MAXIMAL COUPLING OF EUCLIDEAN BROWNIAN
MOTIONS

ELTON P. HSU AND KARL-THEODOR STURM

ABSTRACT. We prove that the mirror coupling is the unique maximal
Markovian coupling in the class of Markovian couplings of two Euclidean
Brownian motions starting from single points.

1. INTRODUCTION

Let (Eq, %1, 1) and (Eq, Ba, u2) be two probability spaces. A coupling
of the probability measures p; and pe is a probability measure p on the
product measurable space (E; x Eo, 1 x %) whose marginal probabilities
are p1 and pueo, respectively. We denote the set of coupling of p1 and po by
€ (w1, p2). Thus, loosely speaking, a coupling of two Euclidean Brownian
motions on R™ starting from x; and xs, respectively, is a C'(R4, R™ x R")-
valued random variable (X1, X2) on a probability space (2, .#,P) such that
the components X; and X5 have the law of Brownian motion starting from
x1 and xg, respectively. In this case, we say simply that (X;,X32) is a
coupling of Brownian motions from (z1, z2).

In the present work we discuss the uniqueness problem of maximal cou-
pling of Euclidean Brownian motion. We first use the coupling inequality to
motivate our definition of maximal coupling and show that the mirror cou-
pling is a maximal coupling. We then show by an example that in general
the maximal coupling is not unique. Second, we define the concept of Mar-
kovian couplings and show that the mirror coupling is the unique maximal
coupling in the class of Markovian couplings.

We thank Pat Fitzsimmons and Wilfrid Kendall for their private commu-
nications on maximal couplings which are not the mirror coupling. We also
thank Mu-Fa Chen for his useful comments.

2. MAXIMAL COUPLING
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be the Gaussian heat kernel on R". Here
n
|z|? = Z 1292, =W, . ™) er"

Define the function

2,
e P2t dp.

7" pry
Pl ) V27t Jo
When t = 0, we let
0, r=0,
Po(r) = {1, r > 0.

The following facts are easy to verify:
(1) 7+ ¢¢(r) is strictly concave on Ry = [0, 00) for t > 0;
(2) t — ¢¢(r) is a tail distribution function on R for » > 0; in fact it
is the tail distribution of the first passage time of a one dimensional
Brownian motion from 0 to r/2:

P {70 >t} = ¢u(r)
(3) we have

@) ale-m) =g [ (o) - plto)]d.

Fix two distinct points z1 and z9 in R™. Let X = (X7, X2) be a coupling
of Euclidean Brownian motions from (x1,x2). The coupling time 7'( X1, X2)
is the earliest time at which the two Brownian motions coincide afterwards:

T(X1,X2) =inf {t > 0: X1(s) = Xa(s) for all s > t}.

The following coupling inequality gives a lower bound for the tail probability
of the coupling time.

Proposition 2.1. Let (X1, X2) be a coupling of Brownian motions from
(x1,22). Then
P{T(X1,X3) = t} = d(|21 — x2]).

Proof. For any A € Z(R"), we have
P{T (X1, X2) > 1} > P{Xy(t) # Xa2(1)}
> P{X1(t) € A, X5(t) € A}
>P{Xi(t) e A} —P{Xs(t) € A}.

Hence,

P{T(X1,X2) >t} > sup / {p(t,z1,y) —p(t,z2,y} dy
AcB(R")

:2/;@@xhw p(t,z2,y)| dy
= ¢r(|lz1 — x2]).
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In the last step we have used (2.1) O

The coupling inequality

1
]P{T(X17X2) > t} 2 2/ |p(t,$1,y) —p(t,$27y)|dy

n

holds under a much more general setting, see Lindvall[5].
In view of the coupling inequality, the following definition is natural.

Definition 2.2. A coupling (X1, X2) of Brownian motions from (x1,x2) is
called maximal at time tg if

P{T (X1, X2) > to} = ¢ro(|lz1 — 22|).
It is called mazximal if this holds for all tg > 0.

