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Abstract

We give a sufficient condition to construct non-trivial py-symmetric diffusion processes on a
locally compact metric measure space (M, p, ;). These processes are associated with local
regular Dirichlet forms which are obtained as continuous parts of I'-limits for approximating
non-local Dirichlet forms. For various fractals, we can use existing estimates to verify our
assumptions. This shows that our general method of constructing diffusions can be applied
to these fractals.
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1 Introduction

According to the Central Limit Theorem, Brownian motion on R? or on a Riemannian manifold
can be obtained as the scaling limit (as » — 0) of canonical random walks: after an exponentially
distributed time with mean r? the particles have to jump uniformly distributed into the ball of
radius r centered at the previous location. By an analogous procedure, many elliptic diffusions
on flat or curved spaces can be obtained. In [18], the basic idea of this procedure was used to
construct diffusion processes on arbitrary metric measure spaces.

However, typical diffusions on fractals and also diffusions on R¢ equipped with a Cantor like
speed measure have a different space-time scaling. In order to construct or approximate them
by random walks as above, one has to take into account the specific time scale function h(r)
(replacing the usual diffusive scale r?).

Given an arbitrary metric measure space (M,p,u) and an arbitrary increasing function
h: Ry — Ry ("time scale function”) we define approximating Dirichlet forms £ on L2(M, p)

by
&g = 1 1 u(xr) —u 2/Ld w(dz
(u) h(r) /M u(B(ZL‘,T)) /B(z,r)[ ( ) (y)] ( y) ( )

In Chapter 2 we formulate basic conditions on £” which will imply that there exists a diffusion
process associated with the scaling limits of these forms. The crucial point here is to deduce
locality of the limiting Dirichlet form (which is equivalent to continuity of the limiting Markov
process). Actually, for this result we allow even more general frameworks. The main difficulty
is the lack of appropriate cut-off functions.
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Instead of studying the above approximating Dirichlet forms on the original metric space, in
many cases it is easier to study discrete Dirichlet forms on graphs which approximate the metric
space. Chapter 3 is devoted to introduce this concept of approximating graphs and to compare
the Dirichlet forms on these graphs with the previous ones.

In Chapter 4, we prove that suitable two-sided heat kernel estimates for an arbitrary regular
Dirichlet form on an metric measure space will imply that the form is comparable to a scaling
limit of the previous approximating forms. This in turn allows to verify part of our basic
conditions. The main theorem in this chapter (Theorem 4.1) extends the results in [6] which
require the volume growth u(B(z,r)) to be comparable to r® and the time scale h(r) to be
comparable to 728 for some a > 1,3 > 1. But since the volume growth and the time scale are
not necessarily polynomial growth (see for instance [9]), such an extension seems to be necessary.

In Chapter 5 we present two different classes of examples. The first ones are p.c.f. (=post
critically finite) self-similar sets, e.g. the Sierpinski gaskets. By applying the known results, we
characterize the domains of self-similar local regular Dirichlet forms on them (Proposition 5.4).
The second ones are (generalized) Sierpinski carpets. For these classes, the domains of local
regular Dirichlet forms are known (cf. [14], [17]), which we restate in Proposition 5.5. In both
cases, we can verify all of our basic conditions, thus diffusions on them can be (re)constructed
through the method in Chapter 2.

2 General Construction of Diffusion Processes

Let us fix a metric measure space (M, p, u) where (M, p) is a locally compact separable metric
space and p is a Radon measure with p(B(z,7)) > 0 for each » > 0 and € M. Here and in
the sequel, B(z,r) denotes the ball of radius r centered at x. Moreover, for each r > 0 we fix
a measurable nonnegative function (x,y) — k,(z,y) which vanishes if p(x,y) > r and satisfies
supgere [oslkr (2, y) + ke (y, 2)] p(dy) < oo for each compact K C M. In terms of these quantities
we define the approzimating Dirichlet forms E" with Co(M) C D(E™) C L*(M, ) as follows

£ (u) = /M /M () — u(y) PR () p(dy) ().

Finally, we fix throughout this chapter a sequence (r;, ), of positive numbers decreasing to 0 and
put
E*(u) :=limsup £™ (u)

n—oo

and

Fri={uelCy(M): £ (u) < oo}.
We will discuss limit points of the forms £ under (some of) the following:

Assumptions 2.1.
(A1) F*is dense in Co(M).
(A2) There exists 6 > 0 such that

lminf £ (uy,) > § - £ (u)

n—oo

for all uw € L2(M, p) and all (uy,), C L*(M, p) with u, — u in L2(M, ).
Occasionally, we impose instead of (A2) the stronger assumption:



(A2*) There exists § > 0 such that

liminf ™ (uy) > 0 - sup ™ (u)

for all uw € L2(M, ) and all (u,), C L*(M, p) with u, — w in L2(M, ).
Theorem 2.2. (i) Assume (A1). Then for a suitable subsequence (1) of (ry) the T-limit

£0:=T- lim €™
exists, is dominated by E* on L*(M, u) and is the extension of a regular Dirichlet form (&, F)
on L2(M, j1) with core F*.
Hence, there exists a pi-reversible strong Markov process associated with (€, F).
(i) Assume in addition (A2) and let £ denote the diffusion part of £. Then F* = F N
Co(M),
EX>E>EQ>45. 6"

on F and (5(0),]:) 1s a strongly local reqular Dirichlet form.
Hence, there exists a diffusion process associated with (E(C),}"). It is p-reversible and strongly
Markovian.

