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0. Introduction

For every teR, let &, be a regular, local Dirichlet form with common domain
F < L*(X,m) on a locally compact, separable Hausdorff space X. We study the
behaviour of (global as well as local) solutions of the parabolic equation

Lu=2%u onRxX. .1

The (not necessarily selfadjoint) operators L, on L*(X,m) are supposed to be
associated with the (not necessarily symmetric) Dirichlet forms &, on L*(X,m)
according to

—(Lu,v)=8 (u,v).

To simplify things, let us first of all consider the case where all the &,’s are
symmetric and strongly local. In this case, the only assumption in the whole
paper which is imposed on the forms &, is the uniform parabolicity condition

k- Ewmu) <8 (uu)< K- 8(u,u). 0.2)

Here & is a fixed symmetric and strongly local, regular Dirichlet form. In terms
of & we define the intrinsic distance p on X which is assumed to reproduce the
original topology on X. The main result of the first part of this paper is the
following integrated upper Gaussian estimate.

Theorem 0.1. The transition operators T:, s<t, associated with (0.1) can be
estimated as follows

XA
(TF1 ,1p) < /m(A)- /m(B)- exp <— ZK((t ’_?)) exp (— kAt —ys)) 0.3)
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for all s<t and all subsets A,B < X of finite measure.

Here 1>0 denotes the bottom of the spectrum of the selfadjoint operator
—L. Note that if there exists a fundamental solution p(,.,s,.) for equation (0.1)
then the LHS of (0.3) is just [,{gp(t,y,s,x)m(dx)m(dy).

In order to obtain pointwise estimates we have to impose further
conditions. These are assumptions on the Dirichlet form &. Namely, in the second
part of this paper we assume that a doubling property and a scale invariant
Sobolev inequality hold true on the state space X. Under these assumptions we
carry out the Moser iteration for local sub- or supersolutions to obtain pointwise
(upper and lower) estimates in term of LP-means over suitable parabolic
cylinders. We combine these subsolution estimates with the integrated Gaussian
estimate (0.3) in order to obtain pointwise estimates for the fundamental solution

p(t,.,s,.) of (0.1).

Theorem 0.2. There exist constants C and N such that

PLy.5.X)<C-m™ B _(x)) m™ VB — ()

Py . p(x,y)2>,v,2
o) (s o9

uniformly for all points (s,x) and (t,y)€ R x X with s<t.

Note that for every ¢>0 the RHS of (0.4) can be estimated by

vy —1/2 =112 . _ PZ(X,y)
p(t,y,5,x)<C' -m (B Jm(x)) m~'*B J:(y)) exp| —(1 8)4_@——7)

with a constant C' = C'(g).

For parabolic divergence form operators on R" this type of estimate is due to
E.B. Davies [6] improving previous results by D.G. Aronson [1]. For Laplace-
Beltrami operators on Riemannian manifolds it is due to P. Li and S.T. Yau [23]
(whose result was improved by E.B. Davies, L. Saloff-Coste, N. Varopoulos and
many others). Finally, for Hérmander type and general subelliptic operators on
R this Gaussian estimate is due to D. Jerison and A. Sanchez-Calle [18] and to
S. Kusuoka and D.W. Stroock [19].

In the particular time-independent case L, = L, (0.4) is just an estimate for the
heat kernel for L. From this heat kernel estimate one easily deduces the following
Green function estimate:

0

gxy)<C- f m~Y(B (o)t

p3(x,)
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which in this generality is due to M.Biroli and U.Mosco [2,3] (extending previous
results by many other authors).

1. Time-dependent Dirichlet spaces and parabolic equations

1.1. The initial Dirichlet space
A) The Hilbert spaces ¢, %, % *

The basic object for the sequel is a fixed regular Dirichlet form & with domain
F =% (X) on a real Hilbert space s# =L*X,m) with norm ||lu|| =([xu?>dm)'>. F
is again a real Hilbert space with norm |ju 4 :=./8w,u)+ |ull>. We identify #
with its own dual; the dual of # is denoted by #* Thus we have
FccHcF*

with continuous and dense embeddings. We shall use the same notation (.,.) for
the inner product in J# and for the pairing between & * and £.

