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On the Geometry of Metric Measure Spaces. 1.

Karl-Theodor Sturm

This is a continuation of our previous paper [St04]! ’On the Geometry of Metric Measure Spaces’
where we introduced and analyzed lower ("Ricci’) curvature bounds Curv > K for metric mea-
sure spaces (M, d,m). The definition used there is based on convexity properties of the relative
entropy Ent(.|m) regarded as a function on Py(M, d), the Lo-Wasserstein space of probability
measures on the metric space (M, d). For Riemannian manifolds, Curv(M, d,m) > K if and
only if Ricps(€,€) > K - €] for all € € TM.

This notion of lower curvature bound is a dimension independent (or, in a certain sense, "infinite
dimensional’) concept. In order to obtain more precise estimates one has to reinforce the curva-
ture bound Curv > K to a curvature-dimension condition CD(K, N) involving two parameters
K and N playing in some generalized sense the roles of a lower bound for the Ricci curvature
and an upper bound for the dimension, resp.

The main topic of the present paper is the curvature-dimension condition CD(K, N) for metric-
measure spaces (M, d,m) . In some sense, it will be the geometric counterpart to the curvature-
dimension condition for Markov operators and Dirichlet forms by Bakry and Emery [BES5].
We will also study a weak variant of the latter, namely the measure contraction property
MCP(K,N). It is a slight modification of a property introduced in [St98] and in a similar
form in [KSO03].

As in [St04], our definition of the curvature-dimension condition is based on a kind of convexity
property for suitable functionals on the Lo-Wasserstein space Po(M, d). The previous curvature
condition Curv > K is included as the limit case CD(K, 00). For finite N the basic object now
is the Rényi entropy functional

S (pmlm) = — / PN,

replacing the relative ("Shannon’) entropy

Ent(pm|m) = /plogpdm = J\;im N(1+ Sy(pm|m)).

For Riemannian manifolds, the curvature-dimension condition CD(K, N) will be satisfied if and
only if dim(M) < N and Ricps(&,€) > K - |€]? for all € € TM.

Under minimal regularity assumptions, condition CD(K, N) will imply property MCP(K, N); the
latter will be strictly weaker. Roughly spoken, CD(K, N) is a condition on the optimal transport
between any pair of (absolutely continuous) probability measures on M whereas MCP (K, N) is
a condition on the optimal transport between Dirac masses and the uniform distribution on M.

One of the fundamental results is that the curvature-dimension condition as well as the mea-
sure contraction property are stable under convergence w.r.t. the distance ID. The latter was
introduced in [St04] as a complete separable metric on the family of (isomorphism classes of)

!'See also [St05a] for a comprehensive version.



normalized metric measure spaces. Moreover, we deduce that for each triple (K, N, L) € R3,
the family of normalized metric measure spaces (M, d, m) which have diameter < L and which
satisfy condition CD(K, N) (or alternatively, property MCP(K, N)) is compact.

Furthermore, we present various geometric consequences of the curvature-dimension condition
(or alternatively of the measure contraction property). The most prominent among them being
the Bishop-Gromov theorem on the volume growth of concentric balls and the Bonnet-Myers
theorem on the diameter of metric measure spaces with positive lower curvature bounds. In
both cases, we obtain the sharp estimates known from the Riemannian case.

Of particular interest are the analytic consequences of property MCP(K, N). It allows to con-
struct a canonical Dirichlet form and a canonical Laplace operator on Lo(M,m), it implies a
local Poincaré inequality, a scale invariant Harnack inequality, and Gaussian estimates for heat
kernel and it yields Holder continuity of harmonic functions.

The curvature-dimension condition can be interpreted as a control on the distortion of infinites-
imal volume elements under transport along geodesics. Let us briefly try to explain this.

The curvature-dimension condition CD(0, N) — which besides the condition CD(K, c0) is the
easiest to formulate — simply states that for all N’ > N the functional Sy/(.m) is convex on
the Lo-Wasserstein space P2(M, d). In the Riemannian case, it was already observed in [St05]
that the latter characterizes manifolds with dimension < N and Ricci curvature > 0. This is
basically due to the fact that the Jacobian determinant J; = det dF; of any ’transport’ map
F; :==exp(—tVyp) : M — M satisfies
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if and only if M has dimension < N and Ricci curvature > 0. Essentially equivalent to (0.1) is
the Brunn-Minkowski inequality:

(z) <0 (0.1)

m(A)YN > (1 —t) - m(Ag)YN +t-m(A)VY (0.2)
for any N’ > N, any t € [0,1], and any pair of sets Ag, A1 C M where A; denotes the set of
point 7; on geodesics with endpoints vg € Ag,v1 € A;1.

The curvature-dimension condition CD(K, N) for general K and N is more involved. As a first
step, the inequality (0.1) can be replaced by

9* 1N
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(see [St05], Corollary 3.4). A more refined analysis yields

(@) = 1N @) R, Fi()

BN @) > i (d Fi@) - Iy (@) + iy (d(z, Fu(2)) - Y (@) (0.3)

for t € [0,1] and « € M where

0 gy = g (St T
KN sin (k 0)

with k = 1/% (and with appropriate interpretation if K < 0). The curvature-dimension
condition CD(K, N) to be discussed in the sequel can be regarded as a robust version of (0.3).
Assume for simplicity that for m®m-a.e. (z,y) € M? there exists a unique geodesic ¢ — ;(z, )
depending in a measurable way on the endpoints z and y. Then CD(K, N) states that that for



any pair of absolutely continuous probability measures pgm and p;m on M there exists an
optimal coupling ¢ such that

ool w) < [0 (8 w)) ™ (@) + 7P (B ) o N )] (0.4)

for all t € [0,1], and g-a.e. (z,y) € M? where p; is the density of the push forward of ¢ under
the map (z,y) — Y(x,y). Roughly spoken, MCP(K, N) is the particular case where pgm is
degenerated to a Dirac mass. This amounts to say that for every € M and ¢t € [0, 1] the
‘contracted measure’ my , := y(x,.), m satisfies

[ sin(x d(z,y))
! [sin(ka d(z,y)/t

N—-1
)] e (dy) < m(dy). (0.5)

In the general case, the assumption of a measurable choice of a unique geodesic is replaced by
the assumption of a measurable choice of a measure on the geodesics.

Independently of [St05] and [St04], the particular cases CD(K, 00) and CD(0, V) of the curvature-
dimension condition — defined in essentially the same form — were also discussed in a recent
paper [LV04] by John Lott and Cédric Villani.

In the first chapter of this paper, we introduce the curvature-dimension condition and we deduce
some of the basic properties.

In the second chapter, we derive various geometric consequences of the curvature-dimension con-
dition like Brunn-Minkowski inequality, Bishop-Gromov volume growth estimate, and Bonnet-
Myers theorem.

The topic of chapter 3 is the stability of the curvature-dimension condition under convergence.
Moreover, compactness of families of normalized metric measure spaces with suitable bounds on
the diameter, the dimension and the curvature is deduced.

In chapter 4 we study the curvature-dimension condition under the additional assumption that
the underlying space is nonbranching.

In chapter 5 we introduce and study the measure contraction property, including its geometric
consequences, and its stability under convergence.

Chapter 6 is devoted to the analytic consequences of the measure contraction property, in
particular, the construction of Sobolev spaces and Dirichlet forms as well as the derivation of a
scale invariant local Poincaré inequality.

Throughout this paper, we freely use definitions and results from our previous paper [St04].
Theorem x.y and equation (a.b) of that paper will be quoted as Theorem I.x.y or (I.a.b), resp.

1 The Curvature-Dimension Condition

A metric measure space will always be a triple (M, d, m) where (M, d) is a complete separable
metric space and m is a locally finite measure (i.e. m(B,(z)) < oo for all x € M and all
sufficiently small » > 0) on M equipped with its Borel o-algebra. To avoid pathologies, we
exclude the case m(M) = 0.

G(M) will denote the space of geodesics 7 : [0,1] — M, equipped with the topology of uniform
convergence. Here and in the sequel by definition each geodesic is minimizing and parametrized
proportional to arclength. A point z will be called t-intermediate point of points x and y if
d(z,z) =t d(z,y) and d(z,y) = (1 —¢) - d(z,y).



Pa(M, d) denotes the Lo-Wasserstein space of probability measures on M and dy the corre-
sponding Lo-Wasserstein distance. The subspace of m-absolutely continuous measures is denoted
by Po(M, d,m).

X denotes the family of all isomorphism classes of metric measure spaces and X; the subfamily
of isomorphism classes of normalized metric measure spaces (M, d,m) with finite variances (i.e.
m(M) =1 and [,, d*(0,y) dm(y) < o0). On X; we have introduced the distance D, see chapter
3 in [St04].

Given a metric measure space (M, d,m) and a number N € R, N > 1 we define the Rényi
entropy functional
Sn(.|m): Pa(M,d) —

with respect to m by

SNn(vim) == —/p_l/Ndy

where p denotes the density of the absolutely continuous part v¢ in the Lebesgue decomposition
v=v°4v®=pm+v® of v € Py(M,d). Note that in the borderline case N = 1 this reads
S1(vim) := —m(supp[]). Instead of Sy, mostly in the literature the functional Sy := N+N Sy
is considered.The latter shares various properties with the relative Shannon entropy Ent(.|m).
For instance, if m is a probability measure then Sy(.[m) > 0 on Py(M, d) and Sy (v|m) = 0
if and only if v = m. For the purpose of this paper, the functional Sy from above is more
convenient. We recall two important facts from the proof of Lemma 1.4.1.

Lemma 1.1.  Assume that m(M) is finite.

(i) Then for each N > 1 the Rényi entropy functional Sy (.|m) is lower semicontinuous and
satisfies —m(M)YN < Sn(.|m) < 0 on Py(M, d).

(ii) For each v € Py(M, d)

Ent(v|m) = A}im N(1+ Sy(v|m)).

Given two numbers K, N € R with N > 1 we put for (¢,0) € [0,1] x R,

o / if K62 > (N —1)r?
: . 1-1/N _
TI(?N(G) = :/N <Sln ( % t9> /Sln (\/%@) ’ ii 2{;2[29; (<)r (N —1)r?

if K2 <0and N =1

| £/ (sinb (/55 0) /simh ((/5579) )H/N, if K62 <0 and N > 1.
That is, TI(?N(Q) = /N . J%?N_I(H)l—l/N where O'%?N := sin <\/>tc9> /sm <\/>0> if

0 < K0? < N7? and with appropriate interpretation otherwise. Moreover, we put

t t
gl((?N(e) = TI((,)N(G)N‘
Straightforward calculations yield that for fixed ¢ €]0,1] and 6 € )0, oo| the function (K, N)

T[(()N(H) is continuous, nondecreasing in K and nonincreasing in N. Moreover,



Lemma 1.2. Forall K,K' € R, all N,N' €]0,00[, all t € [0,1] and all § € R:

t ¢ ’ t '
AN O -5 O 2 0 e g (O
and, if N > 1,
t t / t ’
TN O - 0w O 2 7 e (0
Proof. We derive the first inequality; the rest follows easily. For each fixed t €]0, 1] the function
f: K~ log s;;((\/\/?)) (with canonical interpretation for nonpositive K) is convex on | — oo, 72[.
Hence, for all K, K’ € R, all N, N’ > 0 and all § € R under consideration
N K N’ K’ K+ K
| =67 fl=6*)> 0% ) .
viv /(7)) w1 (57) 21 (5w
In other words,
N N
’ N+N'
sin < %t@) sin < ﬁw) sin ( ﬁ%iﬁ: t@) +
B [ > :
sin (\ / I]\(,H) sin < []\5:9) sin ( %ifl\(f’ 9)
O

In particular, TI((tv)N(Q) > a%)N(G) provided N > 1 since 78 = 0(1]71 SR

Definition 1.3. Given two numbers K, N € R with N > 1 we say that a metric measure
space (M, d, m) satisfies the curvature-dimension condition CD(K, N) iff for each pair vy, 14 €
Po(M, d,m) there exist an optimal coupling ¢ of vy,v; and a geodesic I : [0, 1] — Po(M, d,m)
connecting vy, 1 with

Sn(T(t)m) < — /

[Tg,fvtf)(d(ﬂfo» 1)) -5y " (20)
+ i (dleo,a)) oy Y @) daGeo o) (11)

for all t € [0,1] and all N’ > N. Here p; denotes the density of the absolutely continuous part
of v; wr.t. m (for i =0,1).