Throughout this work the starting points (z1,z2) are fixed unless other-
wise stated. H will denote the hyperplane bisecting the segment [z1, z2]:

H={zeR": (x—xy,n) =0},

where
T + X2
o —
2
is the middle point and
Tr1 — X2
n—=-————
|21 — 22

is the unit vector in the direction of the segment (pointing from x5 to x1).
We use R : R" — R” to denote the mirror reflection with respect to the
hyperplane H:

Rx = x —2(x — xg,n)n.
We now describe the mirror coupling. Let
T=inf{t>0:X,(t) e H}
be the first hitting time of H by X;. It is well known that
P{r >t} = ¢¢(|lv1 — 22).

A coupling (X1, X2) of Brownian motions from (x1, z2) is a mirror coupling
or X is the mirror coupling of X if X5 is the mirror reflection of X; with
respect to H before time 7 and coincides with X; afterwards; namely,

) RXy(t), te[0,7];
Xalt) = {Xl(t), t € [7,00).

In this case the coupling time T'(X;, X2) = 7. By definition the mirror
coupling is a maximal coupling.

We say that a coupling (X7, X2) of Brownian motions is a mirror coupling
up to time ty if the above relation between X; and X5 holds for all ¢ < ¢g.
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The mirror coupling is not the only maximal coupling. Both Pat Fitzsim-
mons and Wilfrid Kendall communicated to us other maximal couplings.
We describe the former in dimension 1. Let

l=sup{t <7: Xi(t) =1}

be the last time the first Brownian motion X is at x; before 7,,. Note that
X1 starts from z1. We define Xs to be the time reversal of X; (shifted to
x2) before time [, the mirror reflection of X; (with respect to z) between [
and 7, and X after 7; namely,

xg —x1 + X1(l —1), tE[O,l];
Xo(t) = ¢ o1 + 22 — X4 (1), tell,];
X1(t), t € [r,00).

Of course X9 is not the mirror coupling of X;. On the other hand, by
Williams’ decomposition of Brownian path {X;(¢),0 <t¢ <7} (see Revuz
and Yor[6], 244-245 and 304-305), X2 is a Brownian motion starting from
x3. The coupling time for (X7, X7) is again equal to 7, which implies that
the coupling is indeed a maximal coupling.

We now define a but natural subclass of couplings of Brownian motions.

Definition 2.3. Let X = (X1, X2) be a coupling of Brownian motions from
x = (z1,22). Let FX = {F} be the filtration of o-fields generated by the
process X :

FX =0 {(X1(u), Xo(u) : u<s}.

We say that X is a Markovian coupling if for each s > 0, conditioned on
the o-field FX, the shifted process

{(Xl(t + S),Xg(t + S)), t> 0}
is still a coupling of Brownian motions from (X1(s), Xa(s)).

Remark 2.4. The condition that (X7, X3) is a Markovian coupling only
requires that, conditioned on .%, SX 1’X2, each time-shifted component is a
Brownian motion. Thus it is a condition imposed solely on the joint dis-
tribution of (X1, X2). In particular, (X1, X2) is a Markovian coupling as
soon as each component is a Brownian motion with respect to the common
filtration .ZX; for instance if ZX1 = .ZX2. Note that the definition does not
imply automatically that (X7, X2) is a Markov process. It does include, but
not limited to, the case where (X7, X2) is a (possibly time-nonhomogeneous)
Markov process whose generator L satisfies the conditions

Lfi(z1) = %A1f1(z1)7 Lfa(z2) = %A2f2(z2)a

where f; and fy are, respectively, functions of z; and z alone.

The main result of this paper is the following.
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Theorem 2.5. Let 21,292 € R™ and tg > 0. A Markovian coupling of
n-dimensional Brownian motions (X1, Xs) starting from (x1,x2) which is
maximal at time tg must be the mirror coupling up to time tg.

Corollary 2.6. Let x1,z9 € R™. The mirror coupling is the only maxi-
mal Markovian coupling of n-dimensional Brownian motions starting from

(z1,x2).

Before coming to the proof of this uniqueness result, we need to study
optimal couplings of two Gaussian distributions of the same variance.

