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Abstract. We present a semigroup approach to harmonic maps between metric spaces. Our
basic assumption on the target space (N,d) is that it admits a "barycenter contraction”, i.e.
a contracting map which assigns to each probability measure ¢ on N a point b(q) in N. This
includes all metric spaces with globally nonpositive curvature in the sense of Alexandrov as
well as all metric spaces with globally nonpositive curvature in the sense of Busemann. It also
includes all Banach spaces.

The analytic input comes from the domain space (M, p) where we assume that we are given
a Markov semigroup (p;)i>0. Typical examples come from elliptic or parabolic second order
operators on R", from Lévy type operators, from Laplacians on manifolds or on metric measure
spaces and from convolution operators on groups. In contrast to the work of KOREVAAR,
SCHOEN (1993, 1997), JosT (1994, 1997), EELLS, FUGLEDE (2001) our semigroups are not
required to be symmetric.

The linear semigroup acting e.g. on the space of bounded measurable functions u : M — R
gives rise to a nonlinear semigroup (FP;); acting on certain classes of measurable maps f : M —
N. We will show that contraction and smoothing properties of the linear semigroup (p;); can
be extended to the nonlinear semigroup (F;"), for instance, L,-L, smoothing, hypercontractiv-
ity, and exponentially fast convergence to equilibrium. Among others, we state existence and
uniqueness of the solution to the Dirichlet problem for harmonic maps between metric spaces.
Moreover, for this solution we prove Lipschitz continuity in the interior and Holder continuity
at the boundary.

Our approach also yields a new interpretation of curvature assumptions which are usually
required to deduce regularity results for the harmonic map flow: lower Ricci curvature bounds
on the domain space are equivalent to estimates of the L;-Wasserstein distance between the
distribution of two Brownian motions in terms of the distance of their starting points; nonpositive
sectional curvature on the target space is equivalent to the fact that the Li-Wasserstein distance
of two distributions always dominates the distance of their barycenters.

Keywords: harmonic map, barycenter, Markov semigroup, nonlinear Markov operator, NPC
space, Hadamard space, Dirichlet problem, coupling, Wasserstein distance.



Introduction

A smooth map f : M — N between Riemannian manifolds is called harmonic iff its tension
field 7(f) := traceV(df) vanishes. Well known examples are harmonic functions (N = R),
geodesics (M C R) and minimal surfaces. Harmonic maps play an important role in many areas
of mathematics, see EELLS, LEMAIRE (1978, 1988) for a survey.

The first existence and regularity results for harmonic maps have been derived by EELLS,
SAMPSON (1964), considering the parabolic equation %f(t,x) = 7(f)(t,x) with given initial
map f(0,.) and then letting ¢ go to co. An important assumption here is that the target N has
nonpositive curvature. Otherwise, the solution may blow up, see e.g. STRUWE (1985).

The elliptic approach, based on the fact that classical harmonic maps are critical values of
the energy E(f) := 3 [, [|df (2)||>vol(dz), was initiated by HILDEBRANDT, KAUL, WIDMAN
(1975, 1977).

ISHIHARA (1979) characterized harmonic maps f : M — N by the fact that for each convex
function ¢, defined on some open Ny C N, the function ¢ o f, defined on f~1(Ny) C M, is
subharmonic.

In the last decade, for several reasons it was found necessary also to study maps into more
general target spaces, e.g. GROMOV, SCHOEN (1992). ISHIHARA’s characterization indicates
that any framework for such an extension will require an appropriate notion of subharmonic
functions on the domain space and the notion of convex functions on the target space.

KOREVAAR, SCHOEN (1993, 1997) and JosT (1994, 1997) independently began to develop
a theory of harmonic maps into metric spaces of nonpositive curvature in the sense of Alexandrov
(briefly: NPC spaces). These developments are based on the fact that a canonical extension
of the energy functional can be defined for maps with values in NPC spaces. In the approach
by KOREVAAR, SCHOEN, the domain space is still a Riemannian manifold. Generalizations
to Lipschitz manifolds and Riemannian polyhedra are due to GREGORI (1998) and EELLS,
FUGLEDE (2001). In JOosT’s approach, the domain space is a locally compact metric space with
a Dirichlet form on it.

JosT (1997) succeeded to prove Holder continuity of harmonic maps provided a scale in-
variant Poincaré inequality holds true on balls of the domain space. For the more specific case
of Riemannian domain spaces, KOREVAAR, SCHOEN (1993) could prove Lipschitz continuity of
harmonic maps.

Our approach admits a more general class of target spaces than the class of NPC spaces.
For instance, also Banach spaces and l,-products of NPC spaces are included. We assume
that the target space is a complete metric space (IV,d) equipped with a map b which assigns
to each probability measure p on N (with bounded support, say) a point b(p) € N, called
barycenter or center of mass. The intuitive meaning is that b(p) = [y z2p(dz). Indeed, for
Banach spaces this may be used as a definition for b. For NPC spaces we may choose b(p) :=
argmin, e n [y d*(y, z) p(dz).

Instead of curvature conditions we require that

d(b(a1), b(g2)) < / d(yr, o) a(dy) (1)

NXxN

for each probability measure ¢ on N x N with marginals ¢; and g2. Our basic point of view is
that curvature conditions (on domain as well as on target spaces) should be replaced by coupling
properties.



Our domain space will be a metric space (M, p) with a semigroup of Markov kernels p;(x, dy)
on it. In the classical case, it is given in terms of the heat kernel: p;(x,dy) = ki(x, y)vol(dy).
Other examples are derived from SDESs, from elliptic or subelliptic PDESs, from pseudodifferential
operators as well as from operators on infinite dimensional spaces. Each Dirichlet form gives rise
to such a Markov semigroup. However, we do not require that our semigroups are symmetric
whereas in previous approaches symmetry is essential since everything is defined in terms of the
energy.

Abstractly spoken, there is some kind of duality: On the domain space M we have (for each
t > 0) a map p; which assigns to each point x in M a probability measure ps(z,.) on M. On
the target space N we have a map b which assigns to each probability measure ¢ on N a point
b(q) in N.

As in the classical approach by EELLS, SAMPSON (1964), we first consider the solution to
the parabolic problem. Given a map f : M — N, we define its evolution after time ¢ by

Pyf = lim Py
op—0
(provided this limit exists for some sequence (dy,),) where

Pf(x) = b (pel, f ()

denotes the barycenter of the push forward of the probability measure p;(z,.) under the map f.
The intuitive meaning is that P f(z) = [}, f(y) pe(z, dy).

Our main observation is that, under (1), contraction and smoothing properties of the linear
semigroup (p;);>0 carry over to the nonlinear semigroup (F;);~¢. For instance, if

dilpsu < e - dilu (2)
for all Lipschitz functions w : M — R then P; f exists for all Lipschitz maps f: M — N and
dil Pff < e - dil f. (3)

More involved assumptions on (p;)¢~o will imply that P;* f exists for all bounded maps f : M —
N and
dil P} f < C} - oscf.

We present many examples, including heat semigroups on manifolds and Alexandrov spaces,
convolution semigroups on Lie groups, and Ornstein-Uhlenbeck semigroups on Wiener spaces.
Similarly, we prove that the nonlinear operator P has the same L, — L, smoothing properties
as the underlying linear operator p;. Hence, we may use logarithmic Sobolev inequalities and
spectral bounds for the generator of the linear semigroup (p;): in order to deduce contraction
properties for the nonlinear semigroup (F;");.

Under weak assumptions, again on (p¢)i>0, the maps P} f will converge as t — oo to a map
h with Pfh = h (”invariance”), in particular, with

1 o
li ~d(h, Pyh) = 0 (4)

("harmonicity”). The solution to the Dirichlet problem on a set D C M will be obtained in a
similar manner, just replacing the original semigroup by the stopped semigroup (pp ¢)¢>0 which
preserves boundary data and, in the local case, leads to the same notion of harmonic maps. We



prove that under minimal assumptions this nonlinear Dirichlet problem has a unique solution.
In addition, under mild restrictions, this solution will be locally Lipschitz continuous in the
interior of D and continuous (or even Holder continuous) at the boundary of D.

In order to see the relation between our notion of harmonic maps and the classical one, let
the target N be either a Riemannian manifold or a metric tree or a Banach space. Then (again
under some minimal technical assumptions) a map f : M — N will be harmonic in the sense of
(4) if and only if the function ¢ o f is subharmonic (w.r.t. (p¢);) for each Lipschitz continuous
convex function ¢ : N — R.

Our approach also yields a new interpretation of curvature assumptions which are usually
required to deduce regularity results for harmonic maps and/or the associated nonlinear heat
flow. Let us choose the classical framework where M and N are smooth Riemannian manifolds
and (py); is the heat semigroup (associated with Laplace-Beltrami operator and Brownian mo-
tion) on M. In order to deduce the ”gradient estimate” (3) (either analytically using Bochner’s
formula or probabilistically using Bismut’s formula) one has to impose lower Ricci curvature
bounds on the domain space and upper sectional curvature bounds on the target space. More
precisely, one has to require

Ricys > —k, Secy < 0.

In our approach, both curvature conditions are replaced by contraction properties in terms of
the L;-Wasserstein distance d" (see Chapter 2). The condition Ricy; > —k is replaced by

AV (pe(,.),pe(y, ) < € - d(z,y) ()

(for all points x,y € M and t > 0) — which is equivalent to the lower Ricci curvature bound in
the Riemannian setting and equivalent to (2) in the general setting.
The condition Secy < 0 is replaced by

d(b(q1),b(g2)) < d" (g1, q2) (6)

(for all probability measures q;, g2 on N) — which is equivalent to the upper sectional curvature
bound in the Riemannian setting and equivalent to (1) in the general setting. In particular,
there is again a kind of duality: nonpositive sectional curvature implies that the distance of
two distributions dominates the distance of the respective barycenters whereas nonnegative
Ricci curvature implies that the distance of two starting points dominates the distance of the
distributions at any later time.

We proceed as follows:

In Chapters 1 and 2 we present our basic assumptions on domain and target spaces and
illustrate the generality of our framework. We give many examples which are not covered by
any of the previous approaches.

Chapter 3 is devoted to the definition of our basic objects: the nonlinear Markov operators
P, and the nonlinear heat operators F;".

In Chapter 4 we derive two fundamental results (Theorem 4.1 and Theorem 4.3) which state

that the limit P/ f(x) = klim P}i/ékjf(x) exists for each Lipschitz continuous map f: M — N
—00

(or even for each bounded measurable f) and defines a Lipschitz continuous map P/ f : M — N.
Theorem 4.3 gives convergence for some sequence (d0y )k, Theorem 4.1 yields convergence for each
sequence. The rather technical proof of the last result is postponed to Chapter 8. It is based
on a precise estimate for barycenters ("reverse variance inequality”) which may be regarded as
a quantitative description of curvature effects.



Chapter 5 deals with the uniform approach and with the Lg-approach. Various contraction
properties will be shown to carry over from the linear semigroup (p;); to the nonlinear semigroup
(B )s-

In Chapter 6 we introduce the concepts of harmonic invariant maps and harmonic maps and
we derive existence and uniqueness for the solutions to the nonlinear Dirichlet problem. We also
prove that (under appropriate assumptions on the linear semigroup) these solutions are locally
Lipschitz continuous in the interior and Holder continuous at the boundary.

Finally, in Chapter 7 we study harmonic maps with values in manifolds or trees. In particular,
we deduce and generalize Ishihara’s characterization of harmonic maps in terms of subharmonic
and convex functions.

1 The Domain Space

Our domain space will be a measurable space (M, M) with a given Markov semigroup
p = (pt)t>0 on it. That is, M is an arbitrary set, M is a o-field on M and p : |0, c0[x M x M —
[0, o] satisfies

o Vt>0,VAC M:xw pz,A) is a M-measurable function on M:;
o Vt >0,Vz € M : A p(x,A) is a probability measure on (M, M);
o Vs, t>0,Vo € M\VAe M: poyi(z,A) = [}, 0:(y, A)ps(z, dy).

Occasionally, we require (M, M) to be a Radon measurable space. All locally compact spaces
with countable bases as well as all Polish spaces (= complete separable metric spaces) — equipped
with their Borel o-fields — are Radon measurable spaces.

Example 1.1. Let M be a Riemannian manifold, M its Borel o-field, m the Riemannian volume
measure and k :]0,00[xM x M — [0,00] be the minimal heat kernel on M (= fundamental
solution of %A — %). Then p¢(x, dy) := ki(x,y)m(dy) defines a Markov semigroup provided M
is stochastically complete, i.e. provided p¢(xz, M) = 1 for all x € M and some (hence all) ¢ > 0.

The latter is always satisfied if M is connected and complete and if the Ricci curvature of M
is bounded from below or, more generally, if Ric| B(rao) = C (r?2 + 1) or, even more generally, if
m(B,(z0)) < exp[C(r? 4 1)] (for some zg € M,C € R and all r > 0 ), cf. GRIGORYAN (2000).

Example 1.2. Let M = R equipped with its Borel o-field M and let k(s,z,t,dy) be the
transition kernel for the parabolic partial differential equation

0 : 02 : 9
%u(x, s) = Z aij(x, s)mu(@“, s)+ Z bi(x, s)a—u(m, s)

»
ij=1 i=1 ¢

on R?, where a;; and b; are bounded measurable functions on R and (a;;) is locally uniformly
elliptic, symmetric and continuous. Then p;((z, s), A) := [ 1a((y, s+1t))k(s, z, s+, dy) defines a
Markov semigroup on R4T1. If the coefficients a;j and b; do not depend on time then p;(x, B) :=
k(0,x,t, B) defines a Markov semigroup on R%. See STROOCK, VARADHAN (1981).

Similar results hold true for hypo- and subelliptic operators (cf. FEFFERMAN, PHONG (1983),
JERISON, SANCHEZ-CALLE (1986) ) as well as for certain pseudodifferential operators, for in-
stance for (—A)*/2 with o < 2 which is covered by the next result.



Example 1.3. Given a symmetric matrix a € R%*?  a vector b € R? and a measure ;1 on R?
satisfying [ga [ly[?/(1 + [lyl|*)p(dy) < oo there exists a unique convolution semigroup (g¢)¢>o of
probability measures on RY such that p;(x, B) := q;(B — ) defines the Markov semigroup for
the Lévy operator

d 2

9 y - Vu(zx)
Z Yij S O 8% )+ Z bi 0361 / (U(l” +y) —u(x) — HW) w(dy).