Remark 2.3. a) Typical examples are k. (z,y) = r~2" %15, (y) provided pu(B(z,r)) < Cpr-r
for all7 > 0 and z € M or kp(z,y) =2 u(B(x,7)) " 1 p(z, (y) provided u satisfies a so-called
doubling property (see Section 3). In these cases, (Al) is always satisfied since C(I; (M) c F*
and the Dirichlet form (€, F) can always be shown to be strongly local (see [18]).

A detailed discussion of conditions on (M, p, u) (mainly, the so-called measure contraction
property) which imply (A2*) for the latter choice of k, can be found in [19].

b) We may weaken Assumption (A1) replacing the condition lim sup €™ < oo by I'-lim sup €™
< oo. However, in general it is not possible to replace it by liminf £™ < oo or I'-lim inf £™ < oo
since these conditions are not preserved under passing to subsequences.

c¢) Under (A2), obviously ¢ - £* < I'-liminf £™ < liminf £™ < £* which for instance in the
definition of F* allows to replace £* by &, := liminf £™ or by I'-lim inf ™.

d) If we choose another subsequence (7,) to define the I'-limit then the resulting forms &,
£ are equivalent to £, £(9. However, it might happen that e.g. & is local whereas & is not
local (or vice versa).

e) If 6§ =1 (i.e. if the sequence (£™) is convergent in a suitable strong sense) then the I'-limit
coincides with the pointwise limit and is already strongly local:

£ = lim ™ =T- lim £ =& =&,

n—oo n—oo

f) A slight modification of the following proof will show that under (A1, A2):

2(x (©) T -limsu u(x) —u 2 T T T
| @) = 5-tmsw [ juw) =)l koo g)etalolw) udy) pld)

n—oo

for each u € FNCy(M) and ¢ € Co(M).

Proof. (i) The existence of £ := I'-lim,, o, £ as well as the fact that it is a Dirichlet form
follow from general results on I'-convergence. Moreover, due to (A1) its domain D(E%) := {u €
L3(M,p) : E%u) < oo} contains F* since £2 < £*. Hence, (£%, F*) is a closable Markovian
form and its closure (£, F) is a regular Dirichlet form (with core F*). See [4, 16, 18].



(ii) Assumption (A2) implies that £ > § - £*. Hence,
& ze0z6-¢&

on L?*(M,p). Moreover, we know oo > 0 = £ > £ on F. This already implies F* =
FNCo(M).
Now note that for each u € F NCo(M)
€ () = lim A\72- (E(cos[Mu]) + E(sin[u])) (2.1)

A—00

(which holds for each regular Dirichlet form, see [16] page 389) and that for each u € L?(M, 1)

E" (cos[Au]) + E"(sin[Au]) = /M /M 2 (1 = cos[Au(z) = w(y)]]) kr(2,y) u(dy) p(dz) — (2.2)
(simple calculation). Hence, for each u € F N Cy(M)

EOw) = lim A2 (E(cos[Au]) + E(sin[\u)))

A—00

> - limsuplimsup A7 - (€™ (cos[Au]) + ™ (sin[\u]))

A—»oo n—oo

J - limsup lim sup/ / % (1 = cos[Au(z) — u(y)|]) kr,(x,y) u(dy) p(dx)

A—00 n—oo

—
*
~

5 - limsup / / () — u(y)? b, (2 ) p(dly) ()

n—oo

= §-&

where (*) is due to the uniform continuity of v and the fact that k,(z,y) = 0 if p(x,y) > r. This
proves

EX(u) > E(u) > ED () > - E*(u)

for all u € F N Cy(M) which in turn (by density) implies the same inequality for all u € F.
In particular, the forms £ and £(©) are equivalent. Therefore, (& @, F ) is closed and thus a
strongly local regular Dirichlet form. O

From now on, the kernel k,(x,y) will be chosen more concretely. We fix a time scale h, i.e.
a strictly increasing function h : [0, 00) — [0, 00) with h(0) = 0, and put

1 1

kr(x,y) = . 1m (Y). 2.3
D=0 B P 29
The approximating Dirichlet form then reads

o — u(y)]* p(dy) p(de) (2.4)
for all u € L*(M, ). Here £, .. ~! [, ... u(dy) denotes the normalized integral.

Moreover, we let V' denote the volume growth i.e.