The definition of the curvature-dimension condition immediately implies its invariance under
standard transformations of metric measure spaces. (Cf. also Propositions 1.4.12, 1.4.13, and
1.4.15 as well as the proofs of these results.)

Proposition 1.4. Let (M, d,m) be a metric measure spaces which satisfies the CD(K, N) con-
dition for some pair of real numbers K, N. Then the following properties hold:

(i) 'lsomorphism’: Each metric measure space (M', d',m’) which is isomorphic to (M, d,m)
satisfies the CD(K, N) condition.

(ii) 'Scaled spaces': For each «, > 0 the metric measure space (M,ad,m) satisfies the
CD(a 2K, N) condition.

(iii) 'Subsets’: For each convex subset M’ of M the metric measure space (M’', d,m) satisfies
the same CD(K, N) condition.



Remark 1.5. In order that the curvature-dimension condition is invariant under isomorphisms
we require (1.1) to hold true only for vy, vy € Po(M, d,m) and not for all vy, 1 € Po(M, d). For
instance, consider M = R™ equipped with the Euclidean distance d and let m be the (n — 1)-

dimensional Lebesgue measure on My := {0} x R"~!. Then (M, d,m) satisfies the condition
CD(0,n — 1). However, choose vy = 14 m for some set A C My with m(A) =1 and v; = §, for
some point z = (z1,...,2,) with 21 # 0. Then for each midpoint I'; /5 of them
1 1 1
0= Sp—1(I'1j2/m) £ §Sn—1(VO|m) + iSn_1(V1|m) =3

Proposition 1.6.

(1) If (M, d,m) satisfies the curvature-dimension condition CD(K, N) then it also satisfies the
curvature-dimension conditions CD(K', N') for all K' < K and N' > N.

Conversely, if (M, d,m) is compact with diameter < L and satisfies the curvature-dimension
conditions CD(Ky, Ny,) for a sequence of pairs (K, Ny) with limy,_ oo (K, Ny) = (K, N)
and K -L? < (N —1)7? then it also satisfies the curvature-dimension conditions CD(K, N).

(ii) If (M, d,m) has finite mass and satisfies the curvature-dimension condition CD(K, N) for
some K and N then it has curvature > K in the sense of Definition 1.4.5.

Therefore, the condition Curv(M, d,m) > K may be interpreted as the curvature-dimension
condition CD(K, 00) for (M, d,m).

(iii) A metric measure space (M, d,m) satisfies the curvature-dimension condition CD(0, N)
for some N > 1 if and only if the Rényi entropy functionals Sni(.Jm) for N' > N are
weakly convex on Po(M, d,m) in the following sense: for each pair vy,v1 € Po(M, d, m)
there exist a geodesic I': [0, 1] — Pao(M, d,m) connecting vy, v with

Sn/(L(t)jm) < (1 —t) - Sy (volm) + - Snr(v1|m) (1.2)
for allt € [0,1] and N' > N.

Proof. (i): The first assertion is obvious. The second one will follow from Theorem 3.1 below.
(ii): Let vo,v1 € Pa(M,d, M) be given with Ent(rp|m) < oo and Ent(rq|m) < co. By assump-
tion, (M, d, m) satisfies the curvature-dimension condition CD(K, N) for some K and N. Hence,
there exists there exist an optimal coupling ¢ of vy, 1 and a geodesic T": [0,1] — Po(M, d,m)
connecting vp, v with (1.1) for all ¢ € [0,1] and all N’ > N.

The assumption m(M) < oo implies that Ent(I|m) = limpy/_oo N'(1 + S (T'¢jm)) for all t €
[0, 1]. Hence,

Ent(T'yjm) — (1 —1t)Ent(Tp|m) — tEnt(I';|m)
= leigloo N (Sn/(Tylm) — (1 — £)Sn:(To|m) — tSn+(T'1|m))

< Jdim [ (V[0 -0 = i (o) g Y (o)
+ N[t = iy (o, 20))| pr N (1)) dalro, 21)
< g [ (V0-0- AR ]
+ N’ {t - Tg?N,(d(:vo,m))D dg(zo, 1)
— —t(12t)K/dQ(a:O,xl)dq(:ro,xl) = —t(12t)de2zv(Vo,V1)-
(iii): Obvious. O



Proposition 1.6(iii) gives an elementary characterization of the condition CD(0, N') through con-
vexity of the Rényi entropy functionals Sy for N’ > N. A generalization of this characterization
to K # 0 will be discussed in chapter 4. Moreover, we will present various modifications of the
curvature-dimension condition which formally are more restrictive.

Of course, the most important case to be studied is the case of Riemannian manifolds. Let us
mention here the basic result. We postpone its proof to the end of the chapter.

Theorem 1.7. Let M be a complete Riemannian manifold with Riemannian distance d and
Riemannian volume m and let numbers K, N € R with N > 1 be given.

(1) The metric measure space (M, d,m) satisfies the curvature-dimension condition CD(K, N)
if and only if the Riemannian manifold M has Ricci curvature > K and dimension < N.

(ii) Moreover, in this case for every measurable function V. : M — R the weighted space
(M, d,V 'm) satisfies the curvature-dimension condition CD(K + K', N + N') provided

!
Hess V1/A < —% YN

for some numbers K' € R, N' > 0 in the sense that

V)N > ol 0.(d(10,71) Vo) N + 08w (d(r0,91)) Vi) VY (1.3)

for each geodesic 7y : [0,1] — M and each t € [0, 1].

Let us have a closer look on these results if M is a subset of the real line equipped with the
usual distance d and the 1-dimensional Lebesgue measure m.

Example 1.8. (i) For each pair of real numbers K > 0, N > 1 the space ([0, L], d,V m) with

L= /821
e N-1
V(zx) :Sin< N_lac)

™ and
satisfies the curvature-dimension condition CD(K, N).

(ii) For each pair of real numbers K < 0,N > 1 the space (R4, d,V m) with

N—-1
V(z) = sinh (U N_f{1 x) ,

if K < 0, and V(z) = 2V7', if K = 0, satisfies the curvature-dimension condition
CD(K,N).

(iii) For each pair of real numbers K < 0, N > 1 the space (R, d,V m) with

N—1
V(x) = cosh (\/ N_f(l ZL‘)

satisfies the curvature-dimension condition CD(K, N).

Note that for N — oo the weight V' from example (iii) from above converges to the weight

V(z) = exp <_2K m2>

from example 1.4.10.(ii). Also note that according to [BQO00], the examples (i)-(iii) equipped with
natural weighted Laplacians are also the prototypes for the Bakry-Emery curvature-dimension
condition.



Proof of Theorem 1.7.

(a) Let M be a complete Riemannian manifold with Ricci curvature > K and dimension
n < N and assume that we are given two absolutely continuous probability measures vy = pgm
and v; = pym in Pa(M, d,m). Without restriction, we may assume that both are compactly
supported. (Otherwise, we have to choose compact exhaustions of M x M and to consider the
restriction of the coupling to these compact sets). According to Remark 1.2.12(iii), there exists
a weakly differentiable function ¢ : M — R such that the push forward measures

'y = (Fi)«1o

with

Fi(z) = exp, (~tVe(z))
for t € [0,1]1 define the unique geodesic t — T'y in Py(M, d) connecting vy and v;. Again each
T'; is compactly supported and absolutely continuous, say I';y = pym.
Following [CMS01] we may choose ¢ in such a way that it is d?/2-concave? and such that for
vp-a.e. & € M the Hessian of ¢ at = exists and the Jacobian dF;(z) is nonsingular for all
te0,1].

(b) For each z and ¢ as above, consider the matrix of Jacobi fields
Ai(z) == dFy(x) : TpM — TryyM

along the geodesic F,(z). (More precisely, A;(z)v is a Jacobi field along F.(z) for each v € T, M .)
It is the unique solution of the Jacobi equation

mv¢¢m+3(&@ym@»3@y:o

with initial conditions Ay = Id, VA =0} = —Hess . Here R is the curvature tensor and
V. denotes covariant derivates along the geodesics F.(z) (cf. [Ch93] (3.4)). By assumption,
the matrix 4;(x) is non-degenerate for all x,t under consideration. Hence, the Jacobi equation
immediately implies that the self-adjoint matrix valued map U; := VA0 AL ! solves the Riccati
type equation

mm+W+RQJQE:o (1.4)

and thus o
tr(Veldy) + tr(U2) + Ric (Ft, Ft) ~0. (1.5)

Now consider y := log.J; = logdet A;. Then tithy = tr(Vidy 0 A;') = L(logdet Ay) =
(cf. [Ch93|, Prop. 2.8). Hence, tr(Vid) = %tr(ut) = ij;. By means of the standard estimate
tr(U?) > %(‘ur(/{t)2 for the trace of the square of a self-adjoint matrix, we obtain from (1.5)

1 ..
i < ——12 — Ric (Ft, Ft) . (1.6)
n

Using our estimates for the dimension and the Ricci curvature of M we get 4, < —%yf — K6?
with 6(z) := |Fy(z)| = d(z, F1(z)) or equivalently
d? N K6* /N

2This notion of concavity is defined in terms of some generalized Legendre transform. It is completely different
from the notion of 'convexity/concavity along geodesics’ used at all other instances in this paper.




Integrating (1.7) for fixed = along the geodesic t — Fi(x) yields

1/N 1-t 1/N t 1/N
Jt/ 2 JE(,N)(Q) : Jo/ + Ug{?N(‘g) : J1/ : (1.8)
This is close to the estimate (1.12) which we aim for. In the case n =1 we are already done.