1,j=1

See e.g. ETHIER, KURTZ (1986), JACOB (1996, 2001), TAIRA (1991).

Lemma 1.4. Each quasi-reqular conservative Dirichlet form (€, D(E)) on a o-finite measure
space (M, M, m) defines a Markov semigroup (pt)i>o0 such that Yu € Lo(M) N Loo(M) and for
m-a.e. + € M

ula) = [ ulwme.dy). @
Here a denotes the generator of (€,D(E)). See MA, ROCKNER (1992).

Standard examples here are Dirichlet forms associated with elliptic differential operators in
divergence form (with bounded measurable coefficients) on R?. Let us mention some non-
classical examples of quasi-regular conservative Dirichlet forms:

e Dirichlet form on the Wiener space C(R4,R™) and Ornstein-Uhlenbeck semigroup;

e Dirichlet forms on path or loop spaces C(Ry, M) or C(S', M), resp., over Riemannian
manifolds.

The ”quasi-regularity” of the Dirichlet form is not really essential here since in the sequel we
only use p; for t € T :={k-27": k,n € N} and for each conservative Dirichlet form on a Radon
space (M, M) there exists a Markov semigroup (p¢)er satisfying (7).

Lemma 1.5. Each Markov process (2, A, P, X[ ); » with values in some measurable space (M, M)
defines a Markov semigroup on that space by

pe(z, A) :=P(X[} € A). (8)

If (M, M) is a Radon measurable space then vice versa: each Markov semigroup on (M, M)
defines via (8) a Markov process (unique up to equivalence). See e.g. BAUER (1996).

One of the main examples for such Markov processes are solutions of stochastic differential
equations

AXT =z + b(XT)dt + o(XT)dW,

on R? where (W;); denotes Brownian motion and b : R — R and o : R? — R? are locally
Lipschitz and bounded. Other remarkable examples are

e Super-Brownian motion on the space of measures on R";
e Fleming-Viot processes on the space of probability measures on R";
e Interacting particle systems as processes on the configuration space over R™.

In all the above mentioned examples, the Markov processes can be chosen to be right Markov
processes which means that they have some additional minimal regularity properties. All Lévy,
Feller, Hunt, and standard processes are right processes.



Definition 1.6. Let (0, A, P, X7"):. be a right Markov process associated with a Markov semi-
group (pt)i=o0 on a Radon measurable space (M, M). Then for each measurable subset D C M
the stopped semigroup (pp+)e>o is the Markov semigroup on (M, M) defined by

pp(x, A) :==P(X{\,(pa) €A)
where T(D,z) :=inf{t > 0: X} & D} denotes the first exit time of D.

Definition 1.7. Given a Markov semigroup (p;)¢~o on a measurable space (M, M) we define for
each t > 0 the terminal coupling operator p; acting on symmetric functions p: M x M — Ry
by

P p(@1, @2) = sup [pru(er) — prulaz)|

where the supremum is over all bounded measurable u : M — R satisfying |u(y1) — u(y2)| <
p(y1,y2) for all y1,y2 € M. The coupling semigroup (p§)i>o0 acting on symmetric functions
p: M x M — Ry is defined by

n
prp(x1,x2) := sup {ptvn o...optvlp(xl,xg) :neNt; > O,Zti = t}.
i=1

Remark 1.8. For each Markov semigroup (p;)¢~o on a measurable space (M, M)
Py p(x1,22) < inf Ep(Z1, Z2) (9)

where the infimum is over all probability spaces (£2,.4,P) and all random variables Z; : Q@ — N
with distribution P(Z; € .) = p(x;,.) (for i = 1,2). Similarly,

pip(x1,w2) < infEp(X7H7 (1), X517 (1)) (10)

where the infimum is over all Markov processes (Q, A, P, (X7 (¢), X5"%(t))t.21,2, 00 M X M for
which the marginal processes (Q, A, P, (X7 (t))t2, and (2, A, P, (X5""*(t))t.2, have transition
semigroup (pt)¢>0-

Moreover, under weak regularity assumptions the above inequalities are indeed equalities.
For instance, if p is a complete separable metric on M and if M is its Borel o-field then (9)
is an equality. In general, using the notation from the next Chapter the RHS of (9) equals
oW (pe(x1,.), pe(z2,.)). Cf. RACHEV, RUSCHENDORF (1998), KENDALL (1990).

2 The Target Space

Our target space will be a complete metric space (N,d) with a given barycenter
contraction b on it.

We denote by A the Borel o-field of N, and for each § > 0, by P?(N) the set of all probability
measures p on (N, \) with separable support and with [, d’(z,z)p(dz) < oo for some/all z € N,
Given two measures p,q € P'(N), a measure p € P1(N x N) is called coupling of p and ¢ iff

WA X N) =p(A), (N x A) = q(A) (VA € N).

The L;-Wasserstein distance or Kantorovich-Rubinstein distance of p,q € PY(N) is defined as

d"(p,q) = inf {/ d(x1, z2)p(dz) - p e PYN?) is a coupling of p and q} .
N2



Definition 2.1. A barycenter contraction is a map b : P1(N) — N such that
o b(d;) =x forall z € N;
o d(b(p),b(q)) < d"(p,q) for all p,g € PI(N).

Remark 2.2. If there exists a barycenter contraction on (N, d) then (N, d) is a geodesic space:
For each pair of points xg,x1 € N we can define one geodesic t — x; connecting x¢ and x; by
xp = b((1 — )0z + Iz, ).

Given any four points zg, z1,yo,y1 € IV, the function ¢ — d(x¢, y¢) is convex. Indeed,

d(ze,y1) < dV (1 =)0y 4 0y, (1 — )6y, +18,,) < (1 — t)d(z0, o) + td(z1, 1)

since (1 —t)d(z.y0) + t0(z1,y:) 18 @ coupling of (1 — )y, + 0z, and (1 — 1)y, + 1,

In particular, the geodesic ¢t — x; depends continuously on xg and x;. However, it is not
necessarily the only geodesic connecting xzg and x7.

If geodesics in N are unique then the existence of a barycenter contraction implies that
d: Nx N — Ris convex. Thus N has globally "nonpositive curvature” in the sense of
Busemann.

Example 2.3. Let (NV,d) be a complete metric space with globally "nonpositive curvature” in
the sense of A.D. Alexandrov. Then for each p € P?(N) there exists a unique b(p) € N which
minimizes the uniformly convex function

z»—>/ d?(z, z)p(dx)
N

on N. The map b : P?(N) — N extends to a barycenter contraction P}(N) — N. See STURM
(2001).
Equivalently, b(p) can be defined via the law of large numbers as the unique accumulation point

of the sequence
1 n
n Z Xi(w)
=1

for a.e. w where (X;); is a sequence of independent random variables with distribution p.
The point %Z?:l Xi(w) is defined by induction on n as the point v;,, on the geodesic from
Yo = S Xi(w) to 1 i= Xn(w). See STURM (2002). Examples of spaces with globally
nonpositive curvature in the sense of A.D. Alexandrov are

complete, simply connected Riemannian manifolds with nonpositive sectional curvature;

trees and, more generally, Euclidean Bruhat-Tits buildings;

Hilbert spaces;

e [Lo-spaces of maps into such spaces;

e Finite or infinite (weighted) products of such spaces;
e Gromov-Hausdorff limits of such spaces.

See e.g. BALLMANN (1995), BRIDSON, HAEFLIGER (1999), BURAGO, BURAGO, IvANOV
(2001), EELLS, FUGLEDE (2001), GROMOV (1999), JOST (1994, 1997A), KOREVAAR, SCHOEN
(1993, 1997).



Example 2.4. Let N be a complete, simply connected Riemannian manifold and let d be
a Riemannian distance. Then (N,d) admits a barycenter contraction b if and only if N has
nonpositive sectional curvature.

Indeed, if (IV,d) admits a barycenter contraction then so does (Np,d) for each closed convex
Ny C N. Hence, geodesics in Ny are unique and thus ¢ — d(7, ;) is convex for any pair of
geodesics v and ¢ in Ny. This implies that N has nonpositive curvature (JOST (1997A)).
Conversely, if N has nonpositive curvature then it admits a barycenter contraction by the
previous Example 2.3.

Example 2.5. Let (N, d) be a locally compact separable complete metric space with negative
curvature in the sense of Busemann. Then Es-SAHIB, HEINICH (1999) have constructed a
barycenter contraction. For Riemannian manifolds, this is different from those in Examples 2.3
and 2.4, and also for trees, it is different from that in Example 2.3.

Example 2.6. Let (N, |.||) be a (real or complex) Banach space and put d(z,y) := ||z — y||.
Then P(N) is the set of Radon measures p on N satisfying [y [|z]| p(dz) < oo. For each
p € PL(N), the identity = + z on N is Bochner integrable and

bp) = [ aptao)

defines a barycenter contraction on (INV,d). Cf. LEDOUX, TALAGRAND (1991), for instance.

Lemma 2.7. Let I be a countable set and for each i € I, let (N;,d;) be a complete metric space
with barycenter contraction b; and “base” point o; € N;. Given 0 € [1,00], define a complete
metric space (N, d) with base point o = (0;)icr by

N = {x = (2i)ic1 € Q) Ni : d(,0) < oo} , d(z,y) = [Z d?(ﬂ?i,yi)]

i€l el

provided 0 < oo or by d(z,y) = sup;c; di(xi, y;) if 0 = 0. One can define a barycenter contrac-
tion b on PL(N) by
b(p) := (bi(p:))ier

where p; € PY(N;) with p; : A — p({z = (;)jer € N : z; € A}) denotes the projection of p €
PL(N) onto the i-th factor of N.

Proof. Let m; denote the projection N — N;. For § = oo

d(b(p),b(q)) = supd;(bi(pi),bi(gi))

i€l
< supinf {/ di(zi, yi)dpi((zi,9i)) = pi coupling of m;(p) and 771‘((1)}
el N; X N;
< supinf {/ di(mi(x), mi(y))du((z,y)) : u coupling of p and q}
iel NxN
< inf{/ d(z,y)dp((w,y)) : p coupling of p and q} = d"(p,q)
NXxN



and similarly for 6 < oo

I

Ak
d(b(p).blg) < lzigf [ /. Ndz-m(:c),wz-(y))du((x,y>>]
iel x ]
< nf lz [ /. XNdim(:c),m(y))du((x,y>>] _
n emx,m ! x, = dV ,
< f/sz [an( () <y>>] du((@,y) = d" (p.q)

el

where inf always denotes the infimum over all couplings p € P'(N x N) of p and ¢. For the last
o

inequality, note that by Minkowski’s inequality

o 1/0

> 1D lali, )] <>

icl | jeJ jeJ

1/6
> \a(i,j)al

iel

for all finite sets J and all sequences a(i,j) which extends (by the usual measure theoretic
arguments) to

1/6

1/6
NT
< /X [Zrau,s)r] (de)

il

[Z I muymwawr

el

for all probability measures p and all measurable functions a(i,.) on X = M x M. O

For instance, this applies to N = R",n > 2 with the usual notion of barycenter but with
“unusual” metric d(z,y) = sup{|x; — yi| : ¢ = 1,..,n}. In this case, geodesics are not unique,
e.g. each curve t — (t,02(t), ..., on(t)) with ¢ € CLH(R),p;(0) = ¢;(1) = 0 and |p;| < 11is a
geodesic connecting (0,0, ...,0) and (1,0, ...,0).

Each barycenter map b on a complete metric space (INV,d) gives rise to a whole family of
barycenter maps b,,, n € N (which in general do not coincide with b, see Example below).

Proposition 2.8. Let (N,d,b) be a barycentric metric space and ® : N x N — N be the
"midpoint map” induced by b, i.e. ®(z,y) = b(36, + 30,). Define a map =: PL(N) — PH(N)
by

2(q) == P«(¢®q).

Then = is a contraction with respect to dV. Thus for each n € N

bn(Q) = b(En(Q))
defines a barycenter map by, : PY(N) — N.

Proof. It suffices to prove that = is a contraction on (P!(N),d"), i.e. that dV (Z(p),Z(q)) <
d" (p, q) for each pair p,q € P1(N). Let u € P(N?) be an optimal coupling of p and q. Without
restriction, we may assume p = %Zle Ozy ¢ = %Zle dy, and p = %Zle O(zay) Let xij =
O (x4, ;) and yi; = P(y;,y;). Then Z(p) = 1%222;':1 dz;; and Z(q) = #Zf,j:l dy,;- Define
a coupling p' of Z(p) and =Z(q) by ¢/ = %Zij:l O(zs; ;) Note that d(zij, yij) < dV (36z, +

=\ = k
%51’]'7 %5% + %6%) S %d(x’myl) + %d('r])y]) Hence, dW(‘:‘(p)v‘:'(Q)) S % Zi,j:l d(xl]7yl]) S
ﬁ Zijd [d(@i, i) + d(zj,y;)] = %Zf:l d(wi, yi) = dW(P7 q)- O
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Example 2.9. Define the tripod by gluing together 3 copies of R, at their origins, i.e.
N ={(i,r): i €{1,2,3},r e Ry }/ ~ where (i,7) ~ (j,s) :&r=5=0.

It can be realized as the subset {r - exp(%2m’) € C: reRy,l€{1,2,3}} of the complex plane,
however, equipped with the (non-Euclidean!) intrinsic metric

|r — s, ifi=j
|r| + |s], else.

(i), G9) = {

Then (N,d) is a complete metric space of globally nonpositive curvature and according to
Example 2.3 there exists a canonical barycenter map b. Derive from that the barycenter map
b1 = b(Z(.)) as above. Then the maps b and b; do not coincide. Indeed, choose g = %5(171) +

%5(271) + %5(371)- Then Z(q) = %5(171) + 1—165(271) + %5(371) + %50. Hence, b(q) = (1,0) and
b1(g) = b(E(q)) = (1, §).

3 The Nonlinear Heat Semigroup

Let (M, M), p = (pt)r>0 and (N, d,b) be as in Chapters 1, 2 and let L(M, N,p) denote the set
of all measurable maps f : M — N with separable ranges and with

nmm:AﬂmmﬂmmLM<m

for all t > 0 and all z € M. For each such f,t and x, the probability measure p;(x, f~1(.)) lies
in P1(N) and thus

Pif(x) = b(pe(z, f1(-)))
is well-defined.