B) The Dirichlet form &

The underlying topological space X is a locally compact separable Hausdorff
space and m is a positive Radon measure with supp[m]=X. The initial Dirichlet
form & is always assumed to be symmetric (i.e. &u,v)=~E(v,u)) and strongly local
(i.e. &u,v)=0 whenever ue # is constant on a neighborhood of the support of
VEF or, in other words, & has no killing measure and no jumping measure). The
selfadjoint operator associated with the initial form & is denoted by L.

C) The energy measure I

Any such form can be written as
<a“’(u,V)=j dl'(u,v)
X

where T is a positive semidefinite, symmetric bilinear form on & with values in the
signed Radon measures on X (the so-called energy measure). It can be defined
by the formulae

f BT ) = 0 ) — 86, )
X

=nmlf f () L) — ()2 T, dymid)
XJX

t-02¢
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for every ue F(X)n L*(X,m) and every ¢ e F(X)n¥,(X). Since & is assumed to
be strongly local, the energy measure I' is local and satisfies the Leibniz rule as
well as the chain rule, cf. [13],[21],[36]. As usual we extend the quadratic forms
ur> &(u,u) and ur> I(u,u) to the whole spaces L*(X,m) resp. L2 (X,m) in such a
way that F(X)={ueL*(X,m):8u,u)< oo} and F,(X)={ue L} (X,m):T(u,u) is a
Radon measure}.

D) The intrinsic metric p

The energy measure I" defines in an intrinsic way a pseudo metric p on X by
P(6,y)=5up {u(x) — u(y) : 1€ F 1, (X) " G(X), dT(u,u) <dm on X}, (L1)

The condition dl'(u,u) < dm in (1.1) means that the energy measure I'(«,u) is absolutely
continuous w.r.t. the reference measure m with Radon-Nikodym derivative
Al(u,u)<1. The density AI'(u,u)z) should be interpreted as the square of the
(length of the) gradient of u at ze X. In general, p may be degenerate (i.e. p(x,y)= 00
or p(x,y)=0 for some x7#y). This (pseudo) metric will be discussed again at the
end of chapter 1.

E) Examples
The main examples which we have in mind are:

e L is the Laplace-Beltrami operator on a Riemannian manifold and m is the
Riemannian volume; in this case, p is just the Riemannian distance.

e L is a uniformly elliptic operator with a nonnegative weight ¢ on RY, ie.
Euv) =2y Jay; Zu-35v- pdx and (u,v)=fuvpdx with (a;;) symmetric and
uniformly elliptic and ¢ as well as ¢ ~ ' e L. (R",dx); in this case, p is equivalent
to the Euclidean distance (cf. [3],[24],[37a],[37c]).

e L is a subelliptic operator on RY, ie. &u,v)=X};- fa; Zu ;Zvdx and
(,v) = Juv dx with (a;j) symmetric and elliptic and such that &(u,u)>6 - ullf.—
llu)|? for some 8,6>0; in this case, p is equal to the metric used e.g. by
Fefferman/Phong [11], Fefferman/Sanchez-Calle [12], Jerison/Sanchez-Calle
[18], Nagel/Stein/ Wainger [27]; it can be locally estimated by the Euclidean
distance |.| as follows

1
el x—=y<p(x,y)<C-|x—yl"

Further examples will be discussed in [37a] and [37c].

1.2. The Dirichlet forms &,

In the sequel we will study the behaviour of solutions of a parabolic equation
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Lu=%u on (an open subset of) RxX. Here {L},g is a uniformly parabolic
operator in the following sense.

A) One-parameter family of Dirichlet forms

We assume that for every re R we are given a regular, local Dirichlet form
&, with domain 2(&,) = #. We do not require that &, is symmetric or strongly local.

The negative semidefinite, closed and densely defined operator on # = L2(X,m)
associated with the Dirichlet form &, is denoted by L, and L, denotes its adjoint
operator which is associated with the adjoint form &,:(u,v)— &,(v,u). That is, for
all uvesF

—(Lu,v)=E(u,v)= gt(v’ u)=— (E,V, u).

As usual we can decompose &, into its symmetric part &,=1(&,+&,) and its
antisymmetric part &,=4(&,—&,) such that &, =&,+ &, The symmetric part &, in
turn can be decomposed into its diffusion part &4/ and its killing part &,

B) The uniform parabolicity condition

The one-parameter family {&,},.gr of these Dirichlet forms is assumed to be
uniformly parabolic with respect to the initial Dirichlet form & in the following sense:

Assumption (UP). There exist constants K,k € ]0,00[ and y € [0, oo[ such that
— &) <K E ) —k- E(Suv,/uv)+y- (u,v) (1.2)

for all teR and all uyve F with uv>0 and Juve F where
E¥u,v) = E(/uv,/uv) — Ew,v).