(¢) In order to improve upon (1.8) in the case n > 2, we will separately study the deformation
of the volume element in directions parallel and orthogonal to the transport direction. To
be precise, fix z as above and let ef,..., el be an orthonormal basis of Tr,(z)M with e =

Fi(x) /|Ft(:17)| for all t € [0,1]. Put u;;(t) = (el Usel), N\ =1+ fot u11(8)ds and Ly = exp(\y).
Then (1.4) implies

n

—%un(t) = Zu%](t) > uiy (1). (1.9)

That is, —A; > /\% or, equivalently, L; < 0 which in integrated form reads

Ly > (1—t)Lo+tLy (1.10)
for all ¢ € [0,1]. Now put oy =y — A, Ay = exp(ay) = J/L; and V, = (uij(t))i,jzz...,n' Then
(1.4) together with (1.9) imply

—i— K-6* > —j —Ric (Fu Ft) + N
n n
= wU) + A= D () =Y ud(t)
ij=1 j=1
> Z u?j(t) = tr(V})
ij=2
> ——(trVy)? = a? ! a2
= a1 e
Hence,
d? (a1 K> 1/v-1)
__ < _
dt? (At ) S TNot
d th
o 1 Al/(N—l) > 1/(N-1) 1/(N-1)
" >ogn-1((1—1),0) - A, +ogn-1(t,0) - A . (1.11)
Finally, (1.11) and (1.10) together with Hélder’s inequality yield
_ _ W (N-1)/N
> (1= t)Lo + L)Y - (o 01 (0) - 4y YD 400 (0) - AV Y)
_ )\ (V-1)/N
> (1= 0)L0)"N - (a3, (0) - 47N 7Y)
)\ (V-1/N
(L) (ol (0)- 4 Y)
= 7w 0)- R+ 7 (0) - 7
That is, the Jacobian determinant J;(x) := det dFy(z) satisfies
J(@) VN > 1P (d(e, Fu(@) - Jo(@)YN + 7m0y (d(z, Fi(2) - Ji(a) Y (1.12)



This estimate is — from the technical point of view — the main result in [CMS01] (Lemma 6.1 and
Cor. 2.2. To be precise, it is stated there only for the case N = n. However, the extension to the
general case N > n is straightforward.) For the convenience of the reader, we have presented
here an alternative, essential self-contained derivation, following similar calculations in [St05].

(d) The change of variable formula for F; yields that p,(F};) - J; = po a.e. Thus together with
(1.12) and (1.3) we obtain

S o o
Snin'(Ty]Vm) = _/<€;> N+N Ptdm:—/JtN+N V(Ft)iNjN/po NN g
N
¢ @ s )
- / ’ L/ 1——1 7
’ <ag’7]?’(d)‘v(F0)l/N +O’§?’,N’(d) 'V(Fl)l/N)N+N Po N+N dm
’ 1
< —/ <T§§7]\;)(d)1\’f1\7’ 'Ugft),(d)NﬁN/ Y -V(Fo)ﬁ
(1) () N A T R B
+TK,N(d)N+N o3 e (d) NN V(F) ¥ ) p, dm
(%)
<

_/ <(T§;2/,N+N’(d) (o V(Fy)) ¥+

1 1——1_
780 () (B VIFD) ) g T dm

1
— (1-1) PO\~ NENT
= —/<(TK+K/,N+N/(d)' (V) e
1
(t) P11\~ NN
+ TK+K/,N+N’(d) : <V) " > dgq

which proves the claim. Here (x) is due to Lemma 1.2. For the final equality we have used the
fact that the unique optimal coupling of vy and v is given by dq(zo, 1) = 0, (2, (dz1)dV(20).
To simplify the above formulae, we always have dropped the arguments xy and x1. To be more
specific, d will denote d(xo, F1(zo)) if we integrate with respect to dm(xo) and it will denote
d(zp,x1) if we integrate with respect to dq(zg, z1).

(e) Necessity: Assume that (M, d,m) satisfies the curvature-dimension condition CD(K, N) for
some pair of real numbers K, N with N > 1. Then according to Corollary 2.5, N > Hausdorff
dimension of M. In the Riemannian case, the latter coincides with the dimension.

In order to prove that K < Ricci curvature of M, let us first investigate the case n > 2. Assume
the contrary: Ric, (&, &) < (K —9) - |€]? for some 6 > 0, some point z € M and some & € T, (M).
Consider the sets Ay = Be(exp,(—7r¢)) and A; = Bc(exp,(+r€)). Then for sufficiently small
€ € r < 1, Riemannian calculation yields

K-—§ m(Ag) +m(A;)

m(Ay ) < (1+ r? +0(r"))

(cf. [St05], Thm. 5.2) whereas Proposition 2.1 gives

m(Ayz) = (1+ %7’2 + O(r4))m(A0) ;m(Al)‘

Hence, Ric > K.

Now let us investigate the case n = 1. Here the Ricci curvature always vanishes. On the other
hand, n = 1 implies N = 1 (according to Corollary 2.5) and thus necessarily K < 0 (according
to Corollary 2.6, the generalized Bonnet-Myers theorem). Hence, also in this case Ric > K. [
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2 Geometric Consequences of the Curvature-Dimension Condi-
tion
Compared with our defining property (1.1), the following version of the Brunn-Minkowski in-

equality will be a very weak statement. However, it will still be strong enough to imply all the
geometric consequences which we formulate in the sequel.

Proposition 2.1 (’Generalized Brunn-Minkowski Inequality’). Assume that the metric
measure space (M, d,m) satisfies the curvature-dimension condition CD(K, N) for some real
numbers K, N € R, N > 1. Then for all measurable sets Ay, A1 C M with m(Ag) - m(A;1) > 0,
allt € [0,1] and all N' > N

m(A)YY > 7 0(0) - m(A0) Y 4 7, (0) - m(A)YY (2.1)

where Ay denotes the set of points which divide geodesics starting in Ag and ending in Ay with
ratio t:(1-t) and where © denotes the minimal/mazimal length of such geodesics, that is,

Ay :={ye M: I(xo,21) € Ag x Ay : d(y,x0) =t - d(wo,21), d(y,21) = (1 —1)- d(wg,21)}

and . .
(_) R { 1nf{E0€A0,m1€A1 d(;v(]aml)? lfK Z O
SUD g0 Ag 21 €4 d(zo,z1), if K <O0.

In particular, if K > 0 then

m(A)YN > (1 =) - m(Ag)N + - m(A)YN. (2.2)
Proof. Let us first assume that 0 < m(Ag) - m(A;) < oo. Applying the curvature-dimension
condition CD(K, N) to v; := ﬁ1 a4, m for i = 0,1 yields

/A o) YN dm(y) > TG (©) - m(Ae) N + 1 () - m(A) YN (2.3)

where p; denotes the density of some geodesic I'; connecting vy and v;. (Here without restriction
we assume N’ # 1). Now by Jensen’s inequality the LHS of (2.3) is dominated by m(A4;)"/"'.
This proves the claim, provided m(A4p)-m(A;) < co. The general case follows by approximation
of A; by sets of finite volume. O

Remark 2.2. The assumption m(4g)-m(A;) > 0 can not be dropped. For instance, let M = R?
and let m be the 1-dimensional Lebesgue measure on A := {0} x R and choose A; = {1} x R.

Now let us fix a point z¢ € supp[m] and study the growth of the volume of concentric balls
v(r) := m(B,(x0))

as well as the growth of the volume of the corresponding spheres

s(r) = lir;l S(l)lp<15 -m (BT+5(:C0) \ BT(a:O)) .
Theorem 2.3 (’Generalized Bishop-Gromov Volume Growth Inequality’). Assume
that the metric measure space (M, d,m) satisfies the curvature-dimension condition CD(K, N)
for some real numbers K,N € R, N > 1. Then each bounded set M' C M has finite volume.
Moreover, either m is supported by one point or all points and all spheres have mass 0.

11



More precisely, if N > 1 then for each fized xo € supp[m] and all0 <r < R< /75T

N-1

() (o (/o)
0= (v m) 0

and
N-1
Jy sin ( %t) dt
N—1
Jitsin (\/ofSet)ae
with s(.) and v(.) defined as above and with the usual interpretation of the RHS if K < 0. In

particular, if K =0
s(r) r\N-1 v(r) r\N
> (= d > (=) .
s(R) = (R> “wEW(R) T (R)
The latter also holds true if N =1 and K < 0.

> (2.5)

For each K and each integer N > 1 the simply connected spaces of dimension N and constant
curvature K/(N — 1) provide examples where these volume growth estimates are sharp. But
also for arbitrary real numbers N > 1 these estimates are sharp as demonstrated by Example
1.8(i) and (ii) where equality is attained.

Proof. Let us fix a point xp € supp[m| and assume first that m({zo}) = 0. Let numbers

r, R with 0 < r < R be given and put ¢ = 5. Choose numbers ¢ > 0 and 6 > 0. We

will apply the generalized Brunn-Minkowski inequality from above to Ag := Be(zo) and A; :=
Brisr(xo) \ Br(z). One easily verifies that

A C Er—i—ér-i—er/R(xO) \ BT—er/R(‘rO)

and R — e <O < R+ JdR + e. Hence, Proposition 2.1 implies

— 1/N —r
m (Br+5r+er/R($0) \ BT—€T/R(xO)) / > T[((I,N /R (R FORTF 6) -m (BE(xO))l/N

—I—T[(Q/]\]]%) (R F oR F 6) -m (§R+5R<m0) \ BR(wo))l/N
where F has to be chosen to coincide with the sign of K. In the limit € — 0 this yields
— 1/N r - 1/N
m (B (20) \ Br(z) ™ = W (1 F 8)R) -m (B(+s)r(w0) \ Br(zo))"
or, in other words,
o((1+6)r) — v(r) = TN (A F OR)Y - [o(1 + 6)R) — v(R)]. (2.6)

For r small enough, the LHS will be finite since by assumption m is locally finite and thus
v(R) will be finite for all R € Ry and it will coincide with v(R*) for all R > R* := \/% e
Moreover, by construction v will be right continuous and nondecreasing with at most countably
many discontinuities. In particular, there will be arbitrarily small » > 0 and ¢ > 0 such that v is

continuous on the interval [r, (1 4+ §)r). Hence, by (2.6) v will be continuous on R. Therefore,
m(9By(xzp)) = 0 for all » > 0 and in turn m({z}) = 0 for all z # x.
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Inequality (2.6) can be restated as

-1
sin( /55 (L% )

o (U 0)r) = 0] 2 - (14 8)R) — (R | — L (27)
Sln( m(l:‘:(s)R)

with the usual interpretation if X' < 0. In the limit § — 0 this yields the first claim (2.4).
Furthermore, given r and § by successive subdivision of the interval [r, (1+)r]| one can construct
a sequence (7y,)y of points in [r, (1 + 0)r] with

5 [o((1+276)r) —o(r)] < % [w((1 4 0)r) — v(r)] =: C.

Together with (2.7) this implies that v is locally Lipschitz continuous on R.. Therefore, in
particular, it is weakly differentiable a.e. on R, and it coincides with the integral of its weak
derivative s. We thus may apply Lemma 3.1 from [Ch93] according to which the inequality (2.4)
implies the integrated version (2.5).

It only remains to treat the case m({xo}) > 0. If there were a point z1 € supp[m|\{z¢} then we
could apply the previous arguments (now with 2 in the place of z) and deduce that m({z}) =0
for all # # x; which would lead to the contradiction m({zo}) = 0. Hence, m({zp}) > 0 implies
supp[m| = {xo}. All the estimates of the theorem are trivially true in this case. O

0<

Corollary 2.4 (’Doubling’). For each metric measure space (M, d, m) which satisfies the
curvature-dimension condition CD(K, N) for some real numbers K, N € R, N > 1, the doubling
property holds on each bounded subset M’ C supp[m]. In particular, each bounded closed subset
M’ C supp[m] is compact.