Lemma 3.1. For all f,g € L(M,N,p), all s,t >0, and all z,y € M
(1) d(Pf(2), Pg(z)) < [d(f(y), 9(y))pe(, dy);

(ii) d(Pif(x), f(x)) < mef(@);

(iii) 7s(Pef)(x) < mspef(x) +nef(x);

iv) d(Pf(z), Pif(y)) < p/d¢(z,y with p, from Definition 1.7 and d; denoting the func-
(iv) t Of t f &
tion'(z,)  d(f(x), f(5)) on M x M;

(v) P.f € L(M,N,p).

The map Py : L(M,N,p) — L(M, N,p) is called nonlinear Markov operator associated with the
kernel py.

Proof. (i) By the defining property of barycenter contractions

d(Pof(x), Pg(x)) < dV (pex, 1)), pe(2, 971(2)) < /d(f(y),g(y))pt(x,dy)-

11



(ii) Choose g(») = f(x) in (i).
(iii) Using (i) we obtain

ne(Pf) () = / A(Pof(2), Pof (y))ps (s dy)
< d(f(2), P / d(f(x), Pof (4))ps(z, dy)

< /d(f( ), f(y)pe(z, dy) + // 2))pe(y, dz)ps(z, dy)
= mf(x) + nsef(2).

(iv) Again by the defining property of barycenter contractions and according to the Kantorovich-
Rubinstein duality (see e.g. RACHEV, RUSCHENDORF (1998))

d(Pif(x), P f(y))
< dV(pi(z, 7))oy, £H))

sup{ | ) mdo — [ a(r@)mnd)

IN

w: N — R bdd. meas. with u(z) —u(z") < d(z,2') (V2,2 € N)}
< plds(z,y).

(v) It remains to prove that x — P, f(x) is measurable and has separable range. This follows
as in STURM(2001), Lemma 6.4. O

For the sequel, fix once for all a subsequence (dy,)nen of (27" )pey and put T = {k - 27" : k,n € N}.
Let £*(M, N, p) denote the set of all f € L(M, N, p) for which

Py f(x) = lim (P5,)!"% f(z)

exists for all ¢ € T and all z € M. Here (P5)* denotes the k-th iteration of the nonlinear Markov
operator Ps.

Note that if N =R (equipped with the usual d and b) then £*(M,R,p) = L(M,R,p) is the
set of all measurable f: M — R with [ |f(y)|pi(z, dy) < oo (V¢ > 0,2 € M), and

Prf(z) = Pif(x / F)pe(e, dy).

Lemma 3.2. For all f,g € £*(M,N,p), all s,t € T and all z,y € M
(1) d(Pyf(z), Prg(x)) < [d(f(y),9(y))pe(w, dy);

(ii) d(P;f(z), f(2)) < mf(x) and d(P; f(x), P f (@) < pe(nsf)(2);
(iii) 7s(P; f)(2) < neref () + nof (2);

(iv) d(Pf(z), P f(y)) < pids(z,y) with pf from Definition 1.7 and d denoting the function
(z,y) = d(f(x), f(y)) on M x M;

(v) PfeL(M,N,p) and P{(F;f)(x) = Py, f(x).

12



The operator Pf on L*(M,N,p) is called nonlinear heat operator associated with the “linear
heat semigroup” (pi)i>0. The semigroup (P )ier of operators on L*(M, N,p) is called nonlinear
heat semigroup.

Proof. (i) Using Lemma 3.1 (i) we conclude V6 > 0,Vk € N

d(Py f(x),Pyg(x)) < / d(PE1 f (1), PEg(a1))ps(x, day)

< [ APER (), PE 2 gla)pas(a. o)
< ...
< [ dts).gan) P, ).
Hence,
AP @), Plgle)) = Jim dPY (@) P g(0) < [ d(f(0), 9wl dy)
(i) By ()

d(P; (@), Py f (@) < / d(f(v). P F(y))pe(, dy)
< /nsf(y)pt(m,dy) = pnsf(x).

(iii) follow from (i) choosing g = f(x), cf. Lemma 3.1.
(iv) From Lemma 3.1 (iv) we deduce that V§ > 0,Vk € N

dpp s (@,y) <0 (dpey ) (@) < - < O]) (dp) (@,9) < 53 (d) (2,9)
and thus
d(P; f(2), P f(y) = T d(Py™ f(x), Py () < pidg(e,y).

(v) fi := P{f is the limit of measurable maps with separable range and thus is measurable
and has separable range. Together with (i), this implies f; € L(M, N,p). The fact that f, €
L*(M, N,p) and the semigroup property follow from the existence of P}, f and from

d(Tim Py fy(w), P f (@) = T d(Py/™ filw), Py f(a)

lim [ d(fi(y), P/ f(y)ps(z, dy) = 0.

n—oo

IN

The last equality is due to Lebesgue’s dominated convergence theorem since

lim d(ft(y),Pg/J”f(y)) = 0 for each y € M and, moreover, for all (sufficiently large) n € N
n—oo ™

(and any z € N)

t on
d(fuly)s B3 fW)) < 2m(z, ()
with n:(z = [d(z, f(uw)pe(y, du) and ez, F)(w)ps(z,dy) = ns4(2, f)(z) < oo. O
For previous approaches to harmonic maps based on iterated barycenters, see KENDALL
(1990), PicarD (1994) and JosT (1994). For other probabilistic approaches, see e.g. AR-
NAUDON (1994), KENDALL (1998) and THALMAIER (1996, 1996A). For analytic constructions

of a nonlinear heat flow as a gradient flow for generalized harmonic maps, see JOST (1998) and
MAYER (1998).
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4 Convergence and Lipschitz Continuity

Let (M, M), p = (pt)t>0 and (N,d,b) be as before. In addition, throughout this Chapter
we fix a nonnegative symmetric function p on M x M. (Typically, p will be a metric on M.
But M will not necessarily be the Borel o-field of p.) For f,g : M — N put doo(f,g) =

supgen d(f(2), 9(z)),
dil,f = sup Q@)

z,yeM p(CE, y)

(with % := 0) and let Lip,(M, N) denote the set of measurable f : M — N with separable range
and dil,f < co. Moreover, let Lo (M, N) denote the set of bounded measurable f : M — N
with separable range. Finally, let henceforth |s| denote the integer part of s € R.

Theorem 4.1. Assume that (N,d) has globally nonpositive and lower bounded curvature (in the
sense of Alevandrov). Moreover, assume 3C,3 > 0 and ¥Vt > 0 : 3c; such that sups<; cs < 00
and Vx,y € M:

pgp(xvy) < ct-p(x,y) (11)
/p4(ar,z)pt(:1;,dz) < C-ttP (12)

Then Lip,(M, N) C L*(M, N, p) and (P} )er, is a strongly continuous semigroup on Lip,(M, N ).
More precisely, for all x € M,t € Ry and f € Lip,(M, N)

P} f(z) = lim P/*) f(x)

exists and the limit is continuous in each variable:

AP f < ¢ -dilf (13)
doo(PIf,PF) < CVA-dilf |t —s| 7. (15)

Remark 4.2. (i) If ¢; = " for some x € R and N = R then condition (11) is already necessary
for (13). Indeed, for any Markov semigroup (p;); on a metric space (M, p) and any £ € R the
following are equivalent:

o dil,pru < e - dil,u (Vt,Vu € Lip,(M,R))

o pip(z,y) < ep(x,y). (V)

(ii) Condition (12) is well-known from the theorem of Kolmogorov and Chentsov. It implies
(under minimal regularity assumptions) that the Markov process associated with (p¢): has con-
tinuous paths. Hence, it excludes jump or jump-diffusion processes. However, for diffusions it
is a very weak assumption. E.g. for solutions of SDEs with bounded measurable coefficients on
R? or for the Markov semigroups from Example 1.2, [lz— y|*ps(z,dy) < C -2 for all z,y € R?
and all ¢.

(iii) The assumption on the lower bounded curvature of (N,d) can be weakened in order
to include also ”spaces with a reverse variance inequality of some order > 27, e.g. the result
of gluing together two copies of the set {z = (z,t) € R¥ : ¢+ < ¢(z)} along their boundary
{z = (2,t) € R¥ : t = ()} where 1) : R¥~! — R is any smooth convex function.
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The proof of Theorem 4.1 and several extensions of it will be given in Chapter 8. For typical
examples satisfying (11), see Examples 4.5 - 4.9 below.

The main point in Theorem 4.1 is that it yields convergence independent of the choice of the
sequence (0,)n. Our next result will give convergence for suitable choices of sequences (0y,),.
Here the advantages will be:

- it does not require any kind of lower curvature bound for (N, d);
- it applies also to jump processes and to nonlocal equations;
- it also yields smoothing from Lo (M, N) to Lip,(M, N).

In order to formulate the latter, let pg be another nonnegative symmetric function on M x M

(besides p) and define dil,, and Lip, (M, N) in an analogous way.

Theorem 4.3. Assume that (M, M) is a Radon measurable space, (M, p) is separable and (N, d)
is locally compact. Moreover, assume that ¥Vt € T : ACy : Vx,y € M :

pipo(@,y) < Cr - p(x,y) (16)
/po(x,z)pt(x, dz) < oo. (17)

Then for each sequence (s)r C (27%)i there ewists a subsequence (01)x = (Sn, )k such that
Lip,,(M,N) C L*(M, N,p) and for each t € T

P} : Lip,, (M, N) — Lip,(M, N).

More precisely, Vf € Lip, (M, N),Vz € M,vt € T the limit
P f(z) = lim Py f(x)
k—o0

exists and
dil, P f < Cy - dily, f. (18)

Remark 4.4. (i) The most important choices for pg are either pg = p or pg = 1. In the latter
case, dily, f = oscf := sup, e d(f(z), f(y)) and thus Lip, (M, N) = Loo(M, N). Theorem 4.3
then proves existence of the limit P} f for all f € Lo (M, N) and smoothing P} f : Loo(M,N) —
Lip,(M, N).
(ii) If in addition to the assumptions of the previous Theorem () := [ p(z, 2)ps(z,dz) — 0
for s — 0 then the limit
Fi f(x) = lim By!/™ f(a)

exists for all ¢ € Ry. Moreover, for s — 0
d(Py f(x), Py sf (x)) < Gy - dilp f - ys(z) — 0. (19)

(iii) Assume that (16) only holds true for all z,y in a p-open set M; C M. Then the
limit P} f(z) = klglgo Pg}f‘skf(x) exists Vf € Lip, (M,N),Vor € M;,Vt € T and is p-Lipschitz
continuous on Mj.

Proof. (a) Givent € T and z € M, define a metric di by di(f,g) := [, d(f(2),9(2))p(x, dz)

and let Li((M, M,pi(x,.)),(N,d)) denote the complete metric space of all measurable maps
f : M — N with separable range and finite dj-distance from constant maps. For such f,
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consider z; = z5(t,z, f) := P;/Sf(:z) for (sufficiently small) s € {27% : k € N}. Due to Lemma
(3.2) this is well-defined and contained in a closed ball around f(z):

A(f(x), 25) < / A(F (), Fy)pe(e,dy) = dy (f(z), f) < 00

where f(x) also denotes the constant map y — f(x).

Due to the local compactness of (N, d) this closed ball is compact (Remark 2.2 and BALL-
MANN (1995), Thm. 2.4). Hence, given any sequence (sx)x C (27%) there exists a subsequence
(0k)k = (Sn, )k such that (z5, ), converges in N.

(b) Givent € T and x € M, the space Li((M, M, pi(z,.)),(R,]|.])) is known to be separable
since (M, M) is a Radon measurable space. Similarly, since the target (N,d) is separable,
one verifies that the space Li((M, M,pi(x,.)),(N,d)) is separable. Moreover, according to
Lemma 3.1 (i), d(zs(t,z, f), zs(t,x,9)) < di(f,g) for all s and f, g under consideration. Hence,
the subsequence (dy); in (a) can be chosen in such a way that (z;,(t,, f))r converges in N
for all f € Li((M, M,pi(z,.)),(N,d)) . Due to condition (17), the latter contains the space
Lip,, (M, N):

/ A1 (), £ (4))pe(, dy) < dil, f - / po(@, y)pi(, dy) < oo.

(c) Let My be a p-dense subset of M. Then the subsequence (dg) in (b) can be chosen in
such a way that (2, (¢, z, f))x converges in N for all t € T, all z € Mg and all f € Lip, (M, N).
Due to Lemma 3.1 and condition (16)

d(zs(t,z, ), zs(t,y, f)) < pidy(z,y) < dilpe f - pipo(x,y) < Cp-dilyy f - p(,y)

for all s,t,z,y, f under consideration. Hence, P} f(x) = klim ngakf(x) exists for all t € T, x €
— 0
M, f € Lip,,(M, N) and

d(P; f(x), P f(y)) < Cp - dily, f - p(z,y).
(d) Finally, Lemma 3.1(ii), (c) from above, and the definition of 7, imply
d(zs(t,z, f), zs(t + 1,2, f))
< [ deuttea £ 2ults 2 1)pr(,d2) < G- dily -2 (2)
which yields the claim of the above Remark (ii). O

Example 4.5. Let (¢:)1~0 be a convolution semigroup of probability measures on an Abelian
group M and define a translation invariant Markov semigroup by p;(x, A) := q;(z~*A). Then
for each symmetric p: M x M — R

pip(r,y) < / p(r2,yz) qi(dz).

In particular, if p is translation invariant then

pip(z,y) < plx,y).

For instance, this applies to all Lévy semigroups on R" as introduced in Example 1.3. For various
other examples, see BENDIKOV (1995), BENDIKOV, SALOFF-COSTE (2001) and BLooMm, HEYER
(1995).
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Example 4.6. (i) Let (p:)t>0 be a Markov semigroup on M = R" such that

pie.B) = [ 1p(killa = yl)dy

for all t > 0 with some decreasing function r +— k(r) on R4 with

Cy:= / 1 k(|| z]])dz < 0. (20)
R'fl*
(Note that here z € R"~! whereas before y € R™.) Put p(x,y) = ||z — y||. Then

p1(z,y) < Cy - p(z,9).