V(z,r) := u(B(z,r))

for x € M and r > 0. Finally, we define

Lip,,(h,2,00)(M) = {u e L*(M,p) : sgpgrn(u) < oo}.
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Note that (A2*) implies F* = Lip,,(h,2,00)(M) N Co(M).
In the sequel, we always assume the following doubling properties for the volume growth V'
and the time scale h.
Assumptions 2.4.
(VD) There exists Cy > 0 such that V(z,2R) < C1V(z, R) for allz € M and R > 0.
(TD) There exists Ca > 0 such that h(2R) < Cah(R) for all R > 0.

It is well-known and easy to see that (VD), (TD) imply the existence of constants 11,72 > 0
and Cs,Cy > 0 such that for z,y € M and 0 < r < R,

VR _ <p<fvy>+R>” MR <R>m. (2.5)

Viy,r) h(r) =

Example 2.5. Assume that there exist positive constants C, C’ and d such that

crt < Viz,r) < C'rd

for all x € M,r > 0. In this case, the set M is called a d-set and the measure p is called Ahlfors
regular. Then (VD) is satisfied.

Moreover, put h(r) = r2? for some positive number 3. Then (TD) is satisfied. When 3 < 1,
our Lipschitz space Lip,,(h, 2, 00)(M) coincides with the Lipschitz space Lip(/3, 2, oo; M) studied,
for instance, in [11].

Remark 2.6. a) Assume (VD). Then the generator A" of £" can be written as

p O @) O
arvte) = s [ ) = 5 ) — gt

with C =1+ 21C3, V(z,y,r) :=C [V(z,r)" ' + V(y,r)_l]_l and a Markov kernel ¢, defined

by
1 1
¢ (z,dy) := WlB(x,r)(y)M(dy) + (1 - /B(m) W#W@) <0z (dy).

Hence, the transition semigroup for £ is given by

> (Ct h
ot o—Ct/h(r Z / } (2.6)
k=0

with ¢! being the k-th iteration of ¢,. In particular, pf > e~ C4/M") . [1 + Ct/h(r) - q,).
a) Assume in addition (A1), (A2*) and that M is compact. Then £ and £(°) are conservative

vz, dy) p(dz) > Pz, dy) p(dz) s, (x, dy) p(dz) — (2.7)
B M\B B M\B M\B

(c)

for each measurable B C M, each t > 0 and each n. Here pt,p;”’,p;" denote the transition
semigroups associated with the Dirichlet forms &, & @, g, resp. Indeed, since

E>EQ >5.6>452. 8



on L?(M, 1), we have exp(tA) < exp(tA©)) < exp(dtA) < exp(6%tA™) and thus

/B/Bpt(x,dy)ﬂ(dx)S/B/Bpgc)(x,dy)u(d;g)g/B/Bpggt(x’dy)M(dm).

According to the compactness of M, [ [, pf(x, dy) pu(dz) = pu(B) < oo where p} stands for any
of the involved transition semigroups. Hence (2.7) follows.

The inequality (2.7) can be used in combination with the explicit formula (2.6) to deduce
lower bounds for [, fM\B pe(x, dy) p(dx) and [, fM\B pgc)(:n, dy) p(dx) and to conclude that p;

and pgc) are not degenerate.

Remark 2.7. Let us consider the case where there exists a family of time scales {hs(-)}s>0
such that each hg satisfies (TD) and for each 0 < 8 < &

limsup hg/ (r)/hg(r) = 0.
rl0

Given hg, we denote £ (u) in (2.4) as E%7(u). We also denote £7*(u) = limsup,,_,., E5™ (u)
and £70(u) = T-lim,,_,ooE%"% (u). Note that (A1) for some 3 implies (A1) for all 5 < (3 and

90wy =0 for all w € L*(M, ).

Indeed, £ (u) < oo implies £70(u) = £ *(u) = 0 for all §/ < (. Hence, (A1) for 8 implies
EP0(u) = 0 on a dense subset of L2(M, ;). By lower semicontinuity this implies EPO(u) =0
for u € L?(M, i1). Note also that (A1) is always true for hg(r) = r? since then C(I;lp(M) C F*.
There exists at most one [y such that simultaneously:
o {uec L?(M,u): EP*(u) =0} is not dense in L?(M, p);
o {ue L?(M,pu): EP*(u) < oo} is dense in L2(M, ).
(Indeed, {u € L>(M,p) : £%*(u) = 0} D {u € L*(M,p) : E%*(u) < oo} for all §/ < 3", as
discussed above.)
In the case hg(r) = 729, the number d,, := 23 is called walk dimension.

3 Graph approximation under volume doubling

In computing concrete examples, it is often useful to work on approximating graphs instead
of M itself. In this section, we will introduce a natural sequence of approximating graphs of
(M, p, ) when p satisfies (VD). We further show that approximating forms are comparable to
the original jump-type form under some weak assumptions.

