). »

dt
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