CONVEX FUNCTIONALS OF PROBABILITY MEASURES AND
NONLINEAR DIFFUSIONS ON MANIFOLDS

KARL-THEODOR STURM

ABSTRACT. The topic of this paper are convexity properties of free energy functionals on the
space P? (M) of probability measures over a Riemannian manifold. As applications, we obtain
contraction properties of nonlinear diffusions on R™ or on a Riemannian manifold M, regard-
ing them as gradient flows of appropriate free energy functionals. In particular, we present
extensions of the Bakry-Emery criterion to nonlinear equations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Throughout this paper, let M be a smooth complete Riemannian manifold of dimension n,
with Riemannian distance d and Riemannian volume measure m. We denote by P?(M) the
space of probability measures on M, equipped with the L?-Wasserstein distance d‘Q/V derived
from the Riemannian distance on M (see section 3).

Moreover, we fix a lower semicontinuous function V : M — R and an increasing function
U :R — R. We define the free energy S : P?(M) — [—00, 00| by

(1.1) S(v) = /MU <10g 5:1) dv+/MVdV

provided v is absolutely continuous w.r.t. the Riemannian volume measure m and | U4 (log 5%) dv+
[ Vidv < oo (where we put U(log0) = 0). Otherwise, we define S(v) := +oc.
We say that S is K -convez iff
Hess S > K

in some rough sense, to be made precise in section 2. The aim of this paper is to derive conditions
on the manifold M as well as on the functions U and V which are necessary and sufficient for
K-convextiy of the functional S on P?(M).

Remark 1.1. The importance of K-convexity and our interest in it arises from the fact that
K -convexity together with some minimal regularity assumptions on M, U and V imply:
(i) There exists a unique gradient flow o : Ry x P2(M) — P?(M) for S and it satisfies

(1.2) dy (vi, ) < e 5 dy (v, o)

for all vo, po € P2(M) and all t > 0 where vy := o (t,vp), u == o(t, p).
(ii) If in addition K > 0 and inf S = 0 then there exists a unique ground state vy, € P2(M)
satisfying

(1.3) S(w) > %dgv(uo,yoo)

for all vy € P?(M). Moreover, along the curves t — v; of the gradient flow from vy to the ground
state Voo we have

(14) —8255(1/15) Z 2K - S(l/t)
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and thus
(1.5) S(v) < e K. S(1).

(iii) The curves of the gradient flow are given by vi(dx) = p(t, z) m(dx) where the densities p
solve the nonlinear PDE

(1.6) drplt ) = A(pU' (log p)) (1, 2) + V(- VV)(t, )
on Ry x M.

See [OV00], [Vi03], [vRS03], [Ly03], [PePe].

Inequalities (1.3) and (1.4) may be regarded as generalized versions of Talagrand’s inequality
and Gross’ logarithmic Sobolev inequality, resp. This may be seen in Example 1.2 below where
we choose the function S more specifically. If we can verify K-convexity of S for some K > 0
then this nonlinear diffusion equation has a unique stationary solution and any other solution
converges exponentially fast to the stationary solution.

Example 1.2. The main examples are:

e U(r) = r,V = 0 yields the relative entropy S(v) = [,,log d” dv. Tts gradient flow is
the usual heat equation Oyp = Ap. More prec1sely, the densities of the gradient flow are
solutions of the heat equation.

e U(r) =r leads to the Fokker-Planck equation

Op = Ap+ V(p -VV).

In this case, an easy calculation shows S (o(t,v)) = [u?log(u?)e~Vdm and —9;S(c(t,v)) =
% [ |Vul?e=Vdm provided we write d = u?e V Hence, here we indeed obtain the usual
version of the logarithmic Sobolev inequality.

e U(r) = Lexp(ar) for a constant a # 0 and V = 0 yields S(v) = 1 [
associated gradient flow is given by the porous medium equatwn ( fa>
equation (if a < 0)

M ( ) dv. The
0) or fast diffusion

drp = A(p').

Our main result yields K-convexity for large classes of energy functionals associated to non-
linear diffusions on FEuclidean and Riemannian spaces. As a consequence it yields exponential
convergence to equilibrium for the solutions to these equations together with explicit bounds for
the rate of convergence.

Theorem 1.3. Assume that U and V are C?. Then the free energy S from (1.1) is K-convex if
and only if

(1.7) U"(r) + %U’(r) >0
and
(1.8) U'(r) - Ricg(€,€) + Hess, V(£,6) > K - [¢[

forallre R,z e M and £ € T, M.

Remark 1.4. The above Theorem has a canonical extension to nonsmooth U and V. Instead
of requiring U € C? and (1.7) it suffices to require that the function

(1.9) r+— U(—nlogr) 1is convex on ]0,0c0].