We first define graphs which approximate M. Under (VD), there exists a constant Ny € N
such that for each r > 0 there exists an open covering {B(z;,7)}5°, of M with the property
that no point in M is contained in more than Ny of the B(x;,7), i € N. Such a choice of open
covering is possible under (VD). Indeed, since M is a locally compact separable metric space,
there is an increasing sequence of compact sets { Ky, },>1 such that U,>1K, = M. Now, take
z} € Ky and choose z3, 23, -+ € Ky by letting «},, be any point in Kj \ U;ZlB(x},r). We do
this until we can no longer proceed. Since K is compact, there is a finite subset {xl}ilzl C {zl};
such that K; C Uélle(wi,r). We next choose 22,23, --- € Ky by letting mgﬂ be any point in
Ky \ (U?:lB(xi, r)U Ué-:lB(x?, r)). Again we do this until we can no longer proceed. By doing
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this procedure iteratively, we obtain a desired open covering of M. Note that the x; must be at
least r distance apart, so that the balls {B(z;,7/2)}; are disjoint. Now suppose y is in N of the
balls B(x;,r), i € N (N may be infinite at this stage). Using (2.5), there exists Ny = C3 - 10™
such that for each of these we have V (y, 2r)/V (z;,r/2) < Ny. Since B(y, 2r) contains N disjoint
balls B(z;,r/2),

V(y,2r)> Y V(wi,r/2) > NN'V(y,2r),

:yEB(zi,T)

which implies N < Ny, independent of y and r.

Let V. = {z;};. We say that z and y are connected by bonds (which we denote {z,y} € B;)
if B(x,r) N B(y,r) # (. In this way, we can define a graph (V;,, B,). The definition of (V;, B;)
depends on the choice of the open covering of M’; — in the following, for each r > 0, we choose
one open covering with the above mentioned property and fix the graph (V,, B,). For each
sequence (r,,) which converges to zero, the set U,,V,. is dense in M. Note that (V,, B,) has
bounded degree, i.e. sup,cy, H{y € V; : {x,y} € B,} < oo. For later use, note also that for each
x € M, the number of balls B(z;,r) which intersects with B(x,2r) (say L;,) is bounded by
some positive constant Ly which is independent of x,r. Indeed, if A, , is a set of such z; € V,,
then

NoV(x,4r) > Z V(zi,r) > Lyy - min V(x;,r),

x; €A
IieAm,r ! T

since each point in M is covered by at most Ny of the balls B(x;,r) and B(x;,r) C B(x,4r).
Using (2.5) as before, we have V(x,4r)/V (z;,7) < c2, so that Noca > L, ,. We can thus take
LO = N()CQ.

For each r > 0, the mean value operator p, : L'(M, ) — 1(V;) is given by

e f(s) = fB W) s Vs € DO,

Here [(V}.) denotes the set of all maps f : V,, — R. We define the discrete Dirichlet form on the
graph (V;,, B;) by
. 1
E'(f) = D (f@) = fW)* V(z.r)  YfelVr) (3.1)

(T) {z,y}€B,

We will show that this form is comparable with the approximating Dirichlet form £ on the
original metric space (M, p) under the following Poincaré inequality.

PI(h)) There exists c3.1 > 0 such that for each f € L?(M, u) and each r > 0,
1
1
T3 2 [ @) = e () < a2,
seV, (s:7)

where E°(f) = I-liminf ,, oo B (ttr,, f).

Lemma 3.1. Assume (VD) and (PI(h)). Then there exists c3.2 > 0 such that

E(f) < es2A EX(f) + E" (e )y Vf € LA (M, ), ¥r > 0.



Proof. For i > 1, define BY = = {{s,t} : s,t € V,, there exists {uj}j o C Vi (L <) such that
s = ug,t = ur, and {uj,uj41} € B, for0<]<L—1} Note that 1fx€B( 7“) s € V; and
Lo)

p(x,y) <r, then y € B(t,r) for some t € V,. where either t = s or {t,s} € B, (Recall that
Ly is the number of balls B(z;,r) which intersects with B(x,2r).) Using this fact and (VD), we

et
g Z/”)V =D /” F)IPu(dy). (3.2)

tEBr:t=s
or {s, t}EB(LO)

Since the degree of (V;., B,) is uniformly bounded with respect to r, by a simple computation

using triangle inequalities, we have

[LHS of (3.2)] < h(Q tEBM S /B(” s /(m () = f(y)[Pu(dy). (3.3)

seVy
Or {s,t}eBy

Computing each term in the sum of the right hand side, we deduce

p(dz) . )
/B<s,r> Vi(s,r) /B(t,r)‘f( ) = f(y)|"n(dy)

_ V( 7T) T 2 T 2 o r s
= V) fo, SR+ [P <2V e )0
_ Vi) ) — $)|?p(dx — 2
= T fou, @ =S [ 1) =0 )
V() (e (5) — e F(0) (3.4)

Now summing up the last term of (3.4) and using (VD), we see that the right hand side of (3.3)
is greater than or equal to

R 2 o ) )t + )

SEV
Using (PI(h)), we obtain the result. O
The opposite inequality is easier.
Lemma 3.2. Assume (VD) and (TD). Then there exists cs.3 > 0 such that
ET(IU’Tf) < 03.387”(.]0) Vf € LQ(M7 ,U,), Vr > 0.