(ii) For instance, for a < 2 let (p¢)i>0 be the symmetric a-stable semigroup on R", i.e. the
Markov semigroup associated with the Lévy operator —(—%A)a/ 2. Then

1
Ci=— / exp(—t - (|s|/vV2)®)ds = C!, -t~/
2w R

In particular, if &« = 2 then (p;)¢>o is the classical heat semigroup on R"™, ie. ky(r) =
(2mt) =™/ exp(—12/(2t)), and
1

Cy = ——.
! V27t

(iii) More generally, let

Be(l2]) = (2m) /2. / exp(iz€) - exp(—t - W([€]2/2)) dé

n

for z € R"™ with a Lévy function function ¥ on Ry (satisfying ¥(0) = 0), corresponding to the
Markov semigroup with generator a = —\Il(—%A). Then

= 217T/Rexp(—t~\11(\s\2/2))ds. (21)

Proof. (i) Put ug(z) := isgn(zq) for z = (21,...,2,) € R" and define u; := pyug for t > 0.
By symmetry of ug and p;, there exists a function p; : Ry — R, such that

w(z) = Ssgn(en) (2l )

for all x € R™.
Our first claim is

P3Pt < Poti (22)

for all 5, > 0. In order to prove (22), fix z,y € R", 5,¢ > 0 and u € Lip,, (M, N) with dily,u < 1.
Without restriction, we may assume x; > 0 and y = * where

z2=(21,22,...,2n) > 2" == (—21,22,...,2n)
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denotes the mirror map. Then

psu(z) — psu(z®) = /[U(Z)—U(Z*)] ks(llz — zl))d=

= 5 [ )~ u] -l = ol) k(e + ) dz
1

< 2/pt(221|)'Sgn(2'1)'[ks(llz—ﬂ?H)—ks(IIHJf\)] dz

- / p(2la1]) - sgner) - k(]2 — z)dz
= 2usp4(r) = pst(271) = pse(|lv — 7))

The inequality in the above calculation holds true because sgn(z1) [ks(||z — z||) — ks(||z + )] >
0 since by assumption z; > 0 and since r +— ks(r) is decreasing. This proves the claim (22).

By iteration, (22) implies pSp; < psy for all s,¢ > 0, in particular, ppy < ps. Finally, note
that

ps(r) = 2us+ ,0,...,0) = ps(] —7/2,7/2[xR"1)

[ hicomisr . aiommrec

Hence, pgpo < ps < Cs - p-

(i), (iii) Fore > 0and z = (2, 2,) € R"let ¢.(2) = e~ (" D/2.exp(—|2,|2¢/2)-exp(— | 2'||?/ (2¢))
and k;(z) := k;(||z]|). Then the respective Fourier transforms are ¢.(z) = e~ Y/2-exp(—|z,|2/(2¢))-
exp(—||2||2e/2) and kq(z) = (27) /2 - exp(—t¥(||z||2/2)). Hence,

/ ke(|12/]])d
Rnfl

= nné(zw)*l/? b (2)ky(2) dz
E— Rn

= 1inr(1)(27r)_1/2 b (2)ky(2) dz

= lm@m) 2 6 () exp(—tw(12]?/2))d
= (2W)I/Rexp(—t\lf(|zn| /2)) dzy,.

If U(r) = r®/2, the last integral can be written as ¢~/ - (27) 71 [, exp(—|r/v/2|) dr. O

Example 4.7. Let (p;)i>0 be the heat semigroup on a complete Riemannian manifold M and
let p be the Riemannian distance on M. Then for any number x € R the following are equivalent
(VON RENESSE, STURM (2004)):

(i) Ricas(€,€) > —k - |€[? for all £ € TM (briefly: Ricy > —k);
(i) pPo(z,y) < e - p(z,y) for all 2,y € M.
Moreover, in this case, there exist C' = C(k,n) such that Vz,y,t

o p{l(z,y) < C-t71/2 . ert. p(a,y)
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o [z, y)pi(z,dy) < C-12.

For examples of Alexandrov spaces M (= complete metric spaces of lower bounded ”sec-
tional” curvature) where the same estimates hold true, see VON RENESSE (2002).

Example 4.8. Let M and (p;);~0 as in the previous Example 4.7 and fix an open subset D C M.
Let (pp.t)i>0 be the stopped semigroup as introduced in Definition 1.6. Then for this semigroup,

ppl <C-p onBxDB

with C' = C(t, B) for each open set B which is relatively compact in D.

In Chapter 6 we will see that this implies local Lipschitz continuity on D for each map
f: M — N which is harmonic on D. For a similar condition which implies Holder continuity
at the boundary, see Remark 6.13 below.

Example 4.9. Let (p;)¢>0 be a strongly continuous, symmetric semigroup on a o-finite measure
space (M, M,m) and assume a ”curvature-dimension condition” in the sense of Bakry-Emery
(see e.g. LEDOUX (2000)) holds true with curvature bound —« and dimension bound n. More-
over, let p be a symmetric nonnegative function on M x M with the ”Rademacher property”

dil,u <1l <= weD[I),I'(u)<1m-—ae.
where I'' denotes the square field operator associated with (p;)¢~o. Then
pip(z,y) < e p(z,y).

For instance, this applies to the Ornstein-Uhlenbeck semigroup on the Wiener space M =
C(R4+,R™). Here m = Wiener measure, p = Cameron-Martin distance, —x = 1 and n = oo.

Example 4.10. Let (M, p, m) be a metric measure space and define for r > 0 the kernel ¢, (z, dy)
of uniform distribution in the ball of radius r by

m(AN By(x))
m(By(x))

Assume that there exists a number x € R such that
PV (ar(21,.), r(22,.)) < [L+ Kr? +0(r?)] - p(a1, 22) (23)

for all 1,29 € M and r — 0. Then each null sequence (ry,)nen for which

qr(x’ A) =

pu(e) = lim (gr,) " u(x)

exists (for all x € M,t > 0 and bounded u € Lip(M)), it defines a Markov semigroup (p¢)¢
satisfying
pip(x,y) < e - p(z,y).
(If M is separable, one always will find such a sequence for which the convergence is guaranteed,
cf. proof of Theorem 4.3.)
For a Riemannian manifold M equipped with its Riemannian distance p and its Riemannian

volume measure m, condition (23) is equivalent to
Ricpy > —c-k

with ¢ = 1/4/2(n + 2) (VON RENESSE, STURM (2004)). The Markov semigroup constructed as
above as scaling limit of the ¢, is just the heat semigroup (rescaled by the factor c):

pr = exp(ctA).
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Example 4.11. For k € N, let M be the metric completion of the k-fold cover of R? \ {0}
equipped with the metic p(z,y) = ||z — y||'/*. Moreover, let (p;); be the semigroup for the
generator a = ||z||?*~2 - A. Then

pip(z,y) < pla,y).

In terms of the Euclidean metric this means that our generalized harmonic maps will be Holder
continuous with exponent 1/k. This is best possible since even harmonic functions (like z =
(r, ) — /% . cos(/k)) will have no better continuity properties.

5 Lyp-Contraction Properties

In the previous Chapters, we have presented the pointwise approach to nonlinear Markov op-
erators and nonlinear heat semigroups. In this Chapter, we present the uniform and the Lg-
approach. As before (N, d,b) will be a complete metric space with barycenter contraction and
(M, M) will be a measurable space with a Markov semigroup (p¢)¢>o on it. Let us firstly have a
brief look on the uniform approach. Let Lo (M, N,p) denote the set of measurable f: M — N
with separable range f(M) and with bounded 7, f (for each t > 0). And let £ (M, N,p) denote
the set of f € Loo(M, N, p) for which the uniform limit

Py f = lim (P5,)"" f

exists for all ¢ € T. Then (P})icr will be a contraction semigroup on L% (M, N,p) (equipped
with the uniform distance). This and further results will be deduced in the following more
general framework.

In addition to the previous, we now fix a measure m on (M, M) and a number 6 € [1, o0]
and we assume that there exists constants C, « € R such that

Ipeulle < C' e - [lully (24)

for all bounded measurable u : M — R and all ¢ > 0. In other words, we assume that (p;);
extends to an exponentially bounded semigroup on Ly(M) := Ly(M, M,m), the Lebesgue space
of m-equivalence classes of measurable functions u : M — R.

Example 5.1. (i) Let (p;)i>0 be any Markov semigroup on a measurable space (M, M). Choose
m =Y 0z to be the counting measure. Then for all measurable u : M — R and all £ > 0

[Prtlloe < [ufloo-

Hence, without any restriction the uniform norm is always included in the follwing discussions
as an Loo-norm (trivially satisfying (24)).

(ii) Each semigroup (p;)¢>o derived from a symmetric Dirichlet form on Lo(M, M,m) sat-
isfies ||prulls < |lullg for each 6 € [1,00]. For § = 2 we even obtain

Ipeull2 < e - [lull2

with a = sup spec(a) = — jlln{M)E(u)/HuH% < 0 being the top of the Lg-spectrum of the
uc Lo

generator a = %iH(l) %(pt — 1) of the Dirichlet form.
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For measurable f,g : M — N put dg(f,g) := ||d(f,g)|l¢ where d(f,g) denotes the function
x+— d(f(z),g(x)) on M. In particular, for § < co

o) = [ @7 ata) mico)) "

Let Lg(M, N, p) denote the set of equivalence classes of measurable f : M — N with separable
ranges and with n,f € Lg(M) for all ¢t > 0. One easily verifies that if m is a finite measure
then (Lg(M,N,p),dp) is a complete metric space and each constant map lies in Lg(M, N, p).
Moreover, for each measurable g : M — N with separable range

f € Lg(M,N,p), do(f,9) <oo== g€ Lg(M,N,p).

If f is a fixed version of f € Ly(M, N,p) and t > 0 then nf(z) < oo for m-a.e. & € M. Hence,
Pif(x) := b(pe(z, f71(.))) is well-defined for m-a.e. z € M and according to Lemma 3.1 (i) and
assumption (24)

do(Pif, Pig) < C-e™dy(f, 9)

for any version § of another g € Ly(M, N,p). Let P,f denote the m-equivalence class of P, f
(which by the preceding only depends on the class f, not on the particular choice of the version

f). Then
f€Lo(M,N,p) = Pif € Log(M,N,p) and dg(f, Pef) < ||n:f|lo-
Let Lj(M, N,p) denote the set of f € Ly(M, N,p) for which the dp-limit
Pyf = lim (Ps,)"* f
exists for all ¢t € T.

Example 5.2. Let N = R (with the usual d and b) and let (p¢)i~0 be the heat semigroup on
M = R! (with m being the Lebesgue measure). Then Ly(M, N, p) = L;(M, N,p) D Lo(M) with
strict inclusion. Indeed, consider the function f(z) = (1 + |z|)®. Then for 6 < co

feLly(M)<—= a<—-1/0 and fe€Ly(M,N,p)<=a<1l-1/0
(since nef(x) = C - -/t -|2z|*! for large x). Similarly,
fE€Lo(M)<—= a<0 and f€ Ly(M,N,p)<— a<l1.
With exactly the same arguments as for Lemma 3.2 we deduce
Lemma 5.3. For all f,g € Ly;(M,N,p) and all s,t € T :
(i) P;f € Lj(M,N,p) and P(P; f) = P, f:
(if) do(P; f, Prg) < C - e - dy(f,9);
(iii) do(P; f, Pyy,f) < C e [lnafllo-
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Remark 5.4. (i) The set Lj(M, N,p) is closed w.r.t. dp. -
(ii) For all f € Ly(M,N,p) with }in(1)||ntf|\g = 0 the map t — P, f is continuous in t € T

(according to 5.3(iii)) and thus

Ptf_ThnltP f = lim (Ps, )Wonlp e L5(M, N, p)

is well-defined for all ¢t > 0.
(iii) For each 6 < oo
Ly(M,N,p) D Le(M, N,p) N L*(M, N,p).

Indeed, f € Lo(M,N,p) N L*(M, N, p) implies uy,, := d(P, t/‘;"f, P} f) — 0 pointwise on M for

n — oo and u, < 2n.f € Ly(M) for all 9,, < t. Hence, by Lebesgue’s dominated convergence
theorem u,, — 0 in Lg(M) and thus Pt/6 f— P, fin Ly(M,N,p).

(iv) Assume that pi(x,.) < m for all x € M and all ¢t € T ("absolute continuity of p;”). Then
f(z) = g(x) for m-a.e. x € M implies P} f(z) = Pfg(x) for all € M and ¢t € T. In particular,
for each f € Lj(M,N,p) and each ¢t € T the map F:f is pointwise well-defined on M. In this
case, there is no need to distinguish between P; and P;.

Theorem 5.5. Assume that for some t € T, §' € [1,00] and C € Ry,
Ipruller < C - lulle (Vu € Lo(M)).

Then
de’(P f> tg)<c d9(f7 ) (Vf,gGL;(M,N,p))

Proof. Put u : x — d(f(z),g(x)). Then by Lemma 3.2 (i)

= [/Mptu(x)elm(dx)} v < llpllo.g - lulle
< C-dy(f,9)

O

As an immediate corollary we deduce that if the linear semigroup (p;)+>0 acting on Lg(M), 1 <
0 < o0, is hyper-, ultra- or supercontractive then so is the nonlinear semigroup (P;k )teT acting
on Ly(M,N,p),1 <6 < oo. We quote the following main examples.

Corollary 5.6. Givent € T, assume that the Markov kernel p; has a bounded density ki(z,y) =

pultel) < Cy. Then for all 1 <0 <0/ < oo

—=% , 5%k 0—1/6' *
d@’(Ptf>Pt ) Cl/ 1/ (fag) (Vf,gELG(M,N,p))
Corollary 5.7. Let the Markov semigroup (pt): be associated with a symmetric Dirichlet form
(€,D(€)) on La(M).
(i) Assume either that a ”Nash inequality” holds true for u > 0 (with constants Cy, C1):

ulls™/* < [Co - E(u) + C1 - [Ju]?] - ufl ;™ (Vu € D(£))
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or that a ”Sobolev inequality” holds true for u > 2 (with constants Cy, C1):
[ull5,0/(—2) < Co - E() + C1 - [Jul|. (Vu € D(E))
Then for some constant C, allt € T,t <1 (or even allt € T if C; =0) and all1 <0 <0 < 0
—% , —x% _pel_ 1 *
dy (P}, Pg) < C-t7 27 - dy(f,g). (Vf,9 € Lj(M, N, p))

(ii) Assume that m is a probability measure and that a ”logarithmic Sobolev inequality” with
constant v > 0 holds true for all u € D(E) with ||ull2 = 1:

2
/ u?logu®dm < = - £(u).
M 14
Then for allt € T and all 1 < 6 < 6§ < oo with %/%11 < e?vt:
dO’(Prfaﬁ;kg) Sd@(f?.g) (Vf,gEL;(M,N,p))

Cf. Davigs (1989), LEpoUX (2000).