If K >0 or N =1 the doubling constant is < 2. Otherwise, it can be estimated in terms of
K, N and the diameter L of M' as follows

N-1
K
C < 2V . cosh — L )
< cos ( N_1 )

_ J(=K)Vo
Proof. Assume N > 1 and put k = \/~xZ7-

property

Then (2.5) immediately yields the doubling

m(Byr(z)) _ 2 [qsinh(k26)Vhdt o
m(B;(z)) = fgsinh(ﬁt)Nfl dt =2

The doubling property, however, always implies compactness of the support, see e.g. the proof
of Theorem 1.3.16. O

- cosh(rr)N 1L,

Corollary 2.5 ("Hausdorff Dimension’). For each metric measure space (M, d,m) which
satisfies the curvature-dimension condition CD(K, N) for some real numbers K, N € R, N > 1,
the support of m has Hausdorff dimension < N.

Proof. We will prove that for each N’ > N the N’-dimensional Hausdorff measure of M vanishes.
Without restriction we may assume that M is bounded and that it has full support. For each
€ > 0 we can estimate the e-approximate N’-dimensional Hausdorff measure of M as follows:

0o 1 N’ oo
Ho (M) = ey -infQ Y- <2diam5j) | JSi=M, diamS; <
j=1 j=1

IN

k
ey €V oinf{ ke N: UBE(ZE]'):M
j=1
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According to the doubling property as derived in Corollary 2.4, the minimal number k& in the
last term can be estimated by k < C - ¢V (cf. also proof of Theorem 1.4.9). Hence,

Fe (M) = lim Hiyo (M) = 0

for each N/ > N. O

Corollary 2.6 (’Generalized Bonnet-Myers Theorem®). For every metric measure space
(M, d,m) which satisfies the curvature-dimension condition CD(K, N) for some real numbers
K >0 and N > 1 the support of m is compact and has diameter

N -1

L <
- K

.

In particular, if K >0 and N =1 then supp[m] consists of one point.

Proof. Let two points zg,x1 € supp[m] and € > 0 be given with d(zg,z1) > \/% 7 + 4e and

0 < m(Be(wi) < oo. Put A; = Be(x;) for i = 0,1. Then A,/ C Bg(zo) for some finite R.
Hence, Proposition 2.1 with © > ,/% 7 implies m(A;/2) = 0o whereas Theorem 2.3 implies

m(Bp(zo)) < co. This contradiction shows that d(zo,z1) < /2 7 for all zg, 71 € supp[m].
Finite diameter, however, implies compactness of supp[m] according to Corollary 2.4. ]

3 Stability under Convergence

Theorem 3.1. Let ((M,, dy, my))nen be a sequence of normalized metric measure spaces where
each n € N the space (My, d,,, my,) satisfies the curvature-dimension condition CD(K,, N,,) and
has diameter < L,,. Assume that for n — oo

(M, dpy ) — (M, d,m)

and (K, Ny, Ly,) — (K, N, L) for some triple (K, N, L) € R? satisfying K-L?> < (N—1)7%. Then
the space (M, d,m) satisfies the curvature-dimension condition CD(K, N) and has diameter < L.

Corollary 3.2. For each triple (K, L, N) € R? with K-L? < (N —1)7? the family X, (K, N, L) of
isomorphism classes of normalized metric measure spaces which satisfy the curvature-dimension
condition CD(K, N) and which have diameter < L is compact w.r.t. D.

Proof of the Corollary. Let numbers K, N, L as above be given. The volume growth estimate
(2.5) implies that each element in X; (K, N, L) satisfies the doubling property with some uniform
doubling constant C' = C'(K, N, L). According to Theorem 1.3.16, the family of all (M, d,m)
with doubling constant < C' and diameter < L is compact. Hence, it suffices to prove that
X1(K, N, L) is closed under D-convergence. This is the content of the previous theorem. ]

Given t € [0,1], K € R and N > 1 we introduce for the sequel the abbreviation

Ty (alm) = — / [ (dlwo,w1)) - polwo) ™ N 4 7y (d(wo, 20)) - pr(w) ™| dalao, )

whenever ¢ is coupling of vy = pgm and v; = pym.
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Lemma 3.3. Let K,N € R with N > 1. For each sequence ¢*) of optimal couplings with the
same marginals vy and v1 which converge to some coupling ¢

lim sup TI(;?N(q(k) Im) < Tl(é)N(Q‘m)-

k—o00

Proof. Let ¢, k € N, and ¢(°) as above. We will prove that
lim inf_o. / D (d(wo,21))po (o) YN dg® (20, 71)
> [ 750 (o e0)po(o) Y ™ 1), (3.1)

Together with an analogous assertion with p; in the place of py (and ¢ in the place of 1 —t) this
will prove the claim.
For k € NU{oo} and C € Ry U {oo} put

o a) = [ [ (dan, 1)) 1 €] @) ao,dan)
where Q) (g, dz1) denotes the disintegration of dq*) (xg,x1) w.r.t. dv(zg). Now fix C € R..

Since Cp(M) is dense in Lq(M, 1) and since 0 < vg)(.) < C, for each € > 0 there exists a
function ¢ € Cy(M) such that

/vge)-Hpgl/N/\C}—wl dvg < e (3.2)

for all k € NU {oco}. The weak convergence ¢®) — g on M x M implies that there exists a
k(e) € N such that for each k > k(e):

/v(coo)w dyy < /vgf)d) dvg + €. (3.3)
Summing up (3.2) and (3.3) we obtain
/U(COO) . [pgl/N/\C} drg < /U(COO) “pdyvg+e < /vgc) -~ dyy + 2¢

/vg“)' oo "N e dug 436 < /vé’?-pawde%-

IA

That is, for each C' € R4

/v(coo) : [pgl/N A C} dyg < liggf/vgﬁ) -pal/N dvg.

Finally, as C' — oo monotone convergence yields

/vé?) .pal/N dyy < li]}:ninf/v(()’é) -pal/N dvy.

This is precisely our claim (3.1). O

Proof of the Theorem. (i) Let ((My, dn, my))nen be a sequence of normalized metric measure
spaces as above, each of them satisfying a curvature-dimension condition CD(K,, N,,) and having
diameter < L,,. Moreover, assume that (M, d,,, m,)— (M, d,m) as n — oo. Then obviously
also (M, d,m) has diameter < L. Without restriction, we may assume that N,, > 1 and that
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there exists a triple (Ko, No, L) with Ko - L2 < (No — 1)7? and K,, < Ko, L, < Lo, N, > No
for all n € N. In order to verify the curvature-dimension condition CD(K, N) let two arbitrary
measures vy = pom and v; = pym in Po(M, d;m) and a number € > 0 be given.

(ii) Fix an arbitrary optimal coupling G of them and put E, := {(x,z1) € M? : po(zg) <
r, pi(x1) <1}, op = G(E,) and ¢7(.) := O%TQ"( N E,) for r € Ry. The latter has marginals

7 ()=q00x M), () =DM x )
with bounded densities. Moreover, for sufficiently large r = r(¢)

dw (0, 7") < e, dw (11, ") < e. (3.4)

(r) (r)

(iii) Since the densities of 7j; * and 7; ’ are bounded there exist a number R € R such that

sup,, ‘Kn| d%/v("

sup Ent(z?i(r)|m) + V(()T), ﬂy)) <R. (3.5)

i=0,1 8

Choose n = n(e) € N and a coupling d of the metrics d and d,, with

1- 2+4L%
B dw (my, m) < D((M,,, dp, my), (M, d;m)) < min {exp <—+ 5 OR> ,460} (3.6)
€

for some constant C' to be specified later. Following the proofs of Lemma 1.4.19 and Theorem
1.4.20, fix a coupling p of m and m,, which is optimal w.r.t. d and let P and P’ be disintegrations
of p wr.t. m and m,, resp. Recall that P’ defines a canonical map P’ : Po(M, d,m) —
Po(My, dyp, my,). Put

i = PO = i,

with p;n(y) = fﬁl(»r) (x)P'(y,dz) for i = 0,1. Then (3.5) and (3.6) imply, according to Lemma
1.4.19,

aw(ﬁ(()r), VO,n) S €, aw(ﬁy), Vl,n) S €. (37)

(iv) Due to the curvature-dimension condition on (M, d,,m,) there exist an optimal coupling
qn of Vo n, V1, and a geodesic 'y, connecting them and satisfying

Sn/(Tenlmn) < TR o (gnlma) (3.8)
for all N' > N, K/ < K,, and t € [0,1]. Put
5 = P(Ts0)

with n = n(e) as above and P : Po(M,, dp,my,) — P2(M, d;m) as introduced in Lemma
1.4.19. Then essentially with the same arguments as in the proof of Lemma 1.4.19 (now Jensen’s
inequality applied to the convex function r — —pl-U/N )

SN’(Fg‘m) S SN’(Ft,n|mn) (39)

for all N and t under consideration. Moreover, we know that the curvature-dimension condition
CD(K,, Ny) implies the curvature bound Curv(M,,, d,,m,) > K, (cf. Proposition 1.6(ii))
which in turn implies

Ent(I'f|m) < Ent(I't »|my) < R.
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This (together with (3.6)) allows to apply again Lemma 1.4.19 to deduce finally
dw (T5,Ts) < e (3.10)
(v) For fixed N', K" and ¢ put
1—
wm) = [ T, 0) @uloo. i)

and

v1(y1) :/M Tg,)vN,(dn(yo,yl))Q%(yl,dyo)

where @, and @), are disintegrations of ¢, w.r.t. vy, and v, resp. Then

~T1) o (almn) Z/mnlw vi(y) dima(y)

Z/ {/ o P'(y,d:v)} o vily) dmn(y)
Z/t/” (@) Py do) - () dma ()
ZZ;/M ﬁl(r)(x)l—l/N [/ ] vi(y) P(m,dy)] dm(x).

Moreover,

/ vo(yo) P(zo, dyo) = /M /M Thor o (A (40, 31))Qu (Y0, dy1) P (0, dyo)
> /M /M /M [TI((I/TJSI)’(d($0,$1)) = C - (dn(yo,y1) — d(xo,xl))]

~(r)
i (xl) P/<y17 dl‘l) Qn(y07 dyl) P(JZ(), dyo)
pl,n(yl)

/n/n/ TK/N/ d(wg, 1)) — C - (a($07y0)+ a(331,2/1)”

A7 (1)
p1n(y1)

P'(y1,dz1) Qn(yo, dy1) P(zo, dyo)

where C' denotes the maximum of 8(,TI((S,)]\,,(G) for s € [0,1], N' > Ny, K/ < Ky and 0 < Ly.
Analogously,

/nm(yl)P 1, dyr) /n/n/ TK/N/ d(zo,21)) = C - (a($0,y0)+ a(:cl,yl))}

A (o)
pO,n(y )

P'(yo, dzo) Qy,(y1, dyo) P(z1, dyr).