3. OrTIMAL COUPLING OF (GAUSSIAN DISTRIBUTIONS

Given t > 0 and =z € R" we use N(z,t) to denote the n-dimensional
Gaussian distribution with density function z +— p (¢, z, z).

Definition 3.1. Let x1,22 € R™ and t > 0, the mirror coupling N (z1, z2,t)
of the two Gaussian distributions N(x1,t) and N(x2,t) is the probability
measure on R™ x R™ defined by

N(z1,22,t)(dy1, dy2) = dy, (dy2)ho(y1)dy1 + Ry, (dy2)h1(y1)dy:
where R is the mirror reflection with respect to the hyperplane bisecting the
segment [x1, z2],
hO(Z) =P (ta Ty, Z) Ap (ta X2, 2)7
and

hi(z) =p(t,z1,2) — ho(2).

The mirror coupling N = N(x1,x2,t) can also be characterized uniquely
by either one of the following two equivalent relations:

/ f(z1,22)N(dz1dze) = f(z,2)ho(2)dz + f(z, Rz)hi(z)dz,
R xR™ Rn R

/ f(z1,22)N(dz1dze) = f(z,2)ho(2)dz + f(Rz, z)ha(z)dz,
R" xR™ R® R™

where
ha(z) = p(t, 22, 2) — ho(2).
It is easy to verify that the marginal probabilities of N (z1, z2,t) are N(z1,t)
and N (xg,t), respectively; namely,
N(:L’l, X2, t) S %(N(l’l, t), N(xg, t))
It is concentrated on the following two perpendicular n-dimensional hyper-
planes containing the point (xg,zg) € R™ x R™:
D={(z2):2€eR"}, L={(2,Rz): z€R"}.

The n-dimensional densities of N(x1,x9,t) on these two hyperplanes are
ho(z) and hi(z), respectively.

If an R™ x R™-valued random variable (1, &) is distributed as N (z1, x9,t),
we say that the Gaussian random variables £; and & are mirror coupled. In
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this case, conditioned on &7, the random variable &, takes only two possible
values, & and R&;.

The significance of the mirror coupling N (z1, z2,t) is that in a very gen-
eral sense, it is the unique optimal coupling of the distributions N (z1,t) and
N(za,t). We clarify the meaning of this statement in THEOREMS 3.2 and
3.3 below. For this purpose, we introduce the Wasserstein (or Kantorovich-
Rubinstein) distance of two probability measures p1 and pg on R with re-
spect to a nonnegative (cost) function ¢:

DY (1, p2) = inf o(|z — yl) p(dedy).
KEE (11,12) JRXR

As in SECTION 1, let

r/2 —p2/2td
¢t(7q)_\/ﬁ 0 € P

for ¢ > 0 with the obvious proviso for ¢ = 0, and recall that r — ¢.(r) is
strictly concave on Ry = [0, 00) for ¢t > 0.

Theorem 3.2. Let (s,t) € Ry x Ry and (z1,22) € R x R. Then
(3.1) DY (N(x1,t), N(x2,1)) = ¢sse(|z1 — 22]).

Proof. The hyperplane H bisecting the segment [z, 2] divides R™ into two
half spaces. Let

1
up(z) = B sgn{x — xg, 1 — T2),

i.e., up(x) = 1/2 on the half space containing x; and ug(x) = —1/2 on the
half space containing xo. Define

w(e) = [ p(t.)uoly) dy

The following assertions hold:

(32)  w(z) = 5 4i(2lz — mol)senlz — w0,71 — m2), : € R,
(3.3)  du(lz1 — 22]) = wi(21) — we(22), (21,22) € R" x R™;
(34)  ¢i(|lrr — 22|) = ue(w1) — ws(x2);

(35)  uss() = / p(ta, 2Jus(2) d, —

(3.2) can be verified by a direct computation; (3.3) follows from the identity

up(z1) — we(z2) = . {p(t,z1,2) — p(t,22,2) }up(z) dz

and (2.1) (note that |ug(z)| < 1/2); (3.4) follows from setting z = z1 and z =
x9 in (3.2); and (3.5) follows from the semigroup property of the Gaussian
heat kernel p (¢, 21, 22).
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Now suppose that (£1,&2) is a coupling of the distributions N(x1,t) and
N (z2,t). We have
Gs+t(|v1 — @2]) = Ust(w1) — uste(@2)
= E [us(&1) — us(&2)]
<E¢s([&1 — &)
This shows that