Theorem 5.8. Assume that o < 0 in (24). Then for each f € Ly(M, N,p) there exists a unique
h € Ly(M,N,p) with dg(h, f) < oo and

P;h=nh (25)
for allt € T. Indeed, h = i, llifm ?:f and for t — oo
St—00

dg(h, Py f) < C- e - dg(h, f) — 0.
Proof. Uniqueness is obvious from
do(h, W) = do(P;h, P;h') < C - e - dg(h,h') — 0
(as t — o0). For the existence, note that for all § € T and n € N
do(Prsf, Prynysf) < C ™ - nsfllo.

Hence, (?25 f)nen is a Cauchy sequence and, by completeness, there exists h € Ly(M, N, f) such

that hs = limy, o P:;éf. Replacing § by /2 shows that hs = hs/o =: h. Thus h = . lim ?:f
St—o0

and P;h = h for all t € T. O

The above result may be used to deduce existence and uniqueness of the solution to the
Dirichlet problem. Namely, given a Markov semigroup (p;);~0 on a complete separable metric
space M and a bounded open subset D C M, let (pp+)t>0 be the stopped semigroup as intro-
duced in Chapter 1 and replace the measure m(dz) by (1p(x) + 0o - Iy p(x))m(dz). Then in
most examples (due to the boundedness of D)

lppaully < C- 2" Jully (26)

with some ap < 0. Hence, for each f € Lj(M,N,pp) there exists a unique h € Lj(M,N,pp)
with

° d@(haf) < o0,
e h=f m-ae. on M\ D,
o Pph=hforalteT.

This map h will be a solution to the nonlinear Dirichlet problem (for the given domain D
and the data f) as defined in the next Chapter.
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6 Invariant and Harmonic Maps

Definition 6.1. A map f: M — N is called invariant iff f € L*(M, N,p) and for all ¢t € T and
xeM

Pl f(z) = f().
It is called harmonic in a point x € M iff f € L*(M, N,p) and A*f(x) = 0 where

A*f(r) = limsup L d(f(2), B} £ ()

T>t—0

Obviously, a map f is invariant if and only if f € £L(M,N,p) and for all ¢t € T and z € M

limsup d(f (), P/’ f(x)) = 0
n—oo
and, of course, each invariant map is harmonic on M.
We say that a function u : M — R is subinvariant iff w € L(M,R,p) and u(z) < pyu(z) for
all all t € T and x € M and we say that it is subharmonic iff w € L(M,R,p) and au(z) > 0
where

e
au(r) = 111II£:1—I>10f E(ptu(x) —u(x)).

Remark 6.2. Let (p;); be the classical heat semigroup on a Riemannian manifold M. One
easily verifies that au(z) = $Au(z) for each x € M and each bounded real valued function u
which is smooth in a neighborhood of .

More generally, for any open set D C M and for any bounded, upper semicontinuous function
u: M — R the following properties are equivalent:

(i) au(z) >0 for all x € D;

(i) Awu >0 on D in distributional sense;

(iii) w is subharmonic on D in the classical sense;

(iv) pBtu>wu on M for each open set B which is relatively compact in D and each t > 0.

Moreover, in (i) it suffices that au > 0 m-a.e. on D, and in (iv) it suffices to consider balls
B which are relatively compact in D.

Proof. (i) = (ii): Using Fatou’s lemma and the symmetry of p;, we conclude for each
Y e (D)

0 < /M au(z) - Y(x)de = /M h?i,%lf %[ptu(x) —u(x)] - Y(x)de
< liminf /M %[ptu(x) —u(x)] - ¢Y(z)de = li];rliglf /M %[ptw(w) —(z)] - u(x) dx

t—0

< [ tim o) @) ule) e = [ Sa0@)- @) de.

This proves that %Au > 0 on D in distributional sense.
(ii) = (iii): See e.g. HORMANDER (1990).
(iii) = (iv): Classical potential theory (or Ito’s formula).
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(iv) = (i): Obviously, (iv) implies that agu(z) = liItn i(])nf%[pB,tu(x) —u(x)] > 0 for each

x € B. According to Proposition 6.9 and Example 6.10 below this is equivalent to au(xz) > 0
for each ¢ € B. (]

A simple consequence of Jensen’s inequality is

Proposition 6.3. Let (N,d) be either a complete metric space of globally nonpositive curvature
or a Banach space and let ¢ : N — R be conver and Lipschitz continuous.

(i) If f € L*(M,N,p) is invariant then ¢ o f : M — R is subinvariant.

(i1) If f is harmonic on some set D then @ o f: M — R is subharmonic on this set D.

Proof. Firstly, observe that n.(¢ o f)(x) < dil(¢) - nef(z). Thus f € L(M,N,p) implies
po feL(MTR,p).

Secondly, by Jensen’s inequality (see EELLS, FUGLEDE (2001) in the case of NPC spaces
and e.g. LEDOUX, TALAGRAND (1991) in the case of Banach spaces)

pe(po f)(@) = e(PLf)(x)
for all Lipschitz continuous convex ¢. By iteration p;(¢o f)(x) > @(Pgié"f)(m) and py(po f)(z) >
)

©(P} f)(z) provided f € L*(M,N,p). Hence, invariance of f implies p:(p o f)(x) > o(f)(x).
And harmonicity of f implies

alpo f)(x) = Tmint (e o f)@) — o))
timint - [o(P7 £)(2) — o(f)(z)]

~di(p) liusup 1 (P f(), ()
— —dil(p) A" () =0,

v

v

O

A general uniqueness result for the Dirichlet problem may be deduced from the following
Proposition.

Proposition 6.4. (i) If f,g: M — N are invariant then u : z — d(f(x), g(x)) is subinvariant.
(ii) If maps f,g are harmonic in x € M then the function u := d(f,g) is subharmonic in x.

Proof. By triangle inequality, nsu(z) < n.f(x) + nig(x). Hence, u € L(M,R,p). Moreover,
by Lemmas 3.1(i) and 3.2(i)

pru(z) — u(z) = / A (), 9(v))pr(a. dy) — d(f(2), g(x))
> d(PEf(2), Prg(e) — d(f(2),g(x)) > —d(F} f(2), f(2)) — d(Prg(a), o(a)).

This proves the claims. U

Remark 6.5. (i) We could call a map f pseudo harmonic in a point z iff f € L(M, N,p) and
Af(x) = 0 where

Af(z) := limsup %d(f(x), P, f(z)).

T>t—0
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Then most of the previous results for harmonic maps also hold true for pseudo harmonic maps:
If ¢ is Lipschitz continuous convex function and if maps f and g are pseudo harmonic in x then
the functions d(f, g) and ¢(f) are subharmonic in z (Propositions 6.4 and 6.3). And finally in
the framework of Proposition 6.9, Apf(z) = Af(z).

Unfortunately, however, in general there is no relation between pseudo harmonic and invari-
ant maps. For a different situation in the uniform and Lgy-case, see (ii) below.

(ii) Let us assume the Lo-framework or, more generally, the Ly-framework of the previous
Chapter. We will say that a map f is Lg-invariant iff f € Lj(M,N,p) and F:f = f for
all t € T. It will be called Lg-harmonic iff f € Lj(M,N,p) and Ajf = 0 where Ajf :=
lim supys;_.o %d@( 1 F: f). However, it turns out that Lg-invariance and Ly-harmonicity are the
same. Indeed, since (P} ), is a semigroup on L}(M, N,p), one easily verifies the implications

(a) = () = (o
for the statements below

(a) f € Lp(M,N,p) and 7%1_][}1(1) 1do(f, Prf) = 0;
(b) f € Lj(M,N,p) and lim {dg(f, P, f) = 0;

(c) f€Ly(M,M,p) and P, f = f.

(iii) If (p¢): is absolutely continuous w.r.t. the measure m (see Remark 5.4 (iv)) then each
Lg-invariant map is already invariant (more precisely, it admits an invariant version, see STURM
(2001), Prop. 6.2).

In order to formulate and solve the Dirichlet problem, let us assume for the rest of this
Chapter that (p;); is a right Markov semigroup on a complete separable metric space M. Given
an open subset D of M, let (pp ;) always denote the stopped semigroup as introduced in Chapter
1 and let (P} ,): be the nonlinear semigroup (acting on maps) derived from it.

Definition 6.6. Given an open set D C M and a map f: M — N, we say that g is a solution
to the nonlinear Dirichlet problem iff g = P, g (forallt € T) and g = f on M \ D.

Proposition 6.4 and Theorem 5.8 may be used to deduce existence and uniqueness for the
solution to the Dirichlet problem. For sake of simplicity, we restrict ourselves to the pointwise
version (with uniform convergence). Similar results hold true in Ly(M, N, p). For simplicity, we
also assume in the sequel that D is regular.

Corollary 6.7. Assume that
P(r(D,z) < o0) =1

(for all x € M) or, equivalently, that the following Maximum Principle holds true:
if u: M — Ry is bounded, subinvariant for (pp+): and vanishes on M \ D then u = 0.
Then bounded solutions to the nonlinear Dirichlet problem for harmonic maps on D are unique.

Corollary 6.8. Assume that for some tg > 0

sup P(7(D,x) > tg) < 1. (27)
zeD

Then for each bounded f € L*(M, N,pp) there exists a unique g € L*(M, N,pp) with deo(g, ) <
oo and g = f on M\ D and P}, ,g = g for allt € T. Namely, g:Tlim Py, f.
b 9 —00 b
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Proof. We may regard (pp¢): as a contraction semigroup on the set of bounded measurable
functions v : M — R which vanish on M \ D, equipped with the uniform norm. By assumption,
D is open and (X7); is right continuous. Therefore, P(X Z(p.x) € D) =0 for all z and thus the
norm of the operator pp; can be expressed as follows

lpp.tl| = sup pp¢(x, D) = sup P(7(D, z) > t) < 1.
x€D xeD

Moreover, for all ¢ > 0
Ipptll < H]UD,tOHWtOJ < (C-et

with some a < 0 provided ||pp+,| < 1 for some ¢y. The claim follows now as in the proof of
Theorem 5.8. (]

In typical examples, condition (27) is fulfilled for each bounded open subset D C M.
Let us note that our solution of the Dirichlet problem will be harmonic in D, provided the
underlying linear semigroup is local (in a suitable sense).

Proposition 6.9. Let (p;): be a right Markov semigroup and assume that for given D € M and
x € D and the following locality condition is satisfied:

1
lim ~P(r(D,z) <t) = 0. 28
dim SP(r(D,z) <) (28)

Then a bounded map f € L*(M,N,p) N L*(M,N,pp) is harmonic in x w.r.t. the semigroup
(pt)e if and only if it is harmonic in x w.r.t. the stopped semigroup (pp+):- In particular,
Ppf(x) = f(x) for allt € T implies A* f(z) = 0.

Proof. Since the measure PP ((Xf,Xt‘”AT(D x)) € ) is a coupling of pi(x,.) and pp4(z,.), the

contraction property of barycenters implies for all ¢, z, f, g

d(Ptf(x)¢PD,tg(x)) < dW (pt(wa f_l('))apD,t(x7g_1('))) < ]Ed(f(Xf)ag( f/\T(D,x)))
and by iteration
d(P), f(x), Pp 4 /n9(x)) < Ed(f(XY), 9(Xihr(px))
for all n € N. Hence,

d(Py f(z), Ppg(x)) < Ed(f(XV), 9(Xirr (D))
and
1

A (f(x). P f(2)) - %d (f(x), Pp tf(fc))’

< (), P f(@) < 7B (FXP), f(Xiprpa)) < oself) - SE(r(D,z) <1

where osc(f) := sup, ,ea d(f(y), f(2)). This proves the claim. O

Example 6.10. Let (p;); be the heat semigroup on a Riemannian manifold M (with arbitrary
"boundary conditions at infinity”) and D be an open subset of M. Then (28) is satisfied for all
x € D. Indeed, choose r > 0 such that B,(xz) C D. Then

1 1 1 2
-P(r(D,z) <t) < -P < sup d(X7,x) > r> ~-P ( sup |Ws| > 7‘> <Z'p ( sup Wl > r>
t t \o<s<t t \o<s<t t \o<s<t Vv
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for t << 1 where (Wy)4 denotes a Brownian motion on R™, starting in 0, with coordinate processes
(Whs, ..., (WP, According to the reflection principle and the Gaussian tail estimate (see e.g.
DURRETT (1991), Cpt 7 (3.8) and Cpt 1 (1.3))

2t r?
P( sup W1>r> =P (W} >7r) < exp(—).
<O<s<t ° (W ) r2m 2t
Now let us discuss continuity properties of harmonic maps and of solutions to the nonlinear
Dirichlet problem. We firstly treat the question of (Lipschitz) continuity in the interior.

Corollary 6.11. Assume that D is covered by open sets B with the property that for some
C,t >0 (depending on B)
ppil <C-p on B xB.

Then each bounded solution to the nonlinear Dirichlet problem on D is locally Lipschitz contin-
uous on D.

The proof follows from Lemma 3.2(iv). For a typical example we refer to Example 4.8.

Definition 6.12. (i) D is called regular if for each bounded measurable function u : M — R the
solution v : M — R to the linear Dirichlet problem (in the sense of Definition 6.6 with N =R)
exists, is unique and is continuous in each point z € M \ D in which u|yp p is continuous.

(ii) D is called a-regular (for some a €]0,1]) if it is regular and if there exists a constant
C such that for each u and v from above

o(@) vl _ . [u(z) — uy)|

sup S sup
veMyeM\D  P(T,Y)" syeM\D  P(T,Y)*

In particular, if the semigroup (p;): is local then a-Hoélder continuity of the boundary data
u implies a-Holder continuity of the solution v at the boundary.

Remark 6.13. A regular domain D is a-regular if and only if there exists a constant C' and a
symmetric function p, : M x M — [0, co] such that

° pODjtp* < pron M x M,

® pizp®on (M\D)x (M\D);

o p.<C-p*on(M\D)xD.

Proof. Assume that D is a-regular for some fixed o < 1. For z € M \ D let v,(.) denote
the solution to the linear Dirichlet problem for the function = — wu.(z) := p(z,2)*. Define a
symmetric function p, on M x M by p.(x,y) := po(z,y) A po(y,z) where po(z,y) = uy(y) if
x € M\ D,y € M and po(x,y) := +oo else. By construction, p, = p® on (M \ D) x (M \ D)
and, due to the assumption of a-regularity, p, < C - p® on (M \ D) x D.