In this case, depending on the sign of Ric the derivative U’ in (1.8) should be replaced by the
upper or lower derivative, resp.

Instead of restricting to V' € C? we may admit any lower semicontinuous function V provided
we replace (1.8) by the weaker condition:

(1.10) OV (v, i) = —U'(r) - Ric(H, ) + K - [ ]?
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for all » € R and all geodesics « : [0,1] — M. For the definition of the lower centered second
derivative we refer to section 3.

The proof of the above Theorem will be given in sections 4 and 5. Applications of this result
to heat equation, Fokker-Planck equation and porous medium equation are straightforward:

Corollary 1.5. The free energy S(v) = [}, logé%dl/ + [, Vdv associated with the Fokker-
Planck equation is K-convex if and only if the Bakry-Emery criterion

(1.11) Ricy (€, €) + Hess, V(¢,6) > K - [¢[?
is satisfied (Vo € M,Y¢ € T, M ).

In particular, the relative entropy S(v) = fM log g—m dv is a K-convex function on the metric

space P2(M) if and only if the Ricci curvature of the underlying Riemannian manifold M is
bounded from below by K.

Corollary 1.6. For any N > 0 the free energy S(v) = =N - [}, (%)_1/1\[ dv associated with the

fast diffusion equation Op = A(pl_l/N) is a convex function on the metric space P?(M) if and

only if the underlying Riemannian manifold M has nonnegative Ricci curvature and dimension
<N.

Parts of the above corollaries had been obtained in [OV00], [CMSO01] and [vRS03]. The
previous results yields a characterization of the curvature-dimension conditions C'D(K, 00) as
well as CD(0, N) of Bakry-Emery in terms of contraction properties of nonlinear diffusions. The
general condition CD(K, N) may be characterized in a similar manner:

Theorem 1.7. i) For K >0 and N > 0 consider the free energy functional

(112 )= [ Jos () - () |

associated with the nonlinear diffusion equation
aip = Ap(1 +p~ M),

Then S is K-convez if and only if the dimension of the manifold is bounded from above by N
and its Ricci curvature is bounded from below by K.
i1) For K <0 and N > 0 consider the free energy functional

dv \ ~UN
1 — d
()]
associated with the nonlinear diffusion equation
aip = Ap(1+ p"/M)71).

Then S is K-convez if and only if the dimension of the manifold is bounded from above by N
and its Ricci curvature is bounded from below by K.

(1.13) S(v) = —N/M log

Proof. i) The S under consideration corresponds to U(r) = r—Ne~"/". Hence, U" (r)+1U’(r) =
L4 (1 — 1)e7/N is nonnegative for all 7 € R if and only if n < N. And U’(r) - Ricy(&,€) =
(1+e7"/N) - Ricg (&, € is bounded from below by K - |£|2 (for all 7, 2, ) with some constant K > 0
if and only if Ric, (¢, &) > K - [£]2.

ii) In this case, S corresponds to U(r) = —Nlog(l + e "/N). Then U"(r) + 1U'(ry =
(1+e™M)=2(L 4 (£ — L)e™/NV is nonnegative for all r € R if and only if n < N. And
U'(r) - Ricg (€,6) = (1 + e 7/N)~1 . Ric, (€, € is bounded from below by K - |£|? for all r, z, ¢ with
some constant K < 0 if and only if Ric,(&,&) > K - |€]2. O
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The choice of the functionals S (or the functions U) in the above Theorem is by no means
unique. Roughly speaken, for K > 0 the requirement is that U(r) ~ r as r — oo and U(r) ~
—C e "N as r — —oco. For instance, one could choose

_fr=5, ifr>p
utr) { N[1—e DN ifr<p

for any parameter 3 € R. This leads to U(log p) = log, (p/a)+ N [1 — (,0/04)*1/]\7]+ with o = €
and

S(pm) = /{p>a} log(p/a)pdm + N/{ [1 - (p/a)’l/N} pdm.

Similarly, in the case K < 0 one may choose

S(pm) =/ log(p/a)pdm+N/
{p<a} {p>a}

for any parameter @ > 0. In the latter case, the associated diffusion equation is (at least
formally)

p<a}

1= (p/a) Y] pam

9p = Alp(L A (p/a) /N

aip = Ap(1V (p/a) ™)),

whereas in the former it is

Our results strongly depend on new insights and estimates for the optimal mass transportation
on manifolds. From the work of McCann [McC01] and Cordero-Erausquin, McCann, Schmuck-
enschlager [CMS01] we know that for any pair of absolutely continuous probability measures
and p1 in P?(M), there exists a unique geodesic ¢ — p; in the space P?(M) connecting g and
1. Moreover, there exists a vector field ® such that u; is the push forward of pg under the map

Fi(x) = exp, (tP(z)).
It turns out that it is quite important to have precise estimates for the Jacobian dF; of the map

F, : M — M. The inequality (1.14) below is the key to describe how curvature effects optimal
mass transport. It will play a fundamental role in this paper.