Proof. First, by similar computations as (3.2) and (3.3), using (VD), (TD) and the fact that
{B(s,7)}sev, covers each point of M at most finite number of times, we have E"(f) > c1E4(f)
for some ¢; > 0. Thus, it is enough to prove E"(u, f) < c2E4(f).

Note that if + € B(s,r) and {s,t} € B,, then B(t,r) C {y € M : p(z,y) < 4r}. Since
{B(s,7)}sev, covers each point of M at most finite number of times, using (VD), we have

0 S

{s t}eB,

(s |f(z) = f(y)]uldy). (3.5)

B(t.r)

Now by the same computation as (3.4) and using (TD), we obtain that the right hand side of
(3.5) is greater than or equal to c4E" (u, f) for some ¢4 > 0. O

As in the case of £, for a sequence (ry), of positive numbers decreasing to 0, put

E*(u) := limsup E™ (py, u), F*:={ueCy(M): E*(u) < co}.



Assumptions 3.3.
(B1) F* is dense in Co(M).

(B2) There exists § > 0 such that for all u € L*(M, ) and all (un)n, C L?(M, 1) that converges
to u in L?,
liminf E™ (py, uy) > 6 - E*(u).

n—oo

(B2*) There exists 6 > 0 such that for allu € L*(M, 1) and all (u,), C L*(M, ) that converges
to u in L?,
liminf E™ (py, upn) > 6 - sup E™ (uy, u).
n—o00 n
Our main result in this section is that the Assumptions 3.3 together with (PI(h)) for the dis-
crete Dirichlet forms on the induced graphs (V;, B,) imply the Assumptions 2.1 for the Dirichlet
forms on the abstract metric space M.

Proposition 3.4. Asume (VD), (TD) and (PI(h)). Then (B1) = (A1), (B2)= (A2), and
(B2*) = (A2*).

Proof. The first implication is clear from Lemma 3.1 and the fact that E°(u) < E*(u). For
the second one, note that by (B2) and Lemma 3.1, we have £*(u) < ¢;I'-liminf E™ (u,, u). By
this and Lemma 3.2, we have £*(u) < coI™-lim inf £ (u) so that (A2) holds. The last inequality
can be proved similarly. O

4 Domains of Dirichlet forms with two-sided heat kernel esti-
mates

In the following, we will prove that if a heat kernel of a regular Dirichlet form satisfies suitable
two-sided estimates, then the domain of the form is the Lipschitz space. We assume that the
heat kernel satisfies the following estimate for all 0 < t < h(diam(M)), x,y € M,

1 QI(h(p(w,y)))

h(p(z,y))
Vi i 1(0) : s )

Vi i 1(0) — (4.1)

< pi(z,y) <

where h~! is a inverse function of h and ®1, ®5 are monotone decreasing positive functions on
[0,00). (We will assume that ®9 decay sufficiently fast at +oco in Theorem 4.1).
Moreover, we impose the following ”fast time growth” condition:

(FTG) There exists n3 > 0 and C7 > 0 such that h(T)/h(t) > C1(T/t) for all 0 < t < T.
Our main theorem in this section is the following.

Theorem 4.1. Let (M, p, i) be a metric measure space. Assume that (VD) holds for p and that
a time scale h is given which satisfies (TD) and (FTG). Assume further that there is a local
regular Dirichlet form (€, F) on L*(M, u) with the following properties: there exists a symmetric
transition density pi(x,y) for (€, F) with respect to p which satisfies (4.1). Here we assume that
the function ¢(s) := s +12)/13&,(s) is monotone decreasing in [so,00) for some 5o > 0 and

o0 mitn2 4
/ $o(s)s 1 ds < oo. (4.2)
1



Then, for all a > 1 there exist cg1(),ca.2 > 0 such that the following holds.

c21(a)E(f) < limsup EY " (f) < supET(f) < ca2E(f) for feF. (4.3)

m—oo r>0

Here E" is the approzimating Dirichlet form as defined in (2.4). In particular,

F = Lip, (h,2,00)(M).

3~

Remark 4.2. By (4.3), we see that (A1) holds. Thus, by Theorem 2.2 i), £% := - limy,, o "
exists. If in addition

go(f) > cy.3E(f) for feF (4.4)

or
E°(f) :=T-liminf oo E™ (tr, f) > ca3E(f)  for feF (4.5)

holds, then by (4.3) and Lemma 3.2, we see that (A2*) (thus (A2)) holds. We note that this
theorem is an extension of [6] Theorem 4.2 and [17] Theorem 1.