In order to prove p$, ,p«(x,y) < ps(z,y) for given x,y € M, we may assume without restric-
tion that p.(x,y) = po(:i,y) < 0o. Hence, x € M \ D and thus pp +(z,.) = ;. Therefore,

1Y pu(z,y) = / pu(2, %) ppaly, dz) < / p0(2,2) poa(y:dz) = poley) = play).

The reverse implication follows from Lemma 3.2(iv) (applied with N = R), cf. also the proof of
Theorem 6.15 below. U

There is a huge literature in analytic and probabilistic potential theory (classical as well
as generalized) which deals with regular sets for the linear Dirichlet problem. Let us therefore
restrict to mention the main example for a-regular domains.
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Example 6.14. Let M = R", let (p;); be the heat semigroup (= Brownian semigroup, Gaussian
semigroup) and let D be a bounded domain in R™ which satisfies a uniform exterior cone
condition with angle 6 €]0,7]. Then there exists a number @ > 0 (depending only on n and 6)
such that D is a-regular for each a < @.

For instance, @(n,7) = 1 for each n € N (i.e. each convex domain is a-regular for each
a < 1) and @(2,0) = (2 —0/7)~! for each 6§ €]0, 7.

There exist no 1-regular domains D C R"™. See AIKAWA (2002).

Theorem 6.15. (i) Assume that D is reqular and (27) holds true. Then for each bounded
map f € L*(M,N,pp) the unique bounded map g : M — R which solves the nonlinear Dirichlet
problem (in the sense of Definition 6.6) is continuous in each point z € M \ D in which f|ynp
is continuous. In particular,

lim g(x) = f(2).

(ii) Assume that D is a-regular for some « € |0, 1] and (27) holds true. Let f € L*(M,N,pp)
be a bounded map such that f|yp p is a-Hélder continuous. Then the solution g to the nonlinear
Dirichlet problem is a-Hélder continuous in each point z € M \ D. More precisely,

d(g(z), f(2)) < C-p(z,2)* forallx e M,ze M\ D.

The constant C' only depends on D, a and the Hélder norm of f|anp-
(iii) If (p¢)¢ is local then in each of the above statements the set M \ D may be replaced by
oD.

Proof. (i) Fix z € M\ D and f : M — N such that the restriction of f to M\ D is continuous
in z. Define a function u : M — Ry by u(x) := d(f(x), f(z)) and let v be the solution to the
linear Dirichlet problem for . Then by assumption v is continuous in z, v(z) = 0, v is harmonic
and nonnegative on D and positive on M \ D \ {z}. (L.e. v is a barrier.) Now Lemma 3.2(iv)
implies for all t € M and t € T

d(PE,tf($)7 Pl*),tf('z» < p%}tdf(x, z) = ppu(x).
According to Corollary 6.8, for t — oo the LHS converges to d(g(x), g(2)) and the RHS to v(z).
Hence, d(g(x),g(z)) <wv(x) for all z € M. This proves that g is continuous in z.
(i), (iii) Slight modifications of the previous proof. O
For previous results on boundary continuity of generalized harmonic maps in more restrictive
frameworks, we refer e.g. to GREGORI (1998) and FUGLEDE (2002).

7 Harmonic maps characterized by convex and subharmonic
functions

A complete characterization of harmonic maps in terms of convex and subharmonic functions is
possible for some of the most important target spaces. Recall the definition of the operators A,
A* and a from Remark 6.5 and Definition 6.1, resp.

Proposition 7.1. Let (N,d) be a simply connected, complete Riemannian manifold of nonpos-
itive curvature. Let f : M — N be measurable with separable range and fix x € M such that for
allr >0

imsup ;[ (7). Sl dy) < o0 (20)
tim [ (7). F) ], pular,dy) = 0. (30)
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Then the following are equivalent:

(i) Af(x) = 0;

(il) a(po f)(x) > 0 for all Lipschitz continuous, convex ¢ : N — R;
and they are implied by

(iii) fe L*(M,N,p) and A*f(z) = 0.

Remark 7.2. (i) Condition (29) and Lipschitz continuity of ¢ imply n:f(z) < oo and n:(p o
f)(x) < oo (at least for small t). Hence, Af(x) and a(p o f)(z) are well-defined.

(ii) Let p be a metric on M. Then conditions (29) and (30) are satisfied for all f €
Lip,(M, N) provided for all 7 > 0

1
timsup ;[ (o) pelo.dy) < o (31)
t—0
1
lim = [ [p(z, y) =7y pel, dy) = 0. (32)

In terms of the Markov process associated with (p;);, the first condition, is a linear bound for
the quadratic variation, the second one a continuity condition. Under (31) it is equivalent to

1
lim =pe(2, M\ By (2)) = 0

(Vr > 0) which is a well known sufficient condition for continuity of paths of the stochastic
process.

(iii) In assertion (ii) of the previous Proposition, one may restrict oneself to smooth functions
¢. Indeed, in the following proof, one can easily smoothen out the functions ¢;.

Proof. According to Proposition 6.3 and Remark 6.5, it suffices to prove (ii) = (i). Fix f
and x € M and put 29 = f(x) € N. Our first aim is to construct convex functions ¢ on N which
are almost linear around zp. Recall that a smooth function ¢ on N is convex if and only if

Hess 0(¢,£) 2 0 (V€ € SN).

For each ¢ € S, N define a function @¢ : N — R by @¢(w) = (exp' w, (). Then Hess §¢(£,€) =
0 for all ¢ € S;,N,& € S,,N. Hence, by continuity Ve > 0: 3r > 0:Vz € B,(29),VE € SN, V(¢ €
SN -

[Hess ¢¢(€,6)| < e
Without restriction, we may assume € < 1 and » < 1. On the other hand, we know that for

1/) = %d2(.,2’0)
Hess9(§,§) > 1 (V€ € SN).

Therefore, for each ¢ € S, N the function ¢¢ := @¢¢ + €9 is convex on B,(zp) and the function

- sup {@C? —r+ 3d(20a )} on Br(zU)
PO o 4 3d(z0, ) on N\ B, (z0)

is convex (and Lipschitz continuous) on N. The latter coincides with ¢¢ on B,./4(20).
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Now assume that a(p o f)(x) > 0 for each Lipschitz continuous convex ¢ : N — R. Then
Ve >0:3t. >0:Vt <t V(e S, N:

0 = (pcoDN@) < prleco D) tet < pilgeo i)+ 2t

= [(ewsl ) Omlandy) + 5 [ o, Fo) il dy) + 2.

Here (x) follows from (29) since

pr(c o F)(@) — pildc o (@) = / e (F@) — ¢c(FW)] prla, dy)
< 4 / d(f (), f@) — /4], pulendy) < -t

Recall (e.g. from CHAVEL (1993)) that z; := P, f(z) implies

/ (exps! £(), Oopel, dy) = 0 (V¢ € 5., N).

Choose (o € Sz, N, (1 € S, N with 21 = exp, (d(z0,21) - C0), 20 = exp,, (d(20,21) - (1). Then we
may summarize

d(z0, 21) S/[—<eXp;01f(y),Co>—<eXp;1f(y),C1>+d(zO,zl)} pe(z, dy) -
33

)
+§-etf(x)—|—25t

with e, f(z) == [ d*(f (y)) pt(x,dy). In order to estimate the integrand in (33), consider an
arbitrary trlangle in a NPC space with side lengths a, b, ¢ and angles «, 8,~v. Then by triangle
comparison

a22b2+02—2bccosa, b22a2+02—2accosﬁ
and thus
0 > c—b-cosa—a-cosf (34)

Obviously, (33) and (34) together imply
J
d(z0,21) < 3 ecf(z) + 2et

But according to (30), e;f(z) < C -t for t — 0 and thus +d(f(z), P.f(z)) — 0 for ¢ — 0. That
is, Af(z) =0. O
An even more complete picture is obtained if we require uniform convergence instead of
pointwise convergence in the definitions of invariance and harmonicity. Hence, let us now con-
sider harmonic maps in an L. -framework or, more generally, let us consider weakly harmonic
maps in an Lyg-context. Recall that throughout this paper (dx); denotes a fixed subsequence of

(27
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Theorem 7.3. Let (M, M,m) be a measure space and let (p¢); be a Markov semigroup on
(M, M) satisfying the basic assumption (24) of Chapter 5, i.e. ||pullo < C-e™ - ||u|lg for some
constants C,a € R, 0 € [1,00] and all bounded measurable u : M — R.

Let (N,d) be a simply connected, complete Riemannian manifold of nonpositive curvature.
Finally, let f: M — N be a measurable map with separable range and such that for all r > 0

1/6

limsup 7 [ /1] d2<f<x>,f(y))m(sc,dwrm(dx) < oo (3)

t—0

o ; 1/0
lim © [ [ @@, - 1. o] m(dm)] 0 (36)

t—0 t

(with appropriate modifications if @ = 0o). Then the following assertions are equivalent:

(i) For eacht >0
Pif:= lim Py

T35—0
exists in Lg(M,N,p) and F:f =f.
(ii) There exists a subsequence (si)r of (0r)k such that for allt € T and for m-a.e. x € M
Py f(z) = lim P/*f(x)
exists in N and P} f(z) = f(x).
(iii) For eacht € T, for m-a.e. x € M and for each convez, Lipschitz continuous ¢ : N — R
(po f)(@) <pilpo f)(=).
(iv) lim tdo(f, Pif) = 0.
(v) For eachteT,
Pyf:= lim Py/™
exists in Lo(M, N,p) and lims;_q %dg(f, F:f) =0.

Proof. (i) = (ii): Choose t € T, s = §;, and recall that Ly-convergence

/ [d (f, (P(;,C)W‘S’“J f) (x)rm(d:n) — 0 for k — oo

implies m-a.e. convergence for a suitable subsequence (si)x of (d;)r. Use a diagonal sequence
argument to obtain convergence for all ¢t € T.
(ii) = (iii): By Jensen’s inequality

(po @) = ¢(B @ = lime (PLr) @)
< dim plf (o @) = pulpo ().

(iii) = (iv): Property (iii) and the estimates in the proof of Proposition 7.1 imply that for each
0 > 0 there exists r > 0 such that for m-a.e. x € M and allt € T

A(f (@), Pif(a)) < 8- cef (@) +4 (@), £0)) = 1) il ).
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Hence, by (35) and (36)
1
Lol ) 0

fort € T,t — 0.
(iv) = (i): According to (iv), Tlimo Ldo(f, Psf) = 0. Hence, for each ¢t > 0
58—

t/s]
do(f, PY/f) < N dg (P, PLF) < (t/s) - dolf, Pof) — 0
i=1
as s € T,s — 0. That is, for each t > 0

B B [t/s]
f T%lﬂ(] Py

in Lg.
(i) = (v): obvious.
(v) = (i): Since (P}):eT is a semigroup, it follows that for all ¢ € T and n € N

do(f, P/ f) = do (f, ( ;"/gn)Qn f) <2"-dy (f, 19;‘/2nf> -0

as n — OQ.

O

Remark 7.4. (i) Assumption (35) guarantees that f € Ly(M, N, p). Thus P, f is well defined.
Moreover, it is strongly continuous. Hence, most results easily extend from s,t € T to s,t € Ry.

(ii) In the framework of the previous Theorem, the notion of Lp-harmonic maps will be
independent of the choice of the sequence (dg)g.

(iii) In the above situation, a map is Lyp-invariant if and only if it is Lg-harmonic (which in
turn holds if and only if it is Lg-pseudo harmonic).

(iv) If = oo and if m is the counting measure, then in assertion (ii) of the above Theorem
one may choose any null sequence (sg)g.

The previous characterization is analogous to Ishihara’s characterization of classical harmonic
maps (ISHIHARA (1979)). As a consequence of the previous Theorem we immediately obtain
the following

Corollary 7.5. Let M and N be Riemannian manifolds, let (p;); be the heat semigroup on M,
assume that M is complete with lower bounded Ricci curvature and that N is complete, simply
connected and nonpositively curved. Then for any bounded, continuous map f : M — N and
any open set D C M the following assertions are equivalent:

(i) Af(x) =0 for allx € D;
(ii) A*f(z) =0 for allx € D;
(iii) For all open sets B which are relatively compact in D, all x € M and all t >0

Ppof(x) = f(x);

(iv) For all open sets B which are relatively compact in D, all x € M, allt > 0 and all Lipschitz
continuous, convexr ¢ : N — R:

(po f)x) <ppilpo f)(z);
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(v) Forallt >0, all x € D and all Lipschitz continuous, convez ¢:
a(po f)(x) = 0;

(vi) f is harmonic on D in the classical sense.
Moreover, in (iii)-(v) one may restrict oneself to smooth functions ¢ and balls B.

Proof. The assumptions on M, N and f guarantee that (p;); is a Markov semigroup and
that f € L*(M, N, p) (for a suitably chosen sequence (df)x, cf. Theorem 4.3).
(i) = (v) as well as (ii) = (v): Proposition 6.3.
(v) = (iv): Remark 6.2 applied to u := ¢ o f.
(iv) = (iii): Apply the previous Theorem 7.3 (with uniform norm, i.e. § = co and m= counting
measure) to the semigroup (pp,):-
(iii) = (i) and (ii): The previous Theorem 7.3 states that (iii) implies
(i) }/1_1}(1) 2d(f, Ppyf)(z) = 0 uniformly in € M;
as well as
(i’) f € L*(M,N,pp) and %E}I(l) Ld(f, Pg f)(z) = 0 uniformly in z € M.
According to Proposition 6.9: (ii’) = (ii) and (with the same argument) (i’) = (i);
(v) < (vi): IsHIHARA (1979) and Remark 6.2. O
Similar characterizations of harmonic maps in terms of subharmonic functions and convex
functions may be obtained for target spaces more general than Riemannian manifolds. We
state one result for metric trees (with general domain spaces) and one results for Riemannian
polyhedra (with Riemannian domain spaces).

Proposition 7.6. Let (N,d) be a locally finite metric tree, let v € M and f : M — N be
measurable and satisfying property (30). Then the following are equivalent:

(i) Af(z) =0;
(ii) a(eo f)(x) > 0 for all Lipschitz continuous, convex ¢ : N — R.

Before coming to the proof of this Proposition, let us derive some auxiliary results and
introduce some notations. Given a metric tree N and a point z € N we denote by T, N the
equivalence class of unit speed geodesics emanating from z where two such geodesics are called
equivalent if they coincide on some open interval. Given v € T,N we define the oriented
distance dy : N — R by d(y) := d(z,y) if the geodesic connecting z and y is equivalent to
and d(y) := —d(z,y) otherwise.