Theorem 1.8. The logarithmic determinant y,(x) := logdet dFy(x) of the Jacobian of F} sat-
sifies in some appropriate weak sense (to be made precise in Theorem 3.1 below) the following
differential inequality in t (for fixed x)

(1.14) iile) < —-3R (@) - Ric(F(w), Filw).

2. K-CONVEXITY

Given an arbitrary geodesic space (N,dy), a number K € R and a function S : N —
[—00, +00] we say that S is K -convez iff for each (constant speed, as usual) geodesic vy : [0,1] — N
with S(7) < oo and S(y1) < oo and for each t € [0, 1]:

K
(2.1) S(n) = (1 =1) S(h) +t5(m) — St(1 — 1) i (0, 71)-
If S is lower semicontinuous along geodesics, then it suffices to verify this for all geodesics v and
t=1.
2

In other words, a function S on a geodesic space N is K-convex if and only if for each geodesic
v :[0,1] — N the function f := S(v) is K’-convex on [0, 1] with K’ = Kd%(y0,71) = K|¥|*.
The function S is called convex if it is K-convex for K = 0. It is called uniformly convex if it is
K-convex for some K > 0.

K-convex functions on a interval I C R are semiconvex. Recall that a function f : I — R
is called semiconvez iff there exists a smooth function F' : I — R such that f + F' is convex.
In particular, semiconvex functions are lower semicontinuous and they are continuous in the
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interior of the interval {f < oo} C I. For each semiconvex function f : I — R we define the
lower centered second derivative

1
O;f(t) = liminf = - [f(t +5) = 2f(t) + f(t = s)]
and the centered first derivative

Of(t) = Tim — - [f(t+ ) — F(t— s)].

s—0 28

The latter limit exists since it may be written as 3 - limso L - [f(t +s) — f(t)] + 5 - limso T -
[f(t) — f(t — s)] and both limits exist, e.g. for convex functions as monotone limits. Analogously,
we define semiconcave functions and the upper centered second derivative

Eﬁuy:nmwpé-w@+@—2ﬂo+f@—@y

s—0

K-convexity is a local property. The above inequality (2.1) holds for a given function S
and a given geodesic v : [0,1] — N provided there exists a partition 0 = tg < t; < ... <
tnt1 = 1 such that for each i = 1,...,n the geodesic v : [t;_1,ti+1] — N satisfies (after suitable
reparametrization) inequality (2.1).

A function S is K-convex if and only if it is lower semicontinuous along geodesics and if for
each geodesic 7 : [0,1] — N with S(y9) < co and S(y1) < oo one has S(v;) < oo for all ¢ €]0, 1]
and

97S(w) > K - di (70, m)-

Example 2.1. A smooth function S on a Riemannian manifold (N, dy) is K-convex if and only
if
Hess S > K.
Following [McCO01], K-convex functions on N = P%(M) are also called displacement K -convex

(to emphasize that it means K-convexity along the geodesics t +— v, w.r.t. dy = dy and not
along the geodesics t — (1 — t)7yg + t7; in the linear space of signed measures).

3. OPTIMAL MASS TRANSPORTATION ON MANIFOLDS

Let us recall some basic results about mass transportation on Riemannian manifolds. Recall
that M is a smooth complete Riemannian manifold of dimension n, with Riemannian distance
d and Riemannian volume measure m. The set of all probability measures p on M (equipped
with its Borel o-algebra B(M)) satisfying [ d*(x,y)u(dy) < oo for some (hence all) z € M will
be denoted by P?(M). Given pg, 1 € P*(M) we define their L?- Wasserstein distance by

1/2

d¥ (po, p11) = inf //d2(x,y)7r(dxdy) € P(M?) is coupling of g and i
M M

Here © € P(M?) is called coupling (or transportation plan) of yg and pq iff its marginals are
po and g, that is, iff 7(A x N) = pg(A) and 7(M x A) = puy(A) for all A € B(M). See e.g.
[Dus9], [RRI8], [Vi03]. The set of absolutely continuous measures in P%(M) is a convex subset
of P?2(M) and contains the set {S < oo} for each functional S to be studied in this paper.
Hence, in the sequel we may restrict ourselves to absolutely continuous measures in P2(M).