(r)

Define a coupling g" (not necessarily optimal) of 7; * and I?Y) by

~(r) ~(r)
r P (x0)pi (z1) /
dq (xg,x = P'(y1,dx1) P (yo, dxq) dgn(yo,
7 (@0, m) /Mann Po,n(Y0)p1,n (Y1) (w1, dz1) P(so, do) dan (30, 1)

~(7) ~(7)

X X

= / Po_(20)1( 1)P'(yladiﬂl)Qn(yo,dyl)P($0,dyo)m(d$o)-
My, x M, p1,n(y1)
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and a coupling ¢¢ of 1y and 171 by
¢°(.) == g +q(.n (M?\ E,))

for r = r(e). Then the above estimates yield

A

T3y (alma) < T3 @ m) + C /M (67 @) TN 4 0 (@) N - d(y) (e y)

IN

T (@) +2C dw(m,ma) < Ti) (@' |m) + €
due to our choice of n. Moreover,

tim [ 70 (g'fm) — T2 (@ m)| = 0. (3.11)

(vi) Summarizing, we have for each ¢ > 0 a probability measure ¢ on M? and a family of
probability measures I'§, ¢ € [0, 1] on M satisfying

Snr(T5lm) < Snr(Tenlmn) < Th) yo(gulmn) < Tyl po(@ O m) + €. (3.12)

Compactness of M implies that there exists a sequence (e(k))ren converging to 0 such that the
measures ¢¢*) converge to some ¢ and for each rational t € [0,1] the measures Fi(k) converge
to some I';. The measure ¢ has marginals vy and v;. According to (3.10), (3.7) and (3.4), it is
even an optimal coupling of them.

For each n € N the family I'; ,,, t € [0,1] is a geodesic in Po(M,, dp, my) connecting vy, and
Vin. As n — oo the latter converge to vy and vy, resp. Together with (3.10) this implies

dW(I‘S,I‘t) S ‘S — t‘ . dw(l/(),Vl)

for all rational s,t¢ € [0, 1]. Hence, the family (I';); extends to a geodesic connecting vy and v;.
Moreover, (3.12) and (3.11) together with lower semicontinuity of Sy-(.|m) (Lemma 1.1) and

upper semicontinuity of T I(f,) N/ (-/m) (Lemma 3.3) imply
Sy (Tm) < ligninf Sy (Fi(k)|m) < likm inf Tl((t,) N,(qﬁ(k)]m) < Tf(g,) N (glm) (3.13)
—00 —00 ’ ’

for all t € [0,1], all N’ > N = lim,, N,, and all K’ < K = lim,, K,,. By continuity of Sys and
TI(;,) n in (K', N') the inequality S+ (T¢lm) < Tl(f,) ~+(glm) also holds for (K',N') = (K,N).
This proves the Theorem. O

4 Nonbranching Spaces

Several aspects of optimal mass transportation become much simpler if the underlying space
is nonbranching in the sense of Definition 1.2.8. In this chapter, we will study the curvature-
dimension condition for nonbranching spaces.

Lemma 4.1. Assume that (M, d,m) is nonbranching and satisfies condition CD(K, N) for some
pair (K, N). Then for every x € supp|m| and m-a.e. y € M (with exceptional set depending on
x) there exists a unique geodesic between x and y.

Moreover, there exists a measurable map v : M? — G(M) such that for m ® m-a.e. (z,y) € M?
the curve t — v¢(x,y) is the unique geodesic connecting x and y.
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Proof. Fix 9 € M, t €]0, 1] and some closed set A; C M. Let A} for n € N denote the set of
all t-intermediate points z = 7;(z,y) between points x € By, (7¢) and y € A;. Assume without
restriction m(B; /,(z0)) - m(A1) > 0. According to Corollary 2.1

m(A?) > inf n(d(@,y)) - m(Ar)

xGBl/n(xo),yeAl

for each n and thus (as n — o0)

m(A;) > inf ¢ty (d(z,y)) - m(A1)
yeAy

with A; :=),, A7

Each point z € A; lies on some geodesic starting in xg and ending somewhere in A;. Indeed,
for each n the point 2 will be a t-intermediate point of some x, € By /,(z¢) and some y, € Aj.
By local compactness of M and closedness of A; there exists a point yy € A; such that (after
passing to a suitable subsequence) y, — yo and thus z will also be a t-intermediate point of z
and .

Now choose A; = Bg(zg) for some large R. Decomposing A; into a disjoint union U, A’i with
i = A1 N (Bei(wo) \Ee(i_l)(l‘o)) and applying the previous estimate to each of the A? yields
(as e — 0)

m(A) > /A <t ) m(ay)

where A; denotes the set of t-intermediate points between xg and some y € A;. Nonbranching
of M therefore will imply that for each z € A; the geodesic from z( to z is unique.

Now gg’)N(d(xo,y)) — last — 1 foral y € M with K- d*(z0,y) < (N — 1)7? and

gg)N(d(aco,y)) = oo and for all other y € M. Hence, m(A; \ U;.; A¢) = 0 and thus for m-
a.e. z € Aj there exists a unique geodesic connecting g and z. Finally, for R — oo this yields
the claim concerning uniqueness of geodesics.

For the claim concerning the measurable choice of geodesics (or intermediate points), fix a
number ¢ €]0,1[ and assume for simplicity m(M) = 1. For each k € N let M = |, M;
be a (finite or countable) covering of M by measurable sets M;; with diameter < 1/k and
Xig = m(M;y) > 0. Let p;;, be a probability measure on M?3 with the following properties:
the projection (71).p;, onto the first component is the probability measure ﬁl M, m; the
projection on the third component is m; the joint distribution of the first and third component
is an optimal coupling of them; and conditioned under the first and third component, the second
component is a t-intermediate point of them.

Hence, for each k the probability measure py := >, Aj xpir on M 3 has the following properties:
the projection on the first component is m; the projection on the third component is m; and
conditioned under the first and third component, the second component is a t-intermediate point
of them.

Now by compactness there exists an accumulation point p of the pg, k € N. It has the following
properties: the joint projection on the first and third component is m ® m; and conditioned
under the first and third component, the second component is a t-intermediate point of them.
That is, p(A x M x C) = m(A) x m(C) for all measurable A,C' C M; moreover, for p-a.e.
(7,2,5) € M3 the point z is a t-intermediate point of x and y. Disintegration of measures yields
a Markov kernel P from M? to M such that

dp(z, z,y) = P(x,y; dz)m(dz)m(dy).

19



According to the uniqueness of t-intermediate points

P(l‘, Y dZ) = 5%(:10,3/) (dz)

for m2-a.e. (x,y). This finally proves the measurability of 4; since by definition P is measurable

in (x,y). O

Proposition 4.2. Given numbers K € R and N > 1 and a compact nonbranching metric
measure space (M, d,m). Then the following are equivalent:

(1) (M, d,m) satisfies the curvature-dimension condition CD(K, N);

(ii) For each pair vy,v1 € Pa(M, d,m) there exist a geodesic I : [0,1] — Pa2(M, d,m) connecting
vo,v1 and an optimal coupling q such that for all t € [0,1] and all N' > N

Snr(T()[m) < 78 37(©) - Sy (volm) + 7y, (©) - S (v1]m) (4.1)

-essinf, , d FEK > ini
where © = { TEMzo.m (o, 21), Zf =0 denotes the m’m_m“l transporta-
g-esssup,, ., d(wo, 1), if K <0 mazximal

tion distance.

(iii) For each pair of points zy,z1 € M there exists an € > 0 such that for each pair vy,v1 €
Po(M, d,m) with supp[vy] C Be(zo), supp[v1] C Be(z1) there exist an optimal coupling q
and a geodesic T : [0,1] — Po(M, d,m) connecting them and satisfying (1.1).

(iv) For each pair vy,vy € Po(M, d,m) and each optimal coupling q of them

oo, 21)) < [rlid (8o, 20)) 7™ (wo) + 7 (Ao o)) o V()] (42)

for all t € [0,1], and g-a.e. (xo,z1) € M?. Here p; is the density of the push forward
of q under the map (xo,x1) — Yi(xo,x1). It is determined by [, u(y)p:(y)dm(y) =
Jarsenr w(ve(xo, 21)) dg(xo, 1) for all bounded measurable u : M — R.

(v) For each pair vy,v1 € Po(M, d,m) and each optimal coupling q of them there exists a
geodesic T : [0,1] — Pa(M, d,m) connecting vy, vy and satisfying (1.1) for all t € [0,1]
and all N' > N.

Proof. (i) = (iii), (iv) = (i), and (v) = (i): trivial.
(i)= (ii): Immediate consequence of the fact that TI(QN,(d(xO, x1)) > TI(QN,(@) for all ¢ € [0,1]
and all zg,z; with K d(zg,21) > KO. (Actually, this implication does not require that M is

compact and nonbranching.)

(iii) = (i): By compactness of M, there exist finitely many disjoint sets L1, ..., L, which cover
M such that for each pair 7,5 € {1,...,n} and each pair v,y € P2(M, d,m) with supp[ry] C
L;, supp[r1] C L; there exist an optimal coupling ¢ and a geodesic T' : [0,1] — Pa(M, d,m)
connecting them and satisfying (1.1).

Now let arbitrary vg and v1 € P2(M, d,m) be given. Fix an arbitrary optimal coupling G of

them and define probability measures v and v}’ for i,j =1,...,n by
y 1 i 1
vy (A) == ;q((A NL;)xL;) and v(A):= ;q(Li x (AN Ly)) (4.3)
1) )

provided o; := G(L; x Lj) # 0. Then supp[uéj ] € L; and supp[v{’] C L. Therefore, for each
pair (i,j) € {1,...,n}? the assumption can be applied to the probability measures v and vy .

20



It yields the existence of an optimal coupling ¢”/ of them and of a geodesic I'¥ connecting them
with the property

ij 1- ij/ \—1/N’
Svmfim <~ [ [ m) o)
MxM
+ 10w (dlao,20) o @) Y g o) (44)
for all t € [0,1] and all N’ > N. Define
q:= Z ijq?, Ty:= Z aijI‘ij. (4.5)
ig—1 ig=1

Then ¢ is an optimal coupling of 1y and v and I' is a geodesic connecting them. Moreover,

since the v @ vy’ for different choices of (i,j) € {1,...,n}? are mutually singular and since M
is nonbranching, also the T’y for different choices of (4,7) € {1,... ,n}? are mutually singular,

Lemma 1.2.11(iii) (for each fixed ¢ € [0,1]). Hence,

Sy (Dy|m) = Zaj]fl/N’ andl)
2%

1-1/N’

and one simply may sum up both sides of inequality (4.4) — multiplied by Q;; — to obtain

the claim.