(3'6) DZ(N(xlvt)7N(x27t)) > ¢s+t(’$1 - 332‘)

On the other hand, if (£1,£2) has the distribution N = N(z1,x2,t) (mirror
coupling), then we have

Eés(j61 — Gal) = / b(]21 — 23] )N (dz1dn)

R™ xR™

= | 52z = o, m)[)n(2) dz
Rn

:2/<OO us(2){p(t,z1,2) — p(t,x2,2)} dz

z—x0,n)>0

— /n us(2) {p (t,21,2) — p (t, 22, 2)} dz

= Ustt(21) — Ustt(T2)
= ¢rrs(|z1 — 2).

Here n = (x1 —x2)/|x1 — 2| is the unique vector pointing from x5 to z1 and
xo = (r1 + x2)/2 is the middle point. Note that both functions us(z) and
p(t,z1,2)—p(t, z2, z) are odd with respect to the hyperplane H bisecting the
segment [x1,x2]. The above sequence of equalities shows that the distance
DX(N(xl, t), N(zo,t)) is attained at the mirror coupling. O

For calculations related to the above proof, see Sturm[7], EXAMPLE 4.6.

We now show that the Wasserstein distance DE:(N(:Ul,t), N(za,t)) be-
tween the Gaussian distributions N(z1,t) and N(x2,t) is attained only at
the mirror coupling. This fact is a consequence of the following general
uniqueness theorem for the transport problem arising from a strictly con-
cave cost function.

Theorem 3.3. Let s > 0 . Then the mirror coupling N(x1,x2,t) is the
unique coupling of N(x1,t) and N(x2,t) which realizes the Wasserstein dis-
tance DZZ(N(xl, t), N(z2,t)).

Proof. We have shown that the mirror coupling N(z1,x2,t) indeed attains
the Wasserstein distance, i.e.

L el — DN 1,22, 8) ddie) = DI (N1, ) N (e, ),

It is enough to prove the uniqueness.
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The argument below will work if ¢ is replaced by any strictly concave
cost function ¢. For this reason we will drop the subscript s in what follows.
We regard ¢(|y; — y2|) as the cost of transporting a unit mass from y; to ys.
Each p € € (u1, u2) represents a way of transporting pq to pe and the total
cost is the integral

/ o(lyr — y2|)pu(dyrdys).
R” xR"™

Thus the Wasserstein distance ng(,ul, ft2) represents the minimal cost of
transporting p1 to uo and an optimal probability measure in € (u1, p2) is a
transport which realizes the minimal cost. In our case,

w1 = N(x1,t) =p(t,z1,2)dz, po = N(xe,t) =p(t,z2,2)dz.

Let p be an optimal transport in this case. We have to show that u =
N(zy,x9,t), the mirror coupling.

Let

D ={(z,x) :z € R"}
be the diagonal in R™ x R™. We first show that the restriction of u to D is
(3.7) ,u|D(dz) = vp(dz) := ho(z)dz,
where
ho(z) :=p(t,x1,2) Ap(t, x2, 2).

First of all, since the marginal distributions of u are
N(z1,t) =p(t,z1,2)dz, N(xe,t)=p(t,x2,2)dz,

respectively, it is clear that u|p < 1p. The problem is to show that the
equality holds.