Lemma 3.1. Given two absolutely continuous probability measures pg = pom and 1 = pom in
P2(M) with densities py,p1 on M, there exists a unique geodesic t — p; in the space P?(M)
connecting po and py. Again each py is absolutely continuous, say pr = pym. Moreover, there
exists a vector field ® such that p; is the push forward of py under the map

Fy(z) = exp, (1®).
If the measures o, 1 are compactly supported then so are all the p; fort € [0,1].
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Proof. (i) For absolutely continuous measures with compact support, these results are due to
McCann [McCO01]. Actually, the vector field is given pp-almost everywhere as ® = —V¢ where
¢ : M — R shares a some kind of concavity property, called d?/2-concavity (which, however, is
entirely different from the notion of concavity used in this paper and introduced in the previous
section). Here we only discuss the extension to measures with noncompact support.

(ii) Fix absolutely continuous pg, 1 € P?(M) with some optimal coupling 7 € P(M x M).
Given any pair of compact sets M/, M| C M with w(M{ x M]) > 0 define by

7' (A, B) := n(AN M), BN Mj)

a coupling " € P(M x M) between the compactly supported, absolutely continuous measures
o and g defined by

po(A) =7 (A, M), u\(B):=x"(M,B).
Both measures y(, and ) have total mass 7(M|x M7) €10, 1]. Optimality of 7 implies optimality
of 7. Hence, there exists a vector field ® and maps Fy(z) = exp, (t®’) such that 7’ = (id, F] ).y
and ¢ — gy := (F}),pug is the unique geodesic connecting p( and pf.

Choosing another pair of compact sets M D Mj, M{ D M yields a vector field ®” such
that F/'(x) = exp, (t®") defines the optimal coupling 7’ = (id, F{').p; and the unique geodesic
t e py = (F}")spy between pg and pf. Uniqueness of the optimal transport now implies that
for each t

F, =F/ pug-a.e. on M|
and thus
¢ =" pp-a.e. on M.

Exhausting M x M by compact sets M{ x M] then yields the existence of a vector field ®
and maps Fy(z) = exp(t®) such that m = (id, F}).po is the unique optimal coupling of o and
w1 and t — g := (F}).po is the unique geodesic connecting po and p. O

Theorem 3.2. Let t — p; = pym = (F})«pio be a geodesic in P*(M) connecting two absolutely
continuous probability measures po and py. Then there exists a map y : M x [0,1] — R such
that

(i) ¥t € [0,1]: the function x +— y,(z) is Borel measurable and

(3.1) po(z) = p(Fy(z)) - e¥®) for pp-a.e. x € M;

(ii) Yo € M : the function t — y(x) is semiconcave (in particular, upper semicontinuous) on
[0,1] and, restricted to ]0,1[, it is continuous, has centered derivatives and satisfies:

(3.2) Bl < —%(@yt(x))Q — Ric(Fy(x), Fy(x)).

Remark 3.3. Equality (3.1) justifies to interpret Jy(z) := %@ for fixed t € [0,1] as the
Jacobian determinant det dF}(x) of the map F; : M — M. Indeed, for any measurable function
won M

/uptdm:/ u(Ft)podm:/ u(Ey)pe(Fy)Jy dm.
M M {po>0}

The fundamental inequality (3.2) is closely related to a similar inequality which plays a role
in the proof of Bishop-Gromov’s volume comparison theorem. Roughly speaken, in the latter
result one considers transport problems for measures which are absolutely continuous for the
(n — 1)-dimensional surface measure on spheres and finally obtains an inequality of the form

1
n—1
cf. [Ch93] (3.42). Note that both, (3.2) and (3.3), are sharp.

(3.3) Fy(x) < — (O (x))? — Ric(Fy(x), Fy(x)),
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We will present two different argumentations for the fundamental inequality (3.2). Firstly,
we will give a self-contained and straighforward derivation under the assumption of sufficient
smoothness and the absence of cut locus and degeneration effects. Here we will not care about
regularity questions (like differentiability of the transport map, existence of conjugate points
along the transport rays, nondegeneracy of the Jacobi determinant) but we aim to present
the core of the geometric argument. The general case may be deduced from this result using
appropriate approximations. This, however, will not be carried out here since we present another
proof focussing on the regularity problems. Our second proof works in full generality. It is based
on previous calculations and results in [CMS01] and [vRS03].

Proof. Let us fix two absolutely continuous probability measures g = pom and g3 = pgm in
P2(M) with densities pg, p1 on M. Without restriction, we may assume that both are compactly
supported. (Otherwise, we have to choose compact exhaustions of M x M and to consider the
restriction of the coupling to these compact sets, see proof of the previous Lemma 3.1). Then
there exists a unique geodesic ¢ — y; in the space P2(M) connecting po and p;. Again each
p¢ is compactly supported and absolutely continuous, say pu; = pym. Moreover, there exists a
vector field @ such that gy is the push forward of pp under the map Fy(x) = exp, (t®).