Lemma 7.7. Let ¢ € PY(N), 2 € N and r > 0.

(i) z="0(q) —=  VyeT.N: [d(y)q(dy) <0.

(ir) If (z) < [(y) q(dy) for all Lipschitz continuous convex ¢ : N — R and if there is no
branch point (besides eventually z) in the ball B(z) then

d(z,b(g)) < / [d(z,y) — 7] a(dy).

Proof. (i) According to the basic barycenter contraction property, we may assume that
q € P?(N). Then by definition of the Lo-barycenter

d
z=blg) = WELN: - /dQ(%,y) q(dy)li=o04 > 0.
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However, it is easy to see that %d?(v;,y)|=0+ = —2d,(y). This proves the claim.
(ii) Let v € Ty(q) N be the geodesic connecting b(q) and z. Consider the following truncation
of the oriented distance

() = sup{d,(.),d(z,b(q)) =7}

Then ¢ is convex, dilp < 1 and thus by assumption

dem@w—was/wwmm»s/m@mum+/Waw—¢wwws/wew—ﬁwuw

where the last inequality follows from (i). O

Actually, the above proof shows that it suffices to verify the assumption ¢(z) < [ ¢(y) ¢(dy)
for all ¢ = (dy)+ w1th w € 0B, ( ) and n € TN being the geodesic connectmg w and z.
More generally, ) < [ (y) q(dy) + B for all such ¢ and some number 3 € R implies that

< [ld(z,y) —r+q(dy)+ﬂ

Proof of Proposition 7.6 It suffices to prove (ii) = (i). Choose r > 0 such that B,(f(z)) \
{f(z)} contains no branch points and let &, := {p, : w € IB,(f(x))} denote the set of
Lipschitz continuous, convex functions ¢ = (d,)+ with n € T,,N being the geodesic connecting
some w € 0B, (f(x)) and f(z). Since f(z) has finite degree, this is a finite set. Assumption (ii)
implies a(¢ o f)(x) > 0 for all ¢ € .. That is,

Ve>0:3t. >0:Vt <t ,Voe®,:(pof)lz)<plpof)(r)+et

According to Lemma 7.7 and the subsequent remarks (with z = f(z),q = fipi(x,.) and b(q) =
P, f(x)) this yields

A(f(), Pif(x) < a+/wumxﬂwwwuﬁu@w

Hence, (30) implies +d(f(z), P.f(z)) — 0 for t — 0. O

Corollary 7.8. Let M be a complete Riemannian manifold with lower bounded Ricci curvature
and let (pt)¢ be the heat semigroup on M. Fix a countable basis By of the topology of M
consisting of balls. Let N be a complete, simply connected and nonpositively curved Riemannian
polyhedron of dimension n < 2. Then for any bounded, continuous map f : M — N and any
open set D C M the following assertions are equivalent:

(i) A*f(x) =0 for allz € D;

(ii) For all balls B € B which are relatively compact in D, all x € M and all t > 0:
Péytf(x) = f(x);

(iii) For all balls B which are relatively compact in D, all x € M, all t > 0 and all Lipschitz
continuous, convex ¢ : N — R:

(po f)(x) < ppe(po f)(@);
(iv) For allt >0, all x € D and all Lipschitz continuous, conver ¢:

a(po f)(x) = 0;
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(iv) f is harmonic on D in the sense of EELLS, FUGLEDE (2001).

Moreover, if n =1 (i.e. if N is a tree) then the above assertions are also equivalent to
(vi) Af(x) =0 for all z € D.

Proof. The assumptions on M, N and f guarantee that (p;); is a Markov semigroup and
tha)t f €L (M,N,p)"pem, L(M, N,pp) (for a suitably chosen sequence (d)x, cf. Theorem
4.3).

(ii)=-(i): Proposition 6.9.

(i)=(iv) as well as (vi)=(iv): Proposition 6.3 (Jensen’s inequality).

(iv)=-(iii): Remark 6.2 (classical potential theory).

(iii)=(v): FUGLEDE (2002).

(v)=(ii): Fix a map f satisfying (v) and a ball B which is relatively compact in D. Let
g = lim¢ o0 P, f be the solution to the nonlinear Dirichlet problem on B (for the boundary
data f) as defined in the previous Chapter. Then g = Pj,g in B for all t > 0 and thus A}g =0
on B. Moreover, g is continuous on B (Corollary 6.11) as well as on OB (Theorem 6.15) and it
coincides with f on M \ B. Hence, (by the previous arguments) g is harmonic on B in the sense
of EELLS, FUGLEDE (2001) and therefore, (by the uniqueness of the solution to the Dirichlet
problem) it coincides with f on the whole space M. Therefore, f = P}, f in B for all ¢t > 0.
(iv)=(vi): Proposition 7.6. 7 O

=
=

8 Reverse Variance Inequality and Convergence

In this Chapter, we study maps into global NPC spaces (N, d) with some additional weak bound
for the ”curvature” which will be expressed in terms of a so-called reverse variance inequality.
We recall from STURM (2001) that "nonpositive curvature” can be characterized in terms of
the ”variance inequality”.

Proposition 8.1. A complete metric space (N,d) has globally nonpositive curvature (in the
sense of Alexandrov) if and only if for each ¢ € P*(N) there exists a (unique) point b(q) € N
such that Vz € N

/ [d*(z,2) — d*(2,b(q)) — d*(b(q), x)] g(dzx) > 0.

Spaces with this property are called global NPC spaces. Note that a simple application of
the triangle inequality yields

/[dQ(zvx) — d*(2,b(q)) — d*(b(q), x)] q(dz) < / [d*(2,b(q)) + d*(b(q), =)] q(dw).

The crucial point in the reverse variance inequality which we will formulate below is that for
d — 0 the RHS is of order d* for some o > 2.

Definition 8.2. We say that a reverse variance inequality with exponent o > 2 holds true on a
global NPC space (N, d) iff there exists a constant ¢ such that

/ [d*(z,2) — d*(2,b(q)) — d*(b(q), )] q(dz) < c- / [d%(2,b(q)) + d*(b(q), )] q(dx)

for all ¢ € P2(N) and all z € N.
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Our next goal is to prove that a reverse variance inequality with exponent o = 4 holds
true on each global NPC space with lower bounded curvature in the sense of Alexandrov. In
particular, it therefore will hold on each simply connected, complete Riemannian manifold with
lower bounded and nonpositive curvature. Trivially, it also holds on each Hilbert space. We
leave it as an exercise for the reader to verify that it also holds on singular spaces like the
following

Example 8.3. Glue together two copies of the set {z = (x,t) € R¥ : ¢ < ¢(z)} along their
boundary {z = (z,t) € R¥ : ¢t = ¢)(x)} where ¢ : R*"! — R is any smooth convex function.

1

For the following calculations, put sher := - - sinh(x - 7), cher := cosh(x - r) for k > 0 and

shor = r, chgr = 1.

Lemma 8.4. Assume that (N,d) is a geodesically complete, global NPC' space with curvature
> —r2. Then for each ¢ € P?(N) and each 2 € N

/ch,id(z,x)q,i(da:) < chyd(z,b(q)) - /chnd(b(q),x)qn(dx) (37)
where g (dx) = %q(daz) if K > 0. In the limit case k = 0, (37) should be replaced by
the variance equality [ d*(z,z)q(dz) = d*(z,b(q)) + [ d*(b(q), z)q(dz).

Proof. Let x > 0 and fix a probability measure ¢ and a point z. Consider the geodesic
connecting b(q) and z. By geodesical completeness, it can be extended beyond b(q). That is, for
t > 0 sufficiently small, there exists a geodesic v : [—t,1] — N with 79 = b(q) and 7; = z. The
lower curvature bound implies

shy [(1 +t)d(2,b(q))] - ched(z,b(q)) > shxd(z,b(q)) - ched(z,v—¢) + shy [t - d(2,b(q))] - ched(x, 2)
for all z € N (cf. KOREVAAR, SCHOEN (1997)). Integrating with respect to g, yields

shy, [(1 + t)d(zv b(Q))] - Shnd('zv b(Q))
[ e 2Jantan) < STt [ ched(a, (@) (o)

hdeb@) [ o ]
et [ e, 0a) = (o0 ()

for all sufficiently small ¢ and thus in the limit ¢ \ 0

/ chyd(z, 2) g (d) — chyd(z, b(q)) - / chd(x, b(q)) g ()

< Sh(d(z((;()))) . liltn\iglf % / [Chﬁd(x,’yo) — Chmd($, ’Y—t)] g (dz)

(+)  k2sh d(Z,b(Q)) .1 9 9 Sh,id(:z’,"yo)

< iz b0 .hrtn\lglft/ [d*(z,70) — d*(z,v—¢)] Wqﬁ(dfp)
_ wPshd(z,b(g) o1

= Tadmblg) R / [d2(x,70) — d*(2,v-)] q(dx)

(++)

< 0
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where (+) is due to the fact that for all Ry, Ry > 0

ch, Ry — ch,R; R(Q) - th < k2 - sh, Ro R(Q) — Rg

1
= [chy Ry — chyR] = <
g (Chwflo = chi ] R - R? t 2R, t

and (++) due to the fact that 79 = b(q) is the barycenter of q. The case k = 0 follows
analogously. O

Theorem 8.5. On each geodesically complete, global NPC space (N,d) with curvature > —r?
a reverse variance inequality with exponent 4 and constant %/{2 holds true. That is, for each
q € P2(N) and for each z € N

[ 8Ga) - @) - o] atdn) < G [ [ b0) +d b)) aldo).

Proof. Put D = d(z,x),d; = d(x,b(q)),d2 = d(b(q),2),d = ‘llQLdQ and assume for simplicity
k =1. Then

/ [ (2,2) — d2(2,b(q)) — d2(b(g), 2)] q(d) = / [D? — &2 — d2] dg

= (s )+

< / :D2 (1 - Silil : S}CZZ) +2 GD? — chD + chd; - chd2> : S}‘f;h : Sfllib — &3 - d%} dq
< / -(dl + dy)? <1 - Sfll;l Sl‘f;) + 2(chd; - chdy — 1) - S}‘ﬁll Sl‘f; —d? - dg] dq

= 2 / [ch(2d) — 1 — 2d?] S}‘illl : Sffjb q

(2) 2/ [ch(2d) — 1 — 2d°] - <S}‘fd>2dq = 4/ [1 - (Ssdf] ~d*dg

< g/d4dq < 2/[d%+d§] dg = g/[d4($7b(q»+d4(b(q)7z)] ¢(dz).

The inequality (*) follows from the logarithmic concavity of the function r — ﬁ O

Remark 8.6. Consider the convex, increasing function ¢, : r — (1 - (shﬁr/r)z) 7% on Ry

which satisfies ¢, (r) < %1"4 as well as ¢,(r) < r2. The previous proof yields the sharper
estimate

[?—d-r?-ddg<a [ oo <2 [ foua) + ou(a]da

Now let us turn to the proof of Theorem 4.1. Firstly, we will formulate some auxiliary results.

Definition 8.7. For f € L(M,N,p),n € N and a > 0 we define the a-order iterated variation

ol f / / [ (Pl ), P fln)) +d® (P flwn), P2 f(w)) +
4d® (Pt/nf(xnfl)y f(xn))] p% (iUn,l,d{En)...p% ($, dxl)
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and the deviation

un @) = [ & (B f(@). 1)) il dy) = o2 0).

Note that &1 f(x) = 0 and that &, f(x) > d? (Pg}nf(:c), Ptf(x)> by the following Lemma.

Lemma 8.8. For all f,g € L(M,N,p), allt >0 and all k,n € N

& (P, Pho) < | [ d<f<y>,g<y>>pt<x,dy>]2 gl (@) + b ng(a)

and
kn
d2 (Pt/(kn)f(x t/n > an 1 it ((5t k ( t/(kn)f)> ( )
Proof. Iterated application of the variance inequality yields

Pl f (@), h()
< [ (no) Pl ) oy (o) = [ @ (Pus @), P @) g o don)

[ [ & (no) P p(a2)) vy (or, daaip (o o)
/ / & (B (). P2 T (@) pe (o, daa)p (. d)
- [ @ (Bhuf@). Pl fwn) py o, do)

< [E@). W dy - o) 1la)

IN

for all h. Choosing h = Pt”/ng yields

& (Pt @), Pug(@) < [ & (Pal@). 1) o dy) — o1 (a).
Interchanging the roles of f, g and k,n we obtain similarly
& (Pt Plug(@) < [ & (Bhuf(@).9) pie.dy) = olg(a).

Adding up both inequalities and applying the quadruple inequality (see e.g. KOREVAAR,
SCHOEN (1993)) to P/kf( x), P y 9(x), g(y), f(y) we obtain

@ (Pl f (@), Plog(a))
< [/cl(f(y%g(y))pt(ﬂc,dy)]2 /d2 (P/kf( ), fly )) pi(, dy)
+ [ @ (Pal@). o) pie.dy) = o £(@) ~ of2g(0)

= (pru(z))? + 6tk f () + Ot mg(z)
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which is the first claim.
For ¢ =0,..,n — 1 the preceding yields

& (Pl £ P 1) @) < e (@ (Bl . B ) ) @) 4+ 61 (Pl ) (2):

Iterating this inequality proves the second claim.