We first explain the basic idea by giving an intuitive argument. Suppose
that the strict inequality holds at a point yy. From the fact that the first
marginal distribution of u is p(t,z1,2)dz we argue that there must be a
point ya # yo such that (yo,y2) is in the support of p. Similarly there must
be a point y; # yo such that (y1,yo) is in the support of . This means that
a positive mass is transported from y; to y9 and then from gy to ys. But
then p cannot be optimal because from the inequality

é(ly1 — yol) + o(lyo — w2|) > &(|ly1 — y2)

it is more efficient to transport the mass directly from y; to ys.
For a rigorous argument, we write p in the following forms:

(3.8) p(dyrdy2) = k1(y1, dya)pa(dyr) = ka(ya, dy1)pa(dy)

where k1 and ko are appropriate Markov kernels on R™. Define two sub-
probability measures

Vi = p1 — Vo, V2= U2~ 1
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on R", and a probability measure on R™ x R™:

1 1
v(dyidy2) = §5y1(dy2)1/0(dy1) + 2/ k2 (yo, dy1) k1(yo, dy2) vo(dyo)

n

1 1
+ 5’?1(@/17 dy2) vi(dy1) + 5’62(92,6@1) va(dya).

Then a straightforward calculation shows that v is also a coupling of u; and
o. Comparing the transportation costs of v with that of u yields

/ (Jy1 — y2|)v(dyrdy2) — / o(ly1 — y2|)pu(dyrdys)
R xR™ R” xR™

- ;/n /n /Rn {o(lyr = y2l) — ¢(Jly1 — wol) — &(ly2 — wol)} x
ka(yo, dy2) k1(yo, dy1) vo(dyo).

By the strict concavity of ¢, the right-hand side does not exceed zero and is
equal to zero only if yq is equal to either y; or yo almost surely with respect
to the measure in the last line of the above display. This fact together with
(3.8) imply (3.7).
We now investigate u off diagonal. Recall that
H1 =1 + V1, H2 = 1 + Vo.
We have known already that each optimal transport leaves the part vy un-

changed. Moreover, the measures v; and v» are supported, respectively, on
the two half spaces S; and S separated by the hyperplane

H={zeR": (z—xp,n) =0}.
The idea is that transporting a mass from a point y; € S1 to yo € So
costs the same as transporting the same mass from Ry; to Rys, but the two
transports together are more expensive than the transports of y; to Ry; and
of yo to Ryo.
To make this argument rigorous, we first note that with the notation
established in the first part of the proof p can be written as

p(dyr, dy2) = by, (dy2)vo(dyr) + k1(y1, dy2) vi(dyr).

Here yo € Sy almost surely with respect to ki(yi,.) whenever y; € Sj.
Comparing the transportation costs for p with those for the mirror coupling

N(dy1,dy2) = 6, (dy2)vo(dy1) + Ory, (dy2)vi(dyr) yields

/ o(Jy1 — y2|) N (dy1dy2) — / o(ly1 — ya|)u(dy1dyz)
R™ xR™

R™ xR™
= % /R /R {¢(ly1 + Runl) + é(Jy2 + Ryal) — 26(|yr + y2|)} %

k1(y1, dy2)vi(dyr).

Again, by the strict concavity of ¢, the right-hand side does not exceed
zero and is equal to zero only if yo = Ry; almost surely with respect to
the measure in the last line of the above display. This means that that p
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is the mirror coupling of the two Gaussian distributions 1 = N(z1,t) and
p2 = N(x2,1). O

The above uniqueness result holds under much more general setting, see
Gangbo and McCann[3], THEOREM 1.4. See also Villani[8], SECTION 4.3,
THEOREM 3.

Corollary 3.4. Let s > 0. If p € €(N(x1,t), N(x2,t)) (i.e., i is a coupling
of the Gaussian measures N(x1,t) and N(x2,t)) such that

L oullar = abtdendzs) = bl 22,

then p must be the mirror coupling.
Proof. This follows from THEOREMS 3.2 and 3.3. ]

Remark 3.5. For the Gaussian measures N(z1,t) and N(x2,t), the cou-
pling which achieves the distance D;V (p1, p2) is independent of ¢; see EX-
AMPLE 1.5 of Gangbo and McCann[3] for more general examples of this
kind.