(ii)=(i): Let numbers K, N and a compact nonbranching space (M, d,m) with the property
(4.1) be given. Moreover, let two measures vy = po and v = pym € P2(M, d,m) be given
and choose an arbitrary optimal coupling ¢ of them. For each € > 0 choose a finite covering
(L;)i=1,..n of M by sets L; of diameter < e/2. Define numbers «;; and probability measures v
and l/ij for i,7 =1,...,n as in the previous proof. Then by assumption there exist an optimal

coupling ¢% of them and a geodesic I'Y connecting them with the property

Sn(Tm) < — /

[V (o, 1) F €) o (o) Y
MxM

+ 1 (d(zo,21) F €) i (1) VN dg (w9, 1) (4.6)
for all t € [0,1] and all N > N and with F depending on the sign of K. Then for each € > 0 as
before ¢(¢) := doij=1 @;;jq"” defines an optimal coupling of vy and v; and FEE) =i a;; Iy
defines a geodesic connecting 1y and ;. Compactness of M implies that there exists a sequence
(e(k))gen converging to 0 such that ¢(¢(*) converge to some ¢ and such that the geodesics T'(¢(F))
converge to some geodesic I in Py(M, d,m). Hence, for each fixed ¢ > 0 and all ¢ and N’ > 1
under consideration

Sni(T¢m) < lign inf Sy (Fge(k))hn)
S —lim Sup/ |:T[({1,]7Vt/)(d($o, xl) ¥ 6/) pée(k))(xo),l/N/
k—oo JMxM
+ Tt (d(ao, 21) F ) i (@) TN dg O (g, 21)
_/ [Tg,;f)(d(wo,w1) T €) polag) N
MxM

+ Tf(g,)N/(d(ﬂfo,ﬂﬂl) Fe€) Pl(xl)_l/N/} dg(zo, 21)

IN
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where the last inequality is proven similarly as Lemma 3.3. Finally, by monotone convergence
the claim follows as ¢ — 0.

(i)=(iv): Assume that the CD(K, N) condition holds and that M is compact and nonbranching.
Let measures 1y and v be given as well as an optimal coupling ¢ of them.

Choose a N-stable generator {My,},en of the Borel o-field of M with m(9M,) = 0 for all
n. For each n € N consider the disjoint covering of M by the 2" sets L1 = M; N ... M,,
Lo =MnN...Mp 1N CM,, ..., Lon =CM; N ...NCM,. For each fixed n, define probability
measures v and v}’ asin (4.3) (proof of the implication ’(iii)=>(i)’) and choose optimal couplings
q" of them with

/M M [Tg,z_vt/)(d(xoa%l)) g (20) N + i (d(wo, 7)) - Pilj(xl)fl/N/] dg” (w9, z1)
X

< [ oot dgii oo, ). (4.7)
M
Define as in (4.5)
2n B
q(n) = Z Ozijq”. (48)
ij=1

Then by construction for all 7,7 <n

[ [ ez 6 @)Yy (b)) - ) g o)
iX My

< [ o)) Y dg o). (4.9)
MZ’XM]'

Compactness of M implies that — at least along a suitable subsequence — the ¢(™ converge to
an optimal coupling ¢ of 1y and vy. Since m(9M;) = 0 for all 4, we obtain for all 4,5 € N

q(M; x M) = lim ¢"™(M; x M) = G(M; x M;).

Hence, ¢ = ¢. Moreover, we may apply (modifications of) Lemma 1.1 and Lemma 3.3 to pass
to the limit in (4.9) and to obtain

/M . (e (dlwo,21)) - polwo) N+ 10 (d(wo, 21)) - pr ()™Y' | da(wo, 1)
i XM

< [ oo, dytan, ).
Ml'XMj
Since this holds for all ¢, j it finally implies
ie v (@0, 22)) - polao) N iy (d(@o, 21)) - pr(an) N < prli(ao, @)Y
for g-a.e. (wg,z1) € M2 With the particular choice N’ = N this is (iv).

(iv)=(v): We will prove that estimate (4.2) for a given N implies the corresponding estimate
for any N’ > N. Indeed, by Holder’s inequality and Lemma 1.2

_1/N’ _ _ _ N/N’
o N (u(wo,21)) > | (d(zo,21)) pg N (@) + Ty (d(@o, 1)) o N (21)

> i (d(@o, )N (1 =) TN oY ()

—l—T;(é)N(d(xo,m))N/N/ NN -pfl/Nl(ml)

v

H0(d(zo, 1)) oy Y (o) + T (Ao, 20) o7 ().
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Finally, integrating this estimate with respect to the given optimal coupling ¢ yields estimate
(1.1). O

5 The Measure Contraction Property

Recall from chapter 1 that

v = fon ([ 0) fan (7550

if 0 < K02 < (N — 1)7? and with appropriate interpretations otherwise.

N-1

Definition 5.1. Given two numbers K, N € R with N > 1 we say that a metric measure
space (M, d,m) satisfies the measure contraction property MCP(K, N) iff for each 0 < t < 1
there exists a Markov kernel P; from M? to M such that for m?-a.e. (z,y) and for P(z,y;.)-a.e.
z the point z is a t-intermediate point of z and y and such that for m-almost every x € M and
for every measurable B C M

/Mﬂ%v(d(x,y))ﬂ(w,y;B)dm(y) < m(B), (5.1)
/MCS,?VQ(d(w,y))Pt(y,x;B)dm(y) < m(B). (5.2)

Lemma 5.2. A metric measure space (M, d,m) satisfies the measure contraction property
MCP(K, N) if and only if for each 0 < t < 1 there exists a measure p; on M3 such that for
pe-a.e. (x,z,y) the point z is a t-intermediate point of x and y and such that for all measurable
sets A,B,C C M

p(Ax M xC) = m(A) -m(C), (5.3)
[ e dne sy < ma)mB), (54)
AxBxM
[ Ve dne sy < m(EB)-m(©). (55)
MxBxC

Proof. (i) < (ii): Given the Markov kernel P, define a measure p; as follows:

Vice versa, given the measure p; define the Markov kernel P, with the above properties by means
of disintegration of measures. O

In the case K = 0 the previous conditions simply read as

p(Ax M xC) < m(A) -m(C),
N p(Ax Bx M) < m(A)-m(B),
(1—t)N -p(M xBxC) < m(B)-m(C).

For alternative formulations of conditions (6.1) (and (6.2)) see Remark 6.11 below.

Remark 5.3. Most of the results of chapter 2 also remain true with condition MCP(K, N) in
the place of condition CD(K, N). In particular, this is the case for
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e Theorem 2.3, Generalized Bishop-Gromov Volume Growth Inequality;
e Corollary 2.4, Doubling;

e Corollary 2.5, Hausdorff Dimension;

e Corollary 2.6 Generalized Bonnet-Myers Theorem.

The proofs are essentially the same. Actually, for all these geometric consequences, property
(5.2) is not required (i.e. the so-called one-sided MCP suffices, see Remark 5.11).

Under minimal regularity assumptions on (M, d, m) condition CD(K, N) implies MCP(K, N).
These regularity assumptions are either that M is nonbranching or that geodesics in M are
unique (at least for m?-a.e. pair of endpoints). Indeed, the latter assumption will follow from
the former (Lemma 4.1).

Theorem 5.4. Assume that there erxists a measurable map v : M? — G(M) such that for
m ® m-a.e. (x,y) € (supp[m])? the curve v.(z,y) is the unique geodesic connecting x and y.
Then condition CD(K, N) implies property MCP(K, N).

Proof. Let v : M? — G(M) as above and define for each t € [0,1] a Markov kernel P; from M?>
to M by

Pt(x7y; B) = 1B(7t(x7 y))

and for each ¢,z a measure my, = [ P(z,y;.)m(dy) on M by

1a(B) = /M 15 (e, ) m(dy).

For each x € M let M, denote the set of all y € M for which there exists a unique geodesic
connecting = and y and let My be the set of x such that m(M \ M) = 0. By assumption
m(M \ My) =0.

Now assume CD(K, N). Fix a point 9 € My and a closed subset B C M. Then by inner
regularity of m there exist closed sets My C My, with m(M \ M) < 1. Put A} = B /n(0),
A¥ := vy(z0,.) "1 (B) N My,. Moreover, let A?’k denote the set of all v,(z,y) with z € A%,y € A¥.
Then for each k

A" c B. (5.6)

Indeed, assume that z € [,y A?’k, i.e. there exist x, € By, (70),yn € AY with z = v(2n, yn)
for all n. Then by definition of A¥ there exist w, € B with w, = y(20,y,) for all n. Now
by local compactness of M (cf. Corollary 2.4) and by closedness of My and B there exist
Yo € My, wo € B such that (after passing to suitable subsequences) y, — yo and w, — wy as
n — 0o0. Moreover, we have x,, — xg. Hence, z as well as wg will be t-intermediate points of xg
and gp. By uniqueness of intermediate points, z = wg and thus z € B.

Apply our version of the Brunn-Minkowski inequality, Proposition 2.1, to the sets Aj and Ak
It yields

mAP) = inf qdy(d(a,y) - m(Af)
meAg,yeA’f ’

for all k,n € N. This, together with (5.6), implies as n — oo

m(B) > inf P\ (d(z0,y)) - m(A})
yeAk
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for all k£ which in turn implies as £ — oo

B)>  inf M (d : )"4(B)) = inf ¢\ .(d t) - B).
m(B) > e ) s (d(zo,9)) - m (ve(wo, )" (B)) = inf Gy (d(w0, 2)/1) - Mz (B)
Decomposing B into a disjoint union | J; B; with B; = BN (Be(wo) \ Be(—1)(%0)) and applying

the previous estimate to each of the B; finally yields (as e — 0)

m(B) > /B o (d(z0, 2)/1) 1,00 (d2)
or equivalently
m(B) > /M < (d(w0, 1)) - Pilo, u; B) m(dy).

Finally, by inner regularity these estimates carry over from all closed sets B to all measurable
sets B C M. U

The assumptions of the previous Theorem are in particular satisfied in the Riemannian case.
The proof of the 'only if” part of the assertion follows the argumentation in the proof of Theorem
1.7.

Corollary 5.5 (CRiemannian Spaces’). Let M be a complete Riemannian manifold with
Riemannian distance d and Riemannian volume m and let numbers K, N € R with N > 1 be
given.

(1) If the Riemannian manifold M has Ricci curvature > K and dimension < N then the metric
measure space (M, d,m) satisfies property MCP(K, N).

Moreover, in this case for every measurable function V : M — R the weighted space (M, d,V m)
satisfies property MCP(K + K', N + N') provided
K/

N’

HessVl/NIS— YA

for some numbers K' € R, N' > 0 in the sense of (1.3).

(ii) Conversely, if (M, d,m) satisfies property MCP(K, N) then M has dimension < N.

If (M, d,m) satisfies property MCP(K,n) where n denotes the dimension of M, then M has
Ricci curvature > K.

In general, property MCP(K, N) for a Riemannian manifold will not imply that M has Ricci
curvature > K. This can be seen from the following

Remark 5.6. 3 For each N > 1 there exists a constant ¢y > 0 such that each compact Rie-
mannian manifold M with Ricci curvature > 0, dimension < N — 1 and diameter < L satisfies
property

MCP(K,N) for each positive K < cx/L?.

Proof. According to part (i) of the previous theorem, the space (M, d,m) satisfies property
MCP(0, N — 1). It therefore suffices to prove that

AR NO)

for all ¢ € [0,1] and 6 € [0, L]. Now for sufficiently small cy €]0,1] and all K62 < cy the right
hand side can be estimated from above by ¢V - (1 + (1 — t2)K6?/2). But obviously

N>V (14 (1 - 1) K% /2)
for all K62 < 1. O

3 As observed by S. Ohta, this remark (applied e.g. to small convex subsets of R ') proves that MCP (K, N)
is strictly weaker than CD(K, N). It also proves that MCP (K, N) is not a local property.
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Theorem 5.7 (’Alexandrov Spaces’). Let M be a complete locally compact geodesic space
with curvature > k in the sense of Alexandrov and with finite Hausdorff dimension n for some
numbers k € R,n € N. Let m be the n-dimensional Hausdorff measure on M. Then the metric
measure space (M, d,m) satisfies property MCP((n — 1)k, n).