Proof. We first prove sup,-qE"(f) < c1E(f) which in turn immediately will imply F C Lip.
For f € L?(M,p), let &(f) := %(f — P,f, f)12, where P, is the semigroup corresponding to
(€,F). Then,

&(f) = ;t//MXM(f(w)f(y))th(x,y)u(dx)#(dy)
1
- %/ /P(x,y)ﬁhl(t)(f(x)_f W))?pe(x, y)p(da) p(dy)

(1) (f(z) = f())?
= 12715 / /p(r,y)ghl(t) Wu(dx)u(dy), (4.6)

where we use the lower bound of (4.1) in the last inequality. Taking ¢t = h(r) for r > 0, we see
that the RHS of (4.6) is equal to 11 E(f) for some ¢; > 0. It is well known that &(f) " E(f)

as t | 0 ([5], Lemma 1.3.4). Thus the claim follows.
We next prove co€(f) < sup,,en €Y (f) which then will imply F D Lip. For each g € Lip,

&lg) = glt//MXM(g(w) — 9(¥))*pe(z, y)u(dzx)p(dy)
B 2175//:v,yeM (9(@) = 9(9)*pe(, y)u(da) p(dy)

p(z,y)>1

* ;t//Z,yEM (9(z) — g(y))th(%y)u(dx)M(dy) =: A(t) + B(t).

p(z,y)<1

We first estimate A(t). (Note that this part is empty if diam(M) < 1.) Since

Alt) = ;T;//am@(w)gamﬂ(g(w) — g(y))?pe(x, y)p(da) p(dy),

for o > 1, using the fact (a + b)? < 2(a® + b?) and the symmetry, we have

o) u(dz) / pr(a, )l dy).

am<p(zy)<amtl

10



Set Hy, = {y € M : a™ < p(x,y) < o™}, By (4.1), we have

1 h(a™)
/mpt(w,y)u(dy) < /Hm Tty e mldy)
p(Hom) cga™ V(z,a™t)  cgamm
V) 2 ) S v )

where we use (FTG) and the fact 0 < h(1l) < oo in the second inequality. Using (2.5), we
have V(z,a™ ™) /V(z,h"1(t)) < ca(a™/h~1(t))™. Note that by (FTG), if ¢ is small we have
h(1)/h(t') > c5/t'"™. Taking t = h(t'), we have 1/h~1(t) < cg/t'/™. Combining these facts, we
have

amn?) I amnS
m/ms ., (23
; ) 2( "

o
cr
A(t) < —llglize Y (
m=0
for small ¢ > 0. By a simple calculation, we have F(t,m) = p(c3a™B /t) - (/™3 /t)~12/" <
@(c3/t)t™=/™ /o™ By the assumption that ¢ is monotone decreasing and (4.2), we have
limg_, o0 (s) = 0. Thus, noting that e > 73, we obtain

00
cs
)= Lllgl S Fitm),
m=0

A(t) < ¢ lglFap(es/t)em/mt (4.7)

for small ¢ and thus A(t) =00.

Next we estimate B(t). By (4.1) again, we have

B0) < 5> [utdo) [ g™ 6w - o) utdy
m=1 —-m ’
Cy z,al™m a ™
< D5 [y £, 0w ) )
. o0 al—m hial—m hla™™
< alsup e <g>>;{clo<h_1(t)>nlv1}( g 20, (18)

where we use (2.5) in the last inequality. We now compute the sum in (4.8). Note that by
(2.5) and (FTG), we have c¢11(2'/2)™ < h(2')/h(z) < c12(2'/2)™ for 2/ > z and h(Z')/h(z) <
c13(2'/2)™ for 2/ < z. Let t' = h~!(t) and take mqo = mg(t') so that a=™0~! < ' < a~™0. Then,

moVO0 _ —-m o) —m

o—m o™ e o
(4.8) < cua(sup & (9)){Z(T)m+"2¢2(615( 7 )™) + Z ( 7 )”}
meN m=1 m=(mo+1)V1
—m o mtng 4 e o~ ™
< anlswp e @) [ s W s 3 (M)
meN e m=(mo+1)V1

< ci5-sup £ 7 (g),
meN

where we use (4.2) in the last inequality. Combining this with (4.7), we obtain

&lg) < CIHg!\%Qw(Cg/t)tT’Q/”E’*l ¥ el - SUI’)\I ga—m(g)
me

for small ¢ > 0. Thus, £(g) = limy—0 &(g) < c1s - sup,,en €Y (9)-

11



Now replacing A(t) and B(t) in the previous argument by Ag(t) = o ffp(x p>a-r(9() =

9W))*pe(z, y)p(dr)u(dy) and Bi(t) = g [ [,0y)<a-r@(@) = 9(y)*pe(z, y)u(dz)p(dy) yields
E(g) < c18-sup,,, E* " (g) for each k € N and thus

£(g) < c1s - limsup £ " (g).

m—00

5 Examples

In this section, we demonstrate some examples where we can obtain non-trivial processes under
the framework of the last section. We begin with the definition of a self-similar space: see [1],
[13] for more details and examples.

Let I = {1,2,---,N}. The one-sided shift space ¥ is defined by ¥ = IN. For w € %, we
denote the i-th element in the sequence by w; and write w = wywows - - - .