4. PROOF OF THE MAIN THEOREM

We now come to the proof of the main result THEOREM 2.5. Suppose
that (X1, X2) is a Markovian coupling of Brownian motions from (z1,x2)
which is maximal at time ty. We have

Gi (J21 — m2]) = P{X1(t0) # X2(to)}
= E ¢o(| X1 (t0) — Xa(to)|)-
We fix a t € [0,%p) and condition on .%;X. Since the coupling is Markov-
ian, under this conditioning (X (to), X2(to)) is a coupling of the Gaussian

distributions N (X (t),to —t) and N(X2(t),to —t). Hence by PROPOSITION
3.2,

E {¢o(|X1(to) — Xa(to) ).F*} > drg—e(|X1(2) — Xa(1))).
It follows that
bty (|01 — z2]) > B 1 (| X1 (t) — Xa(t)]).

By PROPOSITION 3.2 again, this is bounded from below by ¢y, (|x1 — x2]).
Therefore the equality must hold and we have

Pio (|71 — m2|) = E by (| X1 () — Xa(2)))-

Using COROLLARY 3.4, we see that as Gaussian random variables, Xs(t)
must be mirror coupled with X7 (¢).

The fact that X;(¢) and X2(t) are mirror coupled implies that with prob-
ability one, Xs(t) is equal to either X;(¢) or its mirror reflection R (X1 (t)).
By the sample path continuity, we conclude that

P {X,(t) = X1(t) or R(X:1(t)) for all t € [0,t0]} = 1.
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It is now clear that before ¢y and before the first hitting time
T=inf{t>0:X(t) € H}

of the hyperplane H bisecting the segment [z1,x2] we must have Xy(t) =
R (Xi(t)). To show that X is the mirror coupling of X; all the way up to
time tp, it is enough to show that X;(t) = Xs(t) for ¢ € [r,to] if 7 < to.

We have shown that (X;(t), X2(t)) is mirror coupled for each t < .
Hence,

P{X1(t) = Xo(t)} = /R (p (£, 2) Ap(t 29, 2))} de.

Of course this equality should holds if X5 is the mirror coupling of X, in
which case the probability on the left-hand side is equal to the probability
P{r <t},ie,

P{r<t}= . {p(t,z1,2) Np(t,x2,2)} dz.

Hence we have

P{X1(t) = Xao(t)} = P{r < t}.
On the other hand, we know that X;(¢) = RX2(t) if ¢ < 7, or equivalently
X1(t) # Xo(t) if t < 7. This implies that

{Xa(t) = Xo()} C {7 <t}.

Since the two events have the same probability, it follows that with proba-
bility one X (t) = Xo(t) if 7 <.

5. MORE GENERAL INITIAL DISTRIBUTIONS

Given two probability measures p1, uo, it is not clear that a maximal
Markovian coupling always exists. The problem is that the probability
P{T(X1,X2) >t} can be minimized for each fixed ¢ but not at the same
coupling for all £. In this respect, we can obtain some positive results by
taking advantage of certain situations in which the unique minimizers of the
Wasserstein distance ng(,ul, u2) are independent of the choice of strictly
concave function ¢. This is the case, for example, if (1 — u2)4 is supported
on a half space and (u; — pa)— is the reflection of (u1 — po)4 in the other
half space, or if (u1 — p2)+ is supported on an open ball and (u; — p2)— is
the spherical image of (1 — p2)— (see REMARK 3.5).

Let (Xi,X2) be a maximal Markovian coupling of Brownian motions
starting from (u1,p2). We expect that conditioned on ffOX X2 the cou-
pling (Xi,X5) is a maximal Markov coupling from (X;(0), X2(0)). This
means that

P{T(X1, X2) = 8|72 | = 0u(|X1(0) = X5(0)])

and

P{T(X1, X2) > t} = E (| X1(0) — X2(0)]).
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Since the distribution of (X7(0), X2(0)) is a coupling of (u1, p2), the right
side is bounded from below by D};‘t/(ul,ug). The function ¢; is strictly
concave for strictly positive ¢. By our choice of (u1, p2), there is a unique
minimizer My, ., € €(p1,p2) which realizes the distance simultaneously
for all t > 0. From this fact it is now easy to conclude that the unique
maximal Markovian coupling of Brownian motions starting from the initial
distributions (u1, p2) and it is given by

/ N ELT2 MM17M2(dx1dl‘2),

where 4 #1%2 denotes the law of the mirror coupling of Brownian motions
from (z1,x2).