Proof. Proposition 6.1, Lemma 6.1 and Theorem 6.1 in [KSO01]. O

Remark 5.8. Let (M, d, m) be a metric measure space which satisfies property MCP (K, N) for
some pair of real numbers K, N. Then the following properties hold:

(i) 'lsomorphism’: Each metric measure space (M’, d’,m’) which is isomorphic to (M, d,m)
satisfies property MCP(K, N).

(ii) 'Scaled spaces’: For each a, 3 > 0 the metric measure space (M, «d, Sm) satisfies property
MCP(a—2K, N).

(iii) 'Subsets’: For each convex subset M’ of M the metric measure space (M’, d,m) satisfies
property MCP(K, N).

(iv) 'Hierarchy’: (M, d,m) satisfies conditions MCP(K’, N') for all K/ < K and N’ > N.

Theorem 5.9 (’Stability under Convergence’). Let ((M,, d,,my))nen be a sequence of
normalized metric measure spaces where for eachn € N the space (M, d,,, m,) satisfies property
MCP(K,,, Ny,) and has diameter < L,. Assume that for n — oo

(Mm dmmn) ﬂ) (M, d7m)

and (Kp, Ny, Ly) — (K, N, L) for some triple (K, N,L) € R3. Then the space (M, d,m) satisfies
property MCP(K, N) and has diameter < L.

Proof. Let a sequence of normalized metric measure spaces ((My, dn,my)), <y, and a limit space
(M, d,m) be given as above. Passing to a suitable subsequence we may assume that there exist a
metric measure space (M, d, ) and a sequence of probability measures (1, )nen on M, weakly
converging to m, such that for each n € N the space (M, d,, my) is isomorphic to the space
(M, a,mn) and the space (M, d,m) is isomorphic to the space (M, a,m), ([St04], part (v) in
the proof of Theorem 3.6, or "Union Lemma’ 31.12 in [Gr99] together with Lemma 3.7 in [St04]).
Without restriction, we therefore may assume M,, = M=M , dp = d = d for all n as well as
my, = my, for all n and m = m.

Property MCP(K, N) for (M, d, my,) implies the ('restricted’) doubling property (Corollary 2.4
and Remark 5.3) and thus compactness of M,,. Since doubling constant and diameter can be
estimated uniformly in n, we may also assume that M is compact ([St04], Theorem 3.16 and
Lemma 3.15).

Property MCP(K, N) for (M, d,m,,) states that for each ¢ €]0,1[ there exists a probability

measure p,gn) on M3 satisfying (5.3), (5.4), and (5.5). The latter conditions are equivalent to the
fact that for all nonnegative bounded measurable functions u on M?

[ ey = [ ey di) diat) (5.7
M3 M?2
() —u(x,z) mn () dm,, (2
| ued ey < [ B am @) dm:) 53)
(n) u(z,y)
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Since pgn) and m,, are Radon measures on the compact space M, it suffices to verify (5.7), (5.8),

and (5.9) for all nonnegative bounded continuous functions u on M?2. Note that also the function
1/<®(d(x,y)/t) is bounded continuous on M?2.

Compactness of M implies that there exists a probability measure p; on M? such that (after
passing to an appropriate subsequence) p§”) — p; weakly as n — oco. Together with the weak
convergence of m,, — m it implies that

/ u(z,y)dp(z, z,y) = / u(x,y) dm(x) dm(y)
M3 M2

_ @2 ) dm
fyo etz < [ e dnte) e

u(z,y)
[ e < [ e an)an),

for all nonnegative bounded continuous functions v on M. As mentioned before, this is equivalent
to properties (5.3), (5.4), and (5.5) for p;. O

Corollary 5.10 (’Compactness’). For each triple (K, L, N) € R® the family X;(K,N, L) of
isomorphism classes of normalized metric measure spaces which satisfy property MCP(K, N) and
which have diameter < L is compact w.r.t. D.

Proof. Analogous to the proof of Corollary 3.2. O
Let us discuss some more conditions related to property MCP(K, N).
Remark 5.11. Given a metric measure space (M, d, m) the following properties are equivalent:

(i) For each 0 < t < 1 there exists a Markov kernel P, from M? to M such that for every
x € supp[m], for m-a.e. y and for Pi(z,y;.)-a.e. z the point z is a t-intermediate point of

x and y and such that estimate (5.1) holds true for every = € supp[m| and every measurable
subset B C M.

(ii) For each 0 < t < 1 there exists a Markov kernel P, from M? to M such that for m?-a.e.
(x,y) and for P;(z,y;.)-a.e. z the point z is a t-intermediate point of z and y and such
that estimate (5.1) holds true for m-a.e. € M and every measurable subset B C M.

(iii) There exists a measure T on G(M) such that Yo = m ® m and for each t € [0, 1]

d(.,.
gg?N <(t )) Yoy < mem. (5.10)
Here Ys; = (mg4)« Y for s,t € [0,1] is the push forward of T under the projection 7, :

G(M) — M?, 7y = (s 7)-
In this case, we say that (M, d, m) satisfies the one-sided measure contraction property MCPl/Q(K, N).

Proof. (i)=(ii) and (iil)=-(ii) are trivial. (ii)=-(i) follows by weak convergence of [ P;(zy,y;.)m(dy) —
| Pi(x,y;.)m(dy) as x, — x € supp[m].

It remains to prove (ii)=-(iii). According to Remark 5.3 (and Corollary 2.4) we may assume
without restriction that M is compact. For each n € N we define a measure p(™ on M™*! by

dp(")(a;o,ml, ey Ty e ey Xy)

= P% (xo,wo;dxy) ... Proa (x0, xk; dxg—1) - . . Pno1 (20, Tp; dxp—1) dm(xy,) dm(xg).
k n
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Passing to a suitable subsequence, by compactness there exists a limit T, such that for infinitely
many n € N

(7‘(‘071 nT—l’l)*T = p(n)

as measures on M"™*1. In particular, this implies (791)«Y = m ® m.
Moreover, for all such n, all k = 1,...,n — 1 and all measurable sets Ay, A, C M we obtain
(using estimate (5.1))

<§§<:J)v (dk(/ .)> : (Wo,k/n)*T> (Ao x Ag)

/ / KN( an-ka:)> - Lag(z0) - La,, (w)

P1 (xo,x2;dx1) ... Pro1 (20, xg; dxp—1) . . . Puoa (%0, T dxy—1) dm(zy,) dm(zg)
k n

- L n—1
< //gKT,LN (d(zo,xn)) - 1ay(z0) - 14, (xk) - gf((,?\f ) (d(xg,:cn))fl
P% (o, x2;dx1) ... Pn;% (20, Tn—1; dxn—2) dm(x,—1)dm(zg)
(5.1)
<

< / - / 14, (:L'o) . 1Ak ($k) P% (.730, x9; Cl.%'l) . P% (QZ(), Tk; da:k,l) dm(a;k) dm(a:o)
= m(Ao) - m(Ag).

This already proves estimate (5.10) for all t = % as above. By weak convergence then the claim
follows for all ¢ € [0, 1]. O

Remark 5.12. Assume that the metric measure space (M, d,m) satisfies condition MCP (K, N).
Then there exists a measure T on G(M) such that Yo =m®m and Vn e N, Vk =1,...,2"

gg{N)(Qnd( ) Te-nz-npe-—n < m@m. (5.11)

Proof. The measure Y is obtained as the projective limit of measures p(™ on M2"+1 defined
recursively by p(®©) = m @ m and

dp(n) (330, L1y, .%'Qn) =P (.%'0, T2; da:l) R (xgn_g, Ton; dxgn_l) dp(nil) (1’0, Zo, ..., .%'Qn).

O]

6 Analytic Consequences of the Measure Contraction Property

Throughout this chapter, assume that the metric measure space (M, d, m) satisfies property
MCP(K, N) for some K, N € R.
For p € [1,00[ and u € L,(M,m) define the ’p-th order energy integral’ by

EX(u) == sup  EN(u, ) (6.1)
€Ce(M),p<1

N
EX(u, ) == limsslprN//*( | ot

Moreover, define the 'p-th order Sobolev space’ by
WYP(M) == {u € Ly(M,m) : EX(u) < oo}.

where
p

—uly) o(z) dm(y) dm(z). (6.2)
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Theorem 6.1. (i) For each p € [1,00], each u € WHP(M) and each ¢ € Co.(M) the limit

1 R
rl—r>r(l]7’N//*x)

exists and coincides with EN (u, ¢).
(ii) For each p and u as above there exists a measure pX;(u,.) on M (’p-th order energy measure’)
such that

p

U@ =~ ) dim(y) dm(e)

d(z,y)

E7 (u, p) = /M ()12 (u, )

for all p € Co(M).
(iii) For each p € [1,00], the energy integral u — EN(u) is lower semicontinuous on L,(M,m),
and W1P(M) is a Banach space.

The proof of the theorem follows the argumentation in [KS93], [St98] and [KS01]. The key
ingredient is the following lemma which uses approximation of £X; by functionals slightly different
from those in the theorem. Fix a nonnegative measurable function n on R with supp[n] C [0, 1]
and fR n(s)ds = 1. (The choice n = N - sV~1 - 1[p,1) covers the situation from the theorem.) Put

5§TN u, o)

T () (A ol dimy) (o)

where sg n(0) := /2L - sin (\ / %@) (with the usual interpretation if K < 0).

Lemma 6.2 (’Subpartitioning Lemma’). For all p € [1,00[, u € WYP(M) and ¢ € Cc(M),
w>0,and forall0 =ty <t <ta<...<th1 <tp,=1

n
E(u, ) <3 (8 — tic) - ERGT Y (w00 (6.3)

i=1
where pr(z) = @(x) + Supyep, (2) [9(2) — @(y)]-
Proof. For simplicity here we restrict ourselves to the case n = 2. The general case follows
analogously, see [St98].
Let us fix t €]0,1[ and let P;(z,y;dz) be the Markov kernel from M? to M from the definition
of the measure contraction property MCP(K, N). Then

Rl O (229 (8, plo) i) i)
*) L 1-p _U(z)p _ nl-p u(z) — u(y) " .
< ///[t <x,y> LS R Teen ]Pt( i d2)
n<d(“3 y)) w(d(z, )N () dm(y) dm(z)
< MO (K22 (8 = Pl i) din(y) () i)
s - (8 (f))) (1= ) s (Ao ) = i, :2) () 2, 3) o)
(x) 2)|P T,z
< d(:c,z u(z) n<d(t7: )) 8K7N(d($,z))1_Ndm(z) or(z) dm(zx)
u(z) —u(y) [P [ d(z,y) _
1t (BB ) (o) dn) o) ool
=t & (uor) + (1= 1) - R (u, ).
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Here (%) is due to the standard estimate (a + b)? < t'7PaP + (1 — ¢)17PbP and (*#) is due to our
assumption (5.1).
O

Proof of the Theorem. We only sketch the main steps. See [KS93], [St98] and [KS01] for more
details.