Definition 5.1. 1) Let M be a compact metrizable space and for each s € I, Fs : M — M be
a continuous injection. Then, L = (M,I,{Fs}scr) is said to be a self-similar structure on M if
there exists a continuous surjection w: % — M such that wo s = Fgom for every s € I, where
0s: % — X is defined by osw = sw for s € I.

2) Let L = (M,I,{Fs}ser) be a self-similar structure on M. Then, C(L) (the critical set of L)
and P(L) (the post critical set of L) are defined by

cLy=="'( |J EOnnFE@®), PKL) =] (C(L),

s,tel,s#t n>1
where o : X — X s the left shift map, i.e. ow = wows -+ if w = wiwg---.

Set Vo = w(P(L)); we call Vjy the boundary of M. A Bernoulli (probability) measure on M
is a measure p on M such that u(F;(M)) = u; > 0, where Zf\il wi = 1.

In the following, we will demonstrate two classes of connected self-similar sets (M, I, {Fs}scr1),
which have non-trivial processes under the framework of the last section.

5.1 P.c.f. self-similar sets

We call the self-similar set (M, I,{Fs}ser) a post critically finite (p.c.f. for short) self-similar
sets if the post critical set P(L) is a finite set. This condition implies that M is finitely ramified.

These sets were introduced by Kigami ([12]). It is shown that, provided a ‘regular harmonic
structure’ exists, (which roughly means there exists a non-degenerate fixed point for a non-linear
renormalization map), then a local regular local Dirichlet form exists. There are many fractals
which satisfy this assumption (typical examples are the Sierpinski gaskets). We will make this
assumption for p.c.f. self-similar sets and introduce the results we need concerning the properties
of their Dirichlet forms.

The resistance R(p,q) between points p # g € M can be defined using the Dirichlet form
(&€, F), by

R(p,q) = (inf{E(f, ) : f(p) =0, f(q) =1}) 7",

where we set inf ) = co. We set R(p,p) = 0 for p € M. Then, the function R(-,-) determines a
metric, which we call the (effective) resistance metric, on M.

12



Theorem 5.2. ([13]) 1) There exists a local reqular Dirichlet form (€, F) on L*(M, n) which
has the following property:

() — F(@) < R(p,)&(f. f) for feF, pqgeM, (5.1)
N

E(f,9) = _pi€(foFigoF) for fgeF, (5.2)
=1

where p; > 1 (i € I). Especially, all the elements in F are continuous functions. Further, if we
set Egy(+,) = E(, )+ B ) r2(ay for B> 0, then, &) admits a positive symmetric continuous
reproducing kernel.

2) Let L,, be the self-adjoint operator on L*(M, u) associated with the Dirichlet form (€, F),
and define n*(x) = #{\ : X is an eigenvalue of —L,, < x.}. Let di(p) > 0 be the unique positive
number satisfying Zij\il(ui/pi)dg(“)ﬂ =1, then

0 < lim inf 71“(33)/3@6@(“)/2 < limsup n“(:lﬁ)/;zcdg(“)/2 < 0.

T—00 T—00

Further, let v be the Bernoulli measure satisfying
v, = pi_S forall i €1, (5.3)

where S is the unique constant which satisfies S0 | p7° = 1. Then the mazimum of d<(u)/2
over Bernoulli measures on M is attained only at v, and the mazimum value is S/(S + 1).

For this special case, (i.e. u = ) detailed estimates on the heat kernel p;(z,y) are obtained
in [7]. In the following, we will explain a version of the result in the paper.

Theorem 5.3. There exists a jointly continuous symmetric transition density p,(z,y) for (€, F)
with respect to v which satisfies the following,

_ s R(z,y) t! _ s R(z,y)5t!
et exp (—es (NI y0) < (o) < st exp (e a(DEY Ty (s
forall0 <t <1, x,y € M, where 0 < v < v, and ¢5.1, - ,C5.4 are positive constants which

depend only on M.

Proof. This can be obtained by a simple modification of [7] Corollary 1.2, i.e.,

)

R(zx,y)5t! > A5 oy @)/ (SHL=d5 (amy)))

S
pe(z,y) < cit” 5+ exp (—62 ( .

for all z,y € M with e”™ ! < R(x,y) < e”™ and all 0 < t < 1, with the same lower bound
(with different constants c3 and c¢4). Here

1
di(ﬂf,y) = % log Nm-l—k(xvy)v (55)

Ny (z,y) is the shortest path counting function for the resistance metric at level m (see [7] for
detailed definition), and

k= k(m,t) == inf{j : Nppyj(z,y)e D) <4y, (5.6)

13



It is enough to estimate d(z,y) uniformly from above and below when R(z,y)"*!/t is (thus k
is) large. Now, using self-similarity, Lemma 3.3, Lemma 3.4 and (3.11) of [7], we have

(S+ 1)k

csexp(k) < Nppr(z,y) < cgexp( 5 ).

(From this we see that S > 1.) Substituting this to (5.5), we have

S+1 Cg

2 k’
and the result holds. O

We remark that we cannot take y; = 72 in general, as shown in [7] Section 6.