6. ANOTHER UNIQUENESS THEOREM

There are other, arguably less interesting, conditions under which we can
prove that the mirror coupling is the only maximal coupling.

Theorem 6.1. If (X1, X53) is a mazimal coupling of Euclidean Brownian
motions from (x1,x2) and at the same time a martingale with respect to a
filtration F, = {F#}, then they must be mirror coupled.

Proof. We sketch a proof in dimension 1. The difference X1 — X5 is a
continuous martingale. Let

Ot = i <X1 — XQ)(t)

There is a Brownian motion W such that
X1(t) — Xa(t) = 2W (0y).
By the Kunita-Watanabe inequality, we have
(6.1) A(X1, Xo)(t) < V/A(X)d(Xa) = dt.
Hence o, <t. Now let
7 =1inf{t > 0: X;(t) = Xa(t)}.
We have T'(X1, Xo) > 71. Let
T =inf{t >0: W(t) =0}.

Then 9 is the first passage time of a Brownian motion from |z; — x3|/2 to
0. The maximality of the coupling (X1, X2) means that T'(X;, X2) and 7
have the same distribution. On the other hand, we have o, = 7, hence

T(X1,X2)>1 > 07 =T

It follows that T'(X;, X2) = 72 and o, = 7 = 71. Therefore the coupling
time coincides with the first meeting time of X; and X5, and before they
meet the equality must hold in the Kunita-Watanabe inequality (6.1). This
latter fact forces

Xg(t) = XQ(O) + Xl(O) — Xl(t) = 2x0 — Xl(t), 0<t< T(Xl,XQ),
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which just means that X5 is the mirror coupling of X;. U

7. CONCLUDING REMARKS

It is clear that the results proved in this paper depend heavily on certain
symmetry properties of the transition density function (the heat kernel) of
Euclidean Brownian motion. As such it does not lend itself in any way to
an immediate extension to a general Riemannian manifold. However, the
argument is valid (at least for point mass starting distributions) for certain
symmetric spaces, such as complete, simply connected spaces of constant
curvature (space forms). The proof of this extension follows verbatim the
proof we have given above for Euclidean space, and the only point which
may not be immediately clear is the following fact.

Proposition 7.1. Suppose that M is a complete, simply connected Rie-
mannian manifold of constant curvature (space form) and x1 and zo two
distinct points on M. Let N be the totally geodesic hypersurface perpendic-
ular to the minimal geodesic joining x1 and xo. Let

™ = inf{t >0: Xl(t) € N}
be the first hitting time of N. Then

1
P{ry >t} = 3 /M lpar(t, 21, y) — pa(t, z2,y)| dy.

Proof. Let M; be the half space of M containing x,. Then the Dirichlet
heat kernel of M; is

b (t7 xz, y) = pM(t7 xz, y) - pM(t7 ja y)7
where Z is the mirror reflection of x with respect to the hypersurface N =
OM;. Of course xo2 = Z1; hence,

IP{TN Z t} :/ le(t7x17y) dy
My

= {pM(tvxhy) _pM(t7$27y)} dy
My
By symmetry, we have

= {pm(t,z1,y) —pm(t,z2,y)} dy
1

=/, {prm(t, z2,y) — oM (t, 21, y)} dy.
2

The desired relation follows immediately. O

It should be pointed out that if the curvature is negative, coupling may
fail with positive probability.

How to construct a maximal coupling for Brownian motions on a general
Riemannian manifold is an interesting problem. The works of Griffeath[4]
seems to indicate that a maximal coupling always exists as long as we do
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not restrict ourselves to Markovian couplings, and it is generally believed
(Griffeath[4], Chen|[2], Burdzy and Kendall[1], Lindvall[5]) that a maximal
coupling is in general non-Markovian. However, Mu-Fa Chen communicated
to us recently that the work of Zhang[9] implies a construction of a maximal
Markovian coupling for a general discrete-time Markov chain. Whether such
a construction can be carried out for a continuous-time Markov process
remains to be seen.
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