First argumentation. Let us for simplicity assume that ® is a smooth vector field and that for
each z there are no conjugate points on the curve t — Fy(x), t € [0,1]. For each z, consider the
matrix of Jacobi fields

Ai(z) == dFy(x) 1 TeM — TryyM
along the geodesic F,(z). (More precisely, A;(z)v is a Jacobi field along F,(x) for each v € T, M.)
It is the unique solution of the Jacobi equation

(3.4) WWA@H&%&@%M@WM@:O

with initial conditions Ay = Id, ViAg = V®. Here R is the curvature tensor and V; denotes
covariant derivates along the geodesics F.(z) (cf. [Ch93] (3.4), [Jo95] (4.2.1) or [GHLS87] (3.41)).
Now assume in addition that the matrix A;(z) is nondegenerate for all x,t under consideration.
In this case, the Jacobi equation immediately implies that the selfadjoint matrix valued map
U := ViAo A" solves the Riccati type equation

wm+%+RQjQE=o
and thus
(3.5) tmv¢m+¢WMﬁ+Rm(EJ§)=0
Now (cf. [Ch93], Prop. 2.8)

d d
tridy = tr (ViAs 0 A1) = %(log det A;) = ﬁ(log det dFy;) = 9.
Hence,
o U2) > Lerth)? = 22 and tr(Vilk) = otr (Uy) = i
rt_nrt—nyt an rtt—dtr t) = Yt

Together with (3.5), the latter proves inequality (3.2).

Second argumentation. Now we will present an argumentation which holds in the general
case, without any restricting smoothness assumptions. Let pg, 1 be given and define py, pt, Fy
as before. Let jt := det dF; be the Jacobian determinant of the map F; : M — M (for fixed
t € [0,1]) as introduced in [CMSO01]. It is well-defined for pp-almost all points in M (with
exceptional set depending on t). Let M* be the convex closure of the union of the supports of
pio and 413 and let K be a lower bound for the Ricci curvature on M*. Put §(x) = log J;(x) and

) = ) — (@) — o 1~ 1) - P, Fi(2))
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and define the map © : B(M) x [0,1] — R by

emwwzfp%@mw@.

Our first claim is that for each A € B(M) the function ¢t — O(A,t) is concave and satisfies
©(A,0) = ©(A,1) = 0. The latter is obvious by construction. The former was deduced in
[vVRSt] for the case A = M. However, the general case works in the same manner. (In addition,
we will give an explicit proof of the more precise estimate (3.2) below.) Representation results
for concave functions imply that for each A € B(M) there exists a finite measure P(A,ds) on
[0,1] (equipped with its Borel field) such that

O(A, 1) = /01(5 At — st)P(A, ds)

for all t € [0,1]. On the other hand, one easily verifies that for each fixed Borel set B C [0, 1]
the map A — P(A, B) is a measure, absolutely continuous with respect to pg. In other words,
(A,B) — P(A,B) is a measure on M x [0,1]. Desintegration theory for product measures
(or existence of regular conditional expectations) now implies the existence of a kernel Q :
M x B([0,1]) — R satisfying P(A,ds) = [, Q(x, ds) po(dzx) for all Borel sets A C M and thus

O(A, 1) :/0 /A(s At — st) Q(z, ds) o (dz).
Now put :
Y () = /0 (s Nt —st)Q(x,ds).

Then for each z € M the function ¢ +— y?(x) is concave and for each ¢ € [0, 1] the functions
and ¢ coincide pg-a.e. on M. Finally, put

() 1= @) + () + 10— 1) (o, Fa(a).

Then t — y:(x) is semiconcave for each x € M and for each ¢ € [0, 1] the functions y; and
7+ = log Jy coincide pp-a.e. on M. The change of variable formula for J; from [CMS] now
implies (3.1).

Our next claim is that for each € > 0 there exists a number sy > 0 such that

1 oo . n [ evits@/n _ cyi—s(@)/n
(3'6> ? [yt+s(x) - 2yt($) + yt_s(-%')} <e— RlC(Ft({B), Ft(m)) - ? @yt+s($)/n + eytfs(i')/n

for all ¢t €]0,1[, all s €]0,so[ and po-a.e. © € M (with exceptional set depending on s and t).
Choosing an apporiate Borel set My of measure pu(My) = 0 we may then redefine the function y
on My x [0,1] (e.g. by y := 0) in such a way that the above inequality (3.4) holds for all rational
t €]0,1[, s €]0,s0] and all x € M. Since both sides in (3.4) are continuous in s and ¢ it follows
that (3.4) holds for all s, allt and all z.