We now show that the domain F of the Dirichlet form is the Lipschitz space. First, note
that F is embedded in the space of continuous functions on M and it is independent of the
choice of 1. We thus take y = v. Then, by (5.4), we can apply Theorem 4.1 with p(-,-) = R(,-),
Bo=dw/2 = (S +1)/2, h(t) = t5F! and ¢;7° < V(x,7) < cor®. We thus have the following.

1- L <diwy) <

Proposition 5.4.
S+1
F = Lz’py(%

Further, the Lipschitz norm is comparable to € in the sense of (4.3).

,2,00)(M).

Note that we can also prove this proposition by the similar way as [14] Theorem 4.3, but
as we have detailed estimates (5.4) of the heat kernel, the proof in Theorem 4.1 is much easier.
Using (5.4) again, we can prove that for all 5 > (S + 1)/2, Lip,(5,2,00)(M) consists only of
constant functions (cf. [6] Theorem 4.2 and [17] Proposition 2).

By this proposition, (A1) holds. In this case, £(f) is a monotone increasing limit of quadratic
forms on approximating graphs. Further, elements of the domains of the forms are continuous
functions. We thus obtain E°(f) := I-lim,,_« E™(f) = £(f) (cf. Section 3 in [7]), in particular
(4.5) holds. Therefore (A2*) (thus (A2)) holds in this case.

5.2 Sierpinski carpets and their Dirichlet forms

Let Hy = [0,1]¢, and let I € N, [ > 2 be fixed. Set Q@ = {I1%_,[(k; — 1)/l,k; /1] : 1 < k; <, k; €
N(1<i<d)},letl<N< 1% and let F;, 1 <i < N be orientation preserving affine maps of Hy
onto some element of Q. (We assume that the sets F;(Hp) are distinct.) Set Hy = U;er F;(Hp).
Then, there exists a unique non-empty compact set M C Hy such that M = U;erF;(M) and
(M, 1,{Fs}ser) is a self-similar structure. M is called a Sierpinski carpet if the following holds:
(SC1) (Symmetry) H; is preserved by all the isometries of the unit cube Hp.
(SC2) (Connected) H; is connected.
(SC3) (Non-diagonality) Let B be a cube in Hy which is the union of 2¢ distinct elements of Q.
(So B has side length 2/~!.) Then if Int(H; N B) is non-empty, it is connected.
(SC4) (Borders included) H; contains the line segment {z : 0 <z < 1,29 = -+ = 24 = 0}.
Here (see [3]) (SC1) and (SC2) are essential, while (SC3) and (SC4) are included for techni-
cal convenience. The main difference from p.c.f. self-similar sets is that Sierpinski carpets are
infinitely ramified: the critical set C(£) in Definition 5.1 is infinite, and M cannot be discon-
nected by removing a finite number of points. In fact, for the classical Sierpinski carpet in R?
with [ = 3 and N = 3¢ — 1 we have Vj = 9|0, 1]¢. Write D = log N/log! for the Hausdorff
dimension of M w.r.t. the Euclidean metric.
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We write v for the Bernoulli measure with weights 1; = 1/N: v is a multiple of the Hausdorff
measure on M. In [2], [15], [3], [8] a non-degenerate Dirichlet form & on L?(M, v) is constructed
on these spaces, with the property that £ is invariant under local isometries of M — and in
particular £ is the same on each k-complex. The uniqueness of £ is an open problem — see [3].
If £ were unique then (5.2) would follow immediately. However, without requiring uniqueness,
in [15] (see also Remark 5.11 of [3]) a compactness argument is used to construct a Dirichlet
form &€ with the same invariances as £ and in addition satisfying (5.2) in the case when, for a
constant pys depending on M,

pi = py, forall 1<¢<N.

Let tpr = Npa and let X = ()?t,t > 0) be the diffusion associated with & and L?(M,v).
We define d,, = log th log!l, the walk dimension of M, and ds = 2log N/logty, the spectral
dimension of M. As X satisfies the same local isotropy condition as the processes studied in
[2], [3], the techniques of those papers apply to X and lead to the following estimates for the
transition density of the process.

lz — y||*
t

|z — gl

_ds 1 _ds 1
st ¥ exp (—cal JTT) < i) < gt ¥ exp (—ess(F— L) TT)

forall 0 <t <1, z,y € M, where cs55,- - ,csg are positive constants which depend only on M
and || - — - || is the Euclidean metric. Thus, we can apply Theorem 4.1 with p(-,-) = || - — - |,
Bo = dw/2 =, h(t) = t% and c;rlosN/1oel < V(g 1) < corlo8N/1ogl and we have the following
(cf. [14], [17]).

Proposition 5.5.

F = Lip,(%,2,00) (M),

Further, the Lipschitz norm is comparable to € in the sense of (4.3).

By this proposition, (A1) holds in this case. Further, (4.5) holds by Proposition 5.2 and
Theorem 5.4 in [15] (in general, Lemma 4.1 and Lemma 4.3 in [8]). Therefore (A2*) (thus (A2))
holds in this case.
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