(i) Using the estimate of the lemma, one verifies that for each p, u and ¢ as above the limit
lim,_,q E%TN(U, ) exists and is independent of the choice of 7 and of K. It therefore coincides
with X (u, ¢).

(ii) For each p > 1 and each u € WHP(M) the map ¢ +— &R (u, ) is linear. It is represented
by a measure pf(u,dz) (independent of K and 7)) which is the weak limit of the measures
p%qN(u, x)dm(x) for r — 0 where

u(r) — u(y)
d(z,y)

(iii) Now choose 1)(s) = (p+N)-sPTN =111 1)(s). Then the densities p}."y (u, .) of the approximate
energy measures are given by

P%N(Ua T) = i/

T () (8o )

p,r _P+N
pK,N(uﬁx) - T'p+N

d(z,y) V!
)Q dm(y).

sgn(d(z,y

[ - (

Hence, if (ug)r is a sequence in W1P(M) converging in L,(M,m) to some u € L, then
ERT (ug, ) — ER(u, @) for each 7 > 0 and ¢ as k — oo. Now assume supy, Ex(ug) < C.
Then for all ¢ < 1, all sufficiently small > 0, and all k € N
Exn (ug, ) < C.
Thus &8 (u) < C. Passing to a suitable subsequence finally yields
liminf EX (ug) > EX(uw).
k—o0

O]

The last statement of the preceding theorem also admits an extension to varying state spaces.
Let (M;, di,m;) for i € N be a family of normalized metric measure spaces with

(M;, dimi) = (M, d,m)
as i — o0o. Given functions u; € L,(M;,m;) and u € L,(M, m) we say that
u; —u in L,

iff there exist a family of couplings ¢; of the measures m; and m and a family of couplings d; of
the metrics d; and d such that fMixM di(x,y)? dg;(z,y) — 0 and

/ lui(z) — u(y)|? dgi(z,y) — 0 asi— oo.
MiXM

Theorem 6.3. Let (M;, d;,m;), i € N, be a family of normalized compact metric measure spaces
satisfying the measure contraction property MCP(K, N) for some pair (K, N) and converging to
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a metric measure space (M, d,m). Forp € [1,00] and i € N, let 5]2;}17 and EX; be the p-th order
energy integral on Ly(M;,m;) and L,(M,m), resp. Then

lim inf Exp(ui) > Eh(u)

1—00
for all w € L,(M,m) and all sequences of u; € L,(M;,m;),i € N, with
u; —u in L.

Proof. Let u and (u;);en be given as above. Let us first consider the case where all the u; are
uniformly bounded, say |u;| < 3. Put « := liminf; .o £’ (u;). Without restriction, we may
assume o = lim;_,oo EJZ.\’,p (u;). (Otherwise, we pass to a suitable subsequence.) To simplify the
presentation we also assume K = 0. Since M is compact, it suffices to choose ¢ = 1. Then for
all r > 0 and all (sufficiently small) € > 0

r N+p
Gr) = St [ @) w1y g oyl mida)
N +
< S [ ) - @) ) = )]+ ) - )]
r M;x M J M;x M
. R i ! . /
1{d(x,y)<7"7 di(x,a:’)<e7"/2, di(y,y’)<er/2}d(’h(y 7y) dqz(ﬂ: ,LL’)
N R
+2 Ntf@ﬁ) ({(:L" r) € My x M : d;(2/,x) > er/2})
N +p
< (+9 75 / / Jui(") = wi(W)" 1y gy )< 10y M (dY') mi(da’)
C(N,p,e) (o P o5
+ Ntp /MiXM‘uZ(x) u(a:)‘ dgi(z', x)
N+p 4

+2 rN+p (2ﬁ)p ’ 62T2D2 ((Mla diymi)7 (Ma dvm)) :

For fixed r and € and sufficiently large ¢ the second and third term on the RHS are arbitrarily
small. The first term can be estimated by

(14 ) V7 B (1) < (14 V7 -,

Thus X (u) < a. This proves the claim for uniformly bounded sequences of w;.

Now let an arbitrary sequence of u; be given with u; — w in L,. For each 3 > 0 define
uz(ﬂ) := min(max(u;, —3), #) and similarly ©(?). Then ugﬁ) — u® in L, as i — oo (for each 3)
and 8;Qp(u§5)) /" ERP(u) as B — oo (for each i).

Hence, o = liminf;_ 5]"\’,17 (u;) implies liminf; .o, € ]\,[p (u; (8 )) < « for each 8. By the first part of
the proof, it therefore follows &%, (u®) < a for each g. ThlS finally yields &} (u) < a. O

Of particular interest is the case p = 2. It allows to define a Laplace operator on Lo(M,m).

The definition depends on the number N from the measure contraction property MCP(K, N).
On the other hand, everything will be independent of the choice of K.

Theorem 6.4. (i) The 2-nd order energy integral £% extends to a bilinear form

1 1
En(u,v) = 3 (u+v) = 16 (u—v)
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with domain W]{,2(M) This is a strongly local Dirichlet form on Lo(M,m) (not necessarily
densely defined).

(ii) There exists a unique linear operator Ay with domain D(An) C W]{,Q(M) C Lo(M,m) such
that

En(u,v) = — /(ANU) -vdm (6.4)

forallv e W]i,Q(M) and v € D(An).
(iii) For each compact K C M there exists a constant C > 0 such that for all x € supp[m], all
r with B (x) C K and all w € Wy*(M)

C
/ (s dy) > & / () — Tral? dm(y).
Bgr(at) ™ JB.(z)

Here pun(u, .) denotes the energy measure of u associated with En and Uy 5 = m(B fB udm.

Proof. (i) and (ii) are obvious. In order to prove (iii) we follow the argumentation in [St98],
Theorem 6.3 and Corollary 6.4. Assume without restriction that K = Bpg(zg). Choose a
continuous approximation ¢ of the indicator function 1p (,) and choose n(s) = (p+N)- sPtN-T.
Ljo,17(s). Then @o, <2-1p, (;) and thus by the Subpartitioning Lemma

24+ N 9 d(y, Z) N—-1
Q/By(x) At d) = g, “N/T(x /Bgr —ue <8KN(d(yZ))> dmiz) dmiy)

> r2+N/r:v)/r(:Jc lu(y) — u(z )| dm(z) dm(y)
- ZSTN/ () 0] = Tel” dml)
> ig . ﬂl((f}};;]mvo)) /T(x) \u(y) _ﬂr,x’2 dm(y)

Recall that according to the Bishop-Gromov volume growth inequality (2.5) the limit

exists for each = € supp[m|. Moreover, it is positive and lower semicontinuous on supp|m)].
Assume for the sequel

(*) M = supp[m] and wy is locally bounded on M.

Note that wy = oo on supp[m| as soon as (M, d,m) also satisfies the measure contraction
property MCP(K’, N') for some N’ < N (and some K’). Hence, there exists at most one
number N for which the above assumption is fulfilled. '

Define ’the Dirichlet form’ (&, Wol’Z(M)) on Ly(M,m) as the closure of (£,CEXP(M)) where

1
£, u) = /M g ). (6.5)

WNI(T

Moreover, define ’the Laplace Operator on M as the linear operator A with domain D(A) C
Wol’Q(M) C Lo(M,m) such that E(u,v) = — [(Au) - vdm for all v € Wol’Q(M) and u € D(A).
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Example 6.5. In the case of a Riemannian manifold M as considered in Corollary 5.5(i), the
operator A coincides with the Laplace-Beltrami operator on Lgo(M,m).

Corollary 6.6. For each metric measure space satisfying MCP(K, N) and condition (x):

1) (¢, WO1 2( M)) is a strongly local, reqular Dirichlet form on Lo(M,m), densely defined with
core CEP(M).

(ii) A scale invariant Poincaré inequality (in the same form as in the previous theorem) holds
true for &£.

(iii) For each u € CEP(M)

loc

p(u,dz) < N - |Vul*(z) - m(dz) (6.6)

where |Vu|(r) := limsup,_,, W denotes the ’length of the gradient’ of u. Moreover,

for each z € M and u= d(z,.) we have |Vu|(.) =1 and

N 42

plu, dz) > S5

m(dz).

Proof. Properties (i) and (ii) are obvious due to the previous theorem. In order to see the first
assertion of (iii), note that by monotone convergence for all nonnegative continuous ¢

u(r) — u(y)
d(ﬂz Y)

> m(B,(z)) ¢(z)
) T on() m(dx)

/\Vu|2(a:)cp(a:)m(d:c) = lim sup
M

=0 JM yeB, (z)

= ll—r%ﬂ\f/ /r(x (z,y) o) ) dm(y)ﬁ\fi) mide)
- N/ NN u,dx) N/ p(u, dz).

For the second assertion of (iii), let z,2 € M and r > 0 be given with » < d(z, z). Choose a
point ¢ on a geodesic connecting x and z with d(z,¢) = 2r. Then |u(z) — u(y)| > r/2 for all
y € B,/4(§). Hence,

sz e@ntnd) = i [ f @) = )P iy AL) ()

wn ()
> ll—rf(l)rNH/ m(B,4(§)) (% wav(z) m(dx)
> i o [ miBa©) 2 mldn) > s [ etaymiaa)

Extending fundamental work of De Giorgi, Nash, Moser, Grigor’yan, Saloff-Coste and many
others, it was shown in [St96] that

(i) a doubling property for the volume of balls (as in Cor. 2.4),
(ii) a scale-invariant Poincaré inequality on balls (as in Thm. 6.4), and

(iii) a gradient estimate (as in (6.6)) for cut-off functions
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allow to deduce a variety of regularity results in the general framework of strongly local, regular
Dirichlet forms on locally compact metric spaces, generalizing classical regularity theory for sec-
ond order elliptic operators on Euclidean or Riemannian spaces. In particular, as an immediate
consequence of Corollary 6.6 and Corollary 2.4 we obtain

A—2u=0

e Parabolic Harnack Inequality for local weak solutions of the equation (%

on R x M;

e Holder Continuity for functions u as above and, in particular, for harmonic functions
on M;

e Feller Property of the transition semigroup T; := exp(tA/2) on Lo(M,m) resp. on
Co(M);

e Gaussian Estimates for the heat kernel pi(x,y), i.e. for the density of the transition
semigroup Ty.

We refer to [St96] and [St98] for detailed formulations of these properties as well as for proofs.
Instead of going into technicalities we will close here, presenting a simple nice application.

Corollary 6.7. The measure contraction property MCP(0,2) for (M, d,m) together with as-
sumption (*) for N = 2 imply that the Dirichlet form (€, WOM(M)) is recurrent.

That is, every nonnegative superharmonic function on M must be constant. Or in other words,
the space M is ’parabolic’.

Remark 6.8. Defining the p-th order energy integral and the Dirichlet form on Lo(M,m), we
followed our previous approach in [St98]. The latter provided the first construction of a Dirichlet
form on a metric measure space (M, d,m). Later on, Cheeger [Ch99] presented a remarkable
alternative construction, based on the concept of upper gradients. According to Corollary 7.6(iii)
the measure contraction property also implies the Poincaré inequality in Cheeger’s context.
There is a huge literature on Sobolev spaces over metric measure spaces, starting with the work
of Hajlasz [Ha96]. See [He01], [AT04] and references therein.

After this paper was completed, we learned of related work by Ohta [Oh05].*
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