Note that

n eYt+s(@)/n _ gyi—s(@)/n

T Yirs(T) — yrs() _ n
D) = limy 25 500 5 Uit @)/n 1 eur—s(@)/n”

Hence, in the limit s — 0 inequality (3.4) immediately yields claim (3.2)
=2 1 Lo .
Frye(x) < —5(8@(3:))2 — Ric(Fi(z), Fi(x)).

In order to prove the inequality (3.4) put Y; := et (@)/n Then

Y;f—&-s + Yt—s

Yts (1) =2y (2)+ys—s(x) = n |log Yiys — 2log( 5

)+ log Y}_S} —2n {logY} — log( 5

}/t—i-s + Yt—s

)
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The first term on the RHS can be estimated from above by
Yieo = Yisy )2 [ emn@/n _ enms(a@)/n) ®
" <}M) =n (eyt+s(x>/n T eytsm/n)
In order to estimate the second term, put d(z) := d(z, Fi(z)), let K(z) denote a lower bound

for the Ricci curvature Ric(Fy(z), Fy(x)) for r € [t — s,t + s] and let v denote the volume
distortion coefficent from [CMS]. Then following [CMS] and [vRSt] we obtain

Kﬁ+s + Y;ffs )
2

—2n [logY} — log( —2n -logvi (Fiis, Ft—s)%
2

sin(\/%%d)
2. E _K. dz}
< s%. [e — Ric(Fy(z), Ft(w))]

—2n - log

IN

for all s < sg (provided sq is sufficiently small). Let us mention that the above estimate only
requires to have bounds for the Ricci curvature in direction of the geodesic, and not on the
whole space.

Summing up and dividing by s? we obtain inequality (3.4). O

Corollary 3.4. For each x € M, the function Y;(x) := e¥(®)/" js semiconcave in t € [0,1] and
satisfies

9 1. :
0,Yy(z) < —— Ric(Fy(2), Fi(2)) - Yi(x).
This follows immediatley from the above Theorem and the following

Remark 3.5. For any C2-function v on R

s%[U(st) = 2u(y) + u(yi—s)]
_ ;12 [u(yt+s) _ M%) + U(yt—s)] + % [u(zms—;yt_s) — u(y)

2
— Yi— 1
= ) (M) (@) s e — 2+ i

with suitable &; between y; s and y;1 s and & between y; and W% Similarly, for any convex
function v on R

Sl — 2u(y) + ()
< ul(§)- Sig [Ve+s — 2yt + Yr—s]

with suitable £ between y; and % Here the left derivative u’_ can also be replaced by
the right derivative v/, .

4. UNIFORM CONVEXITY OF GENERALIZED ENTROPY FUNCTIONALS

Let M and m as before, choose an increasing function U : R — R and a lower semicontinuous
function V : M — R and put

Stom) = [ Ullog )+ V] pdm
{p>0}
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for absolutely continuous probability measures v = pm provided | (p>0} [Us(logp) + Vi] pdm <
oo. Otherwise, we define S(pm) := +oo. In other words,

S(pm) = lim [U(k) (log p) + V(k)} pdm
h=oo J{p>0)

with U®) (r) := U(r) vV (=k), V®) (r) := V(r) V (k). Hence, without restriction we may assume
in the sequel that U and V are bounded from below.
Let us first consider the internal energy

Sulpm) = [ Ultogp)pdm
{p>0}
Then for each geodesic t — vy = pym we obtain
Su(pim) = / U(log pt) pr dm
{p¢>0}

- / Ulog pr(FY)) pe(Fy) e dm
{po>0}

- / U(log 22 podm
{po>0} Ji

= / U(log po — yt)podm.
{po>0}

In terms of the functions U, (r) := U(—nlogr) and Y;(z) := exp(y:(x)/n) this may be rewritten
as

Sv(pim) = / Un(pg /" - Yo)podm.
{po>0}

Now let us assume that U, is convex. Note that for smooth U this is equivalent to (1.7)
and for general U it implies that the right and left derivative of U exists and inf, U'(r) as
well as sup, U'(r) are well defined. Moreover, it implies that the map ¢t — Sy (pim) is lower
semicontinuous (since t +— Y; is upper semicontinuous and r — U,(r) is decreasing and lower
semicontinuous).

Our goal is to estimate the second derivative of ¢ — Sir(pgm). For simplicity we may assume
in the following argumentation that U is smooth. Then by Remark 3.5

.1
dU(logpo —y:) =  liminf -2 [U(log po = yr+s) — 2U(log po — ) + U(log po — ye—s)]

s—0
> U"(log po — yi)(Beye)® — U’ (log po — 1), v
1 L
“;4) {U”(log po — Ye) + EU/(IOE; po — yt)} (Orye)? + U'(log po — wi) Ric(Fy, Fy)
(1;) U'(log po — yr) Ric(F}, F).