(]

Proposition 8.9. Assume that a reverse variance inequality with exponent o > 2 holds true on

(N, d).
(i) Then the pointwise limit

P f(x) = hm P/Qkf( z)

exists for all f € L(M,N,p), all t >0 and all x € M with

(ii) If even

then
P/ f(z) = hm t/nf(x)‘

Proof. (i) According to the reverse variance inequality

0t (fi)(z) :=

p o (y,dz)p 1 (x,dy)

< o [ [ 18 Gialo) fiaw) + 7 (Fiaw). F@)] 1 02D (o)

¢ 1+6
< 2| —
< (a)

for f; := (Pt/ on ) f,i=0,1,...,2n. Therefore, by Lemma 8.8

( tnfs b t/ (2n) > (z) < Ti:lp"g"t (5%,2(f2i)> (z) <c v
=0

Iterating this inequality yields

k
& (Pl Pl f) (@) < €2 S 0l%) F(a)
=1

40

(38)

(40)

(41)

// [dQ(PtQ/(%)fi(ﬂ«"),fi(Z)) — d* (Pl o) fi(@), Poyan) fi(y)) _dQ(Pt/(Qn)fi(y)afi(z))]

(42)



This together with condition (39) implies that (Pf/];k f (x))k N is a Cauchy sequence. Hence,
€

Prf(x) = hm P/zkf( x) exists in N.
(ii) Our next aim is to prove that P} f(z) = hm PT; f(x). But

A (Pt PL1) @) < A (Bt P2 f) @)+ d (P2 £ PRy ) (2) +d (PEoey £ P ) ()

and, according to (42) and condition (40)

( t/nf’ P2k2kn)f> (l‘) sc th(zznf(x) —0

i=1
as n — oo (uniformly in k) whereas, again according to (42),
@ (P £ PEF) (@) S e Y v f(a) =0
i=k+1

as k — oo (uniformly in n). Using Lemma 8.8 and the reverse variance inequality, we can bound
the remaining term as follows

2k—1
@ (P2 - Plow f) () DILIEE o (0 0lfni)) @)
with f; = P!f and s . Now by the reverse variance inequality

5sn,n(fi) (.%'()) -

Ps(Tn—1,dxy)...ps(z0, dx1)
n—1
= 3 [ [l (P20 P2 ) = a2 (P2 i), P2 i) -
=1
= d (P fi(wn), Pe 7 i) )o@, dag)ops(ao, da)

n—1
e [ [ [ (Prsia) P stan)) - (P2 fa), P2 )
=1

ps(Tn—1,dxy)...ps(xo, dz1)

n—1
-1, Z//do‘ (Pg_lfi(xl)7P:_l_lfi(xl_l,_]_)) ps(Tn—1,dzy)...ps(xo, dz1).
1=0

n—1
@2 (P fi(wo), filwn)) = Y d* (P27 i), P:—l—lmxlm)]
=0

IN

IN

Thus

k
d? ( t/(gk f,PtQ/(Qk)f) ()
2k _1n—1

S Z Zd f’rL H—Z’n fn I+in— 1( ))ps(ya dZ)p(Qk—l—i)ns+ls(x7dy)

=0 [=0

L
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which for each n € N is arbitrarily small if k is sufficiently large. Hence, d ( i 1P f) () —0
for n — oo. O

Theorem 8.10. Assume that for suitable constants o > 2,3 > 0 and C' and a given metric p
on M

o pip(z,y) < C-p(,y) (Vz,y € M,t <1)
o [p%(z,y)pi(z,dy) < C - 17 (Vx e M,t<1)
e (N,d) satisfies a reverse variance inequality with exponent c.
(i) Then for all x € M,t € Ry and f € Lip(M, N)
P f(x) = lim P}, f(x)

exists. The convergence is uniform in x, locally uniform in t and locally uniform in f (more
precisely, uniform on {f € Lip(M,N) : dilf < n} w.r.t. de for each n).
(ii) The limit is continuous in x,t and f. More precisely,

o dilP;f < eCUHD . dilf
dOO(Pt*fv Pt*g) S dOO(f?Q)
doo(P2f, PEf) < CF - dilf - |t — |5

(iii) (Pf)ier, is a strongly continuous semigroup on Lip(M,N) (equipped with a uniform
pseudo metric ds) and

Py f(x) = lim PL*) f(2) (43)
uniformly in x, uniformly in t and locally uniformly in f.

Proof. (i) The assumptions on (p;) imply that for each f € Lip(M,N),t >0 and x € M

n—1
it < @Y [ d o, (ndp (o dy)
i=0
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According to the proof of Proposition 8.9 this implies

& (Pt Pt ) (2)
< 20 (B f. P2y f) () + 282 (P, f. P25, f ) ()

2 - [Z v F@) + 3 0l )
i=1 i=1

/ 1 1
< 0" . LNt (Qil )Y . T8
- c (dilf) W8 P

IN

which proves the (locally) uniform convergence.
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(ii) The continuity results in z and f are obvious (cf. Theorem 4.3 and Lemma 3.2(i)).
Making use of the semigroup property from part (iii), it suffices to prove the continuity in ¢ for
s =0.

But according to Lemma 3.2(ii)

Llf P ) < s [ df(e) fw)ne.dy)
< dilf- SUP/p(:v,y)pt(w,dy) < dilf - (C ~ t”ﬂ)i

(iii) Part(i) already implies the semigroup property of (Pt*)tet@ .- Indeed, for s,t € Q4 choose

i,j,k € Nwith s = 7,t = £. Then P} = Jim Py 1/ (eny A0 PP = lim Pl/(km) Hence,
* [k +i)n
Prpif) = dim Pl (lim P, f) = lim P = P f

Part (ii) implies that (P7);cq, is strongly continuous and thus the semigroup property (and the
continuity) extends from Q4 to R.

Finally, we are going to prove (43). Fix ¢ > 0 and put n, := |1],t, := s ng for s > 0. Note
that ng — oo and ty; — ¢t for s — 0. Hence,

A (B 1 PT) < d(PrrP f) < d (Pl 0B, ) =0

for s — 0. O

The author would like to thank Lucian Beznea, David Elworthy, Bent Fuglede, Wilfrid Kendall,
Xue-Mei Li, Jean Picard and Anton Thalmaier for stimulating discussions.

References

H. AIkAwWA (2002): Holder continuity of Dirichlet solution for a general domain. Preprint.

M. ARNAUDON (1994): Espérances conditionelles et martingales dans le variétés. Sem. Prob.
XXVIII, LNM 1583, pp 300-311. Springer, Berlin.

W. BALLMANN (1995): Lectures on spaces of nonpositive curvature. DMV Seminar Band 25,
Birkh&user.

H. BAUER (1996): Probability theory. de Gruyter Studies in Mathematics, 23. Walter de
Gruyter & Co., Berlin.

A. BENDIKOV (1995): Potential theory on infinite-dimensional Abelian groups. de Gruyter
Studies in Mathematics, 21. Walter de Gruyter & Co., Berlin.

A. BENDIKOV, L. SALOFF-COSTE (2001): On the absolute continuity of Gaussian measures
on locally compact groups. J. Theor. Probab. 14, No.3, 887-898.

W.R. Broom, H. HEYER (1995): Harmonic analysis of probability measures on hypergroups.
de Gruyter Studies in Mathematics, 20. Walter de Gruyter & Co., Berlin.

43



M.R. BRIDSON, A. HAEFLIGER (1999): Metric spaces of non-positive curvature. Grundlehren
der Mathematischen Wissenschaften, 319. Springer-Verlag, Berlin.

D. BuraGo, Y. BURAGO, S. IVANOV (2001): A course in metric geometry. Graduate Studies
in Mathematics, 33. American Mathematical Society, Providence, RI.

E.B. DAVIES (1989): Heat kernels and spectral theory. Cambridge Tracts in Mathematics, 92.
Cambridge University Press, Cambridge.

I. CHAVEL (1993): Riemannian geometry — a modern introduction. Cambridge Tracts in Math-
ematics, 108. Cambridge University Press, Cambridge.

R. DURRETT (1991): Probability. Theory and examples. The Wadsworth & Brooks/Cole
Statistics/Probability Series. Wadsworth & Brooks/Cole Advanced Books & Software,
Pacific Grove, CA.

J. EELLS, B. FUGLEDE (2001): Harmonic maps between Riemannian polyhedra. Cambridge
Tracts in Mathematics, 142. Cambridge University Press, Cambridge.

J. EELLs, J.H. SAMPSON (1964) Harmonic mappings of Riemannian manifolds. Amer. J.
Math. 86, 109-160.

M. EMERY (1989): Stochastic calculus in manifolds. Universitext. Springer, Berlin.

A. Es-SaHiB, H. HEINICH (1999): Barycentre canonique pour un espace métrique a courbure
négative. Séminaire de Probabilités, XXXIII, 355-370, Lecture Notes in Math., 1709,
Springer, Berlin.

S.N. ETHIER, T.G. KURTZ (1986): Markov processes. Characterization and convergence. Wi-
ley Series in Probability and Mathematical Statistics: Probability and Mathematical
Statistics. John Wiley, New York.

C. FEFFERMAN, D.H. PHONG (1983): Subelliptic eigenvalue problems. Conference on har-
monic analysis, 590-606, Chicago, Wadsworth Math. Ser.

B. FUGLEDE (2002): Hélder continuity of harmonic maps from Riemannian polyhedra to spaces
of upper bounded curvature. To appear in Calc. Var. PDE

B. FUGLEDE (2002A): The Dirichlet problem for harmonic maps from Riemannian polyhedra
to spaces of upper bounded curvature. To appear in J Reine Angew. Math.

G. GREGORI (1998) Sobolev spaces and harmonic maps between singular spaces. Calc. Var.
Partial Differential Equations 7, no. 1, 1-18.

A. GRIGORYAN (1999): Estimates of heat kernels on Riemannian manifolds. Spectral theory
and geometry, 140-225, London Math. Soc. Lecture Note Ser., 273, Cambridge Univ.
Press.

M. GroMOV (1999): Metric structures for Riemannian and non-Riemannian spaces. Progress
in Mathematics, 152. Birkhduser Boston, Inc., Boston, MA.

M. GroMoOV, R. SCHOEN (1992): Harmonic maps into singular spaces and p-adic superrigid-
ity for lattices in groups of rank one. Inst. Hautes Etudes Sci. Publ. Math. No. 76,
165—-246.

44



S. HILDEBRANDT, H. KauL, K.-O. WIDMAN (1975): Harmonic mappings into Riemannian
manifolds with non-positive sectional curvature. Math. Scand. 37, no. 2, 257-263.

S. HILDEBRANDT, H. KAuL, K.-O. WIDMAN (1977): An existence theorem for harmonic map-
pings of Riemannian manifolds. Acta Math. 138, no. 1-2, 1-16.

L. HORMANDER (1990): The analysis of linear partial differential oprerators I. 2nd edt. Springer,
Berlin.

T. ISHIHARA (1979): A mapping of Riemannian manifolds which preserves harmonic functions.
J. Math. Kyoto Univ. 19, no. 2, 215-229.

N. JAacoB (1996): Pseudo-differential operators and Markov processes. Mathematical Research,
94. Akademie Verlag, Berlin.

N. JAcoB (2001): Pseudo differential operators and Markov processes. Vol. I. Fourier analysis
and semigroups. Imperial College Press, London.

D.S. JERISON, A. SANCHEZ-CALLE (1986): Estimates for the heat kernel for a sum of squares
of vector fields. Indiana Univ. Math. J. 35, no. 4, 835-854.

J. JosT (1994): Equilibrium maps between metric spaces. Calc. Var. Partial Differential Equa-
tions 2, 173-204.

J. Jost (1997): Generalized Dirichlet forms and harmonic maps. Calc. Var. Partial Differen-
tial Equations 5, no. 1, 1-19.

J. JosT (1997A): Nonpositive curvature: geometric and analytic aspects. Lectures in Mathe-
matics, ETH Ziirich, Birkhauser, Basel.

J. JosT (1998): Nonlinear Dirichlet forms. In: New Directions in Dirichlet Forms. (Edt. by
J.Jost, W.Kendall, U.Mosco, M.Rockner, K.T.Sturm), pp. 1-47. AMS and International

Press.

W.S. KENDALL (1990): Probability, convezity, and harmonic maps with small images. 1. Unique-
ness and fine existence. Proc. London Math. Soc. 61, 371-406.

W.S. KENDALL (1998): From stochastic parallel transport to harmonic maps. In: New Direc-
tions in Dirichlet Forms. (Edt. by J.Jost, W.Kendall, U.Mosco, M.Réckner, K.T.Sturm),
pp. 49-115. AMS and International Press.

N. KOREVAAR, R. SCHOEN (1993): Sobolev spaces and harmonic maps for metric space tar-
gets. Comm. Anal. Geom. 1, 561-569.

N. KOREVAAR, R. SCHOEN (1997): Global existence theorems for harmonic maps to non-locally
compact spaces. Comm. Anal. Geom. 5, no. 2, 333-387.

M. LEDOUX (2000): The geometry of Markov diffusion generators. Probability theory. Ann.
Fac. Sci. Toulouse Math. (6) 9, no. 2, 305-366.

M. LEpouxX, M. TALAGRAND (1991): Probability in Banach spaces. Isoperimetry and pro-
cesses. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 23. Springer, Berlin.

Z.M. MA, M. ROCKNER (1992): Introduction to the theory of (nonsymmetric) Dirichlet forms.
Universitext. Springer, Berlin.

45



U.F. MAYER (1998): Gradient flows on nonpositively curved metric spaces and harmonic maps.
Comm. Anal. Geom. 6, no. 2, 199-253.

J. PICARD (1994): Barycentres et martingales sur une variéte. Ann. Inst. Henri Poincaré,
Prob. Stat. 30, 647-702.

J. PICARD (2001): The manifold-valued Dirichlet problem for symmetric diffusions. Potential
Analysis 14, 53-72.

S. T. RACHEV, L. RUSCHENDORF (1998): Mass transportation problems. Vol. I. Theory. Prob-
ability and its Applications. Springer, New York.

M.-K. vON RENESSE (2002): Comparison properties of diffusion semigroups on spaces with
lower curvature bounds. PhD Thesis, Bonn.

M.-K. voN RENESSE, K. T. STURM (2004): Transport inequalities, gradient estimates, entropy
and Ricci curvature. To appear in Comm. Pure Appl. Math.

D.W. STROOCK, S.R.S. VARADHAN (1979): Multidimensional diffusion processes. Grundlehren
der Mathematischen Wissenschaften 233. Springer-Verlag, Berlin-New York.

M. STRUWE (1985): On the evolution of harmonic mappings of Riemannian surfaces. Com-
ment. Math. Helv. 60, no. 4, 558-581.

K.T. STURM (2001): Nonlinear Markov operators associated with symmetric Markov kernels
and energy minimizing maps between singular spaces. Calc. Var. 12, 317-357

K.T. STurM (2002): Nonlinear martingale theory for processes with values in metric spaces of
nonpositive curvature. Ann. Prob. 30, 1195-1222

K.T. STuRM (2002A): Nonlinear Markov operators, discrete heat flow, and harmonic maps
between singular spaces. Potential Anal. 16, no. 4, 305-340.

K. TAIRA (1991): Boundary value problems and Markov processes. Lecture Notes in Mathe-
matics, 1499. Springer-Verlag, Berlin.

A. THALMAIER (1996): Martingales on Riemannian manifolds and the nonlinear heat equation.
Stochastic analysis and applications, 429-440, World Sci. Publishing, River Edge, NJ.

A. THALMAIER (1996A): Brownian motion and the formation of singularities in the heat flow
for harmonic maps. Probab. Theory Related Fields 105, no. 3, 335-367.

46