Integrating this inequality yields

1

2 [U(log po — yt4s) — 2U(log po — y¢) + U(log po — yi—s)]
1 /s o .

> o) (s —[€]) - U'(log po — yte) Ric(Frie, Frye)d€

—S
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and thus

% Sulpr) = liminf — [SU(PtJrsm)*?SU(Pt)ﬂLSU(Pt s)]

s—0

> liminf = / / (s = &]) - U'(log po — yere) Ric(Fiye, Frie)d po dm

= /U’(log po — y¢) Ric(Fy, Fy) po dm.

By approximation, this argument extends to all U satisfying (1.9) provided U’ is continuous. If
one wants to relax the latter, one has to replace U’ by bounds for the upper or lower derivative
(depending on the sign of the Ricci curvature).

Now let us treat the external energy

Sv(pm) Z/Vpdm

for lower semicontinuous V' : M — R, without restriction assumed to be bounded from below.
Then

Sy (ptm) = /thdm: /V(Ft)pt(Ft)Jtdm: /V(Ft)podm

and thus lower semicontinuity of ¢ — Sy (psm) is obvious. Moreover,

1

?[Sv(thrsm) — 28y (pt) + Sv(pt—s)]
= ;12 [V (Fst) = 2V(F) + V(Fi—s)] po dm.

This immediately implies
9?8y (pym) > / Hess V (F}, F})po dm
M

where for v € TM
Hess V(v,v) := limiglf 92V (exp(tv)).

t—

Hence, combining internal and external energy we obtain
925 (pym) > / [U’(log po — i) - Ric(F}, Fy) + Hess V (F}, Ft)] podm.

Theorem 4.1. Assume that V : M — R is lower semicontinuous, U : R — R is increasing with
U, :r+— U(—nlogr) being conver and that ¥r >0 ,Yv € TM:

U'(r) - Ric(v,v) + Hess V (v,v) > K - |[v|2.

Then S = Sy + Sy is K-convex on P?(M): it is lower semicontinuous along geodesics and
satisfies

075 (1) > K - d*(pao, p11).-

Note that in this formulation no second derivative of U is required. Also the existence of the
first derivative can be avoided if we interpret U’ depending on the sign of Ric as the upper or
lower derivative, resp.

Summarizing, we have verified the sufficiency of our conditions for K-convexity in Theorem
1.3.
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5. NECESSITY OF THE CONDITIONS FOR K-CONVEXITY

Theorem 5.1. Let U : R — R be continuous, increasing and let V : M — R be continuous.
Assume that S as defined in (1.1) is K-convexr on P?(M) for some K € R. Then U satisfies
(1.9), i.e. Uy :r— U(—nlogr) is convez.

Proof. Assume that the function U, is not convex. Then there exist numbers rg,71 € R and
T/ = % such that

1 1
Un(rl/Q) > iUn(TO) + §Un(rl)'

Indeed, this implies that for suitable € > 0
N 1 ~ 1 -
Un(T1/2) > §Un(7’0) + iUn(Tl) + 2e

forall 7, € [r;—e,r;+¢€,i=0,1/2,1.

Now fix two points y,z € M, choose 6 > 0 sufficiently small (to be specified later), R >
max{rg, 1} and let ¢, denote the volume of the unit ball in R™. Let po be the Dirac mass in y,
let ugr be the normalized uniform distribution in Bsgr(y) and let 7 — p, denote the geodesic in
P2(M) connecting po and pur. Each of the measures p, for 0 < r < R is absolutely continuous
and supported in the ball Bs,(y). Choosing ¢ sufficiently small we can achieve that for each
r €10, R] the density of the measure p, is bounded from below by c;!6~"(r + €)™ and from
above by ¢; 16 "(r —e)™".

Now put v, = ¢, 6", + (1 — ¢,0™)n where 1 denotes the normalized uniform distribution in
Bs(z). Then again r — v, for 0 < r < R is a geodesic in P?(M) and

dw (Vry, I/rl)Z = cn5”+2(7'0 — 7’1)2.
Moreover, for all 0 <r < R

Swp) <ep-0"-Uy(r—e€)+cy-0"- sup V(y)+ Cs

z€Bs,(y)
and
Swp)>en-0"-Uy(r+e€)+cy-0"- inf V(y)+ Cs
T€Bs, (y)
where
n |Bs(2)[!/" n 1
Cs=(1—cp)-0" Uy (M) +(1—cp-0 )m Bé(z)Vdm

(independent of 7). Choosing ¢ sufficiently small we can achieve that

sup V(y) <e+ inf V(y).
z€BsRr(Y)

z€BsRr(Y)
Hence, we obtain
1 1 K
S(V7“1/2) B §S(V7’0) - §S(VT1) + gd%/l/(VTme)
n 1 1 K 9
> cpd Un(""l/Q +e€) — §Un(7“0 —€) — iUn(rl —€) —€| + §0n5 (ro—r1)

> 0" e — \K!éQ(ro — r1)2/8] >0
for § sufficiently small. This contradicts the K-convexity of .S. O

Theorem 5.2. Let U € C3(R) be increasing and satisfying (1.9) (or equivalently (1.7)) with
n=1,letVe€C*M) and K € R. Assume that S as defined in (1.1) is K-convex on P*(M).
Then conditon (1.8) is fulfilled.
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Proof. Assume that (1.8) is not true. Then U’(s) - (Rico(e1,e1) +€) + Hess,V (e1, e1) + € < K for
some s € R, some o € M, some unit vector e; € T,M and some € > 0. Put K; = Ric,(e1,e1)+¢€
and Ko = Hess,V(e1,e1) + €.
For 0,7 > 0 let A1 := Bsexp(—s/n)(€xp,y(re1)) and Ag := Bsexp(—s/n)(€xp,(—7e1)) be geodesic
balls of radius ¢ exp(—s/n). Then
m(Ag) = cp6"exp(—s + O0(6%)) and m(A1) = c,0" exp(—s + O(5?))

for small §. As before, ¢, denotes the volume of the unit ball in R".
Choosing § < r <1 we can find a set A; /5 such that 7,5 € Ay /5 for each minimizing geodesic
~v:[0,1] — M with vy € Ag, 71 € A1 and such that

m(Ay2) = cnd" exp(—s + O(8%) + 12 /2(K1 — €/2) + O(rh))
([vRS03], proof of Thm. 1).

Now let po, fi1/2 and p; be the normalized uniform distribution in Ao, A;/; and Aj, resp.
and let 11,5 be the midpoint in P2(M) of po and p1. According to our construction, s /2 s
supported in the set A .

Fix some point z in M with d(z,0) > r and put v; = ¢, 6" p; + (1 —-,0™)n for i = 0,1/2,1 and
U192 = cnd" i1 /2 + (1 — ¢, 0™)n where as before n denotes the normalized uniform distribution in
Bs(z). Obviously vy 5 is the midpoint in P?(M) of vy and v1. Then for i = 0,1

Su (Vi) = ¢36"U(log(cad" /m(4))) + C(8) = cndy - [U(s) +U'(s) - (1 +0(6%))] + C(9)
and
Su(P1/2) = enbn - [U(s) +U'(s) - (1L + O(6%) + 12 /2(Ky —¢/2) + O(r))] + C(6)
where C(0) = (1 —¢p) - 6™ - U (log(c,0" /m(Bs(2)))).

Now vy as well as 7, are supported on the disjoint union of A/, and Bs(z) and they

coincide on Bs(z). On A /5, the probability measure )/, has constant density w.r.t. m. Hence.
Su(vi2) 2 Su(vy)2).

Indeed, by our assumption on U the function ¢ : t — (t) := U(logt)t is convex. Hence, if on
A := Ay, the probability measure v/, has density p w.r.t. m and if 7y, has constant density
a then by Jensen’s inequality

| ttos pypdim = [ gy = m(a) - <m(1A) /. pdm> = m(d)-dle) = [ Ulloga)adm.

Hence, for 6 < r < 1

1 1 B 1 1
Su(v1/2) = 550 (o) = 5Su (1) Su(P172) = 55v(v0) = 5Su()

Y

v

cnd"U'(s) {—1217"2 + 27"2 +0(rY) + 0(52)]

K
> —U/(S)?ldgv(ljo, 1/1)2.

Now consider Sy .

Svna) — ySvln) = 35v0n) = e [ [V(FR) = SV - SV | du

1
= —cad"/2 / / [t A (1 —t)] - HessV (E}, E,) dt dug
Ag JO



14 KARL-THEODOR STURM

where F; denotes the transport map pushing forward pg to py. Choosing § and r small enough
one achieves that HessV < K» along all transport rays from o to pp. Then

1 1 K
Sv(viy2) = 5Sv () = 5Sv () > —=Zd3 (vo,11)".
Together with the previous inequality for Sy this yields

1 1 K
S(viy2) — 55(1/0) - §S(V1) > —gdgv(l/o, vi)?

which contradicts the K-convexity of S. ([
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