Moreover, we assume that for all u,ve & the map ¢+ &(u,v) is measurable
and that the sector condition holds uniformly in ¢, that is, there exists a constant
Ce]0,00[ such that

EwV<C lulg-Ivls (1.3)

for all teR and all u,ve %.

Note that in the case &, = &, condition (1.2) is always satisfied with K=k =1 and
y=0. In the general case, condition (1.2) for (&,), is equivalent to condition (1.2)
for (#,), (with the same constants). Analogous statements hold for condition (1.3).

Also note that according to the following Lemma 1.1 for symmetric, strongly
local Dirichlet forms &, condition (1.2) is equivalent to the condition

k-&uu)—y- (uu) <8 uu) <K Eu,u) (1.4)
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which in turn implies the uniform sector condition (1.3) with C = K.
REMARK. The quantity &%(u,v) appearing in the condition (UP) has a particular

nice representation in the case u=e Yw and v=e'w with w,ye #(X)nL>(X).
Namely,

é”“(e"”w,e"’w)=f w2dT (Y, ).
X
In order to see that, write

Ee Yw,e'w)=E&(w, w)—é"(e""w,e""w)=fdl“ (w,w)— Jdl‘ (e Yw,e'w)
=Jﬂ(w,w)—[Jdl“(w,w)+fe""wdl“(w,e‘”)+Je”’wdl’(e""‘,w)+Jw2dl“(e’v’,e")]

=f w>dL(J,¥).
X
Similarly, one sees that for u,¢ € #(X)n L®(X)
&*(u,ug?) =J u’dl(¢, ¢).
X

From these formulae one concludes by approximation that

&¥u,v)=>0

for all u,ve # with uv>0 and \/Eeﬁ . Finally, note that of course &*(u,u)=0
for all ue #.

Lemma 1.1.

i) Condition (1.2) is equivalent to each of the following conditions:

*é’.(u,ufb")SK'J udl(¢,p)—k - Euep,ud)+y-(ud,ud) (1.5)
X
for all teR and all u,p e F(X)n L*(X) or
—é’,(e"’w,e“’w)sK'f w2dL (Y, ) —k - Ew,w)+7- (w,w) (1.6)
X

for all teR and all w,y e F(X)nL*(X).
ii) Condition (1.2) implies
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Euu)=k- Eu,u)—7- (u,u) W)
and
EM I (uu) < K- E(u,u) (1.8)

(whereas condition (1.3) implies & u,u)<C-(8w,u)+(u,u)) for all teR and all
ueF. Here &% denotes the diffusion part of &, (cf. sect. 1.2.A).

iii) Let &, be symmetric. Then condition (1.2) is equivalent to the pair of
conditions (1.7) and (1.8). Moreover, condition (1.3) is equivalent to the condition

Efu,u) < C-(E(u,u)+ (u,u)) (1.9)

for all teR and all ue F.

Proof. i) The implications (1.2) =(1.5) and (1.2) = (1.6) are obvious from the
preceding Remark and the fact that under the stated assumptions all functions
under consideration lie in %#. For the implication (1.6)=(1.5), approximate

& (u,up?) by & (u,u(¢p +¢)) and replace u by e ¥w and ¢? +¢ by e?¥. For(1.5)=(1.2),
approximate &,(u,v) by &(u+ ¢ v,v) and replace the v in the second place by (1 + ev)@>.

ii) (1.7) is obvious since &*(u,u)=0. To see (1.8), use the fact that (1.2) (or, more
obviously, (1.5)) for &, implies
—& (e 'w,e¥w)<K- fw%ﬂ“(dt,nﬁ) +7-(w,w). (1.10)
Now (using the symmetry of &) write the LHS of (1.10) as
szdrt(!//,l//)—é’ (W, w)=—& eV w,e'w). (L.11)
Here T, is the energy measure associated with the strongly local, symmetric Dirichlet
form &%//. 1In (1.10) and (1.11) replace y by n-y and w by iw with n - co. This

yields

f w2dl (YY) <K- jwmr(w,w

and thus &Yy, ) <K-EW,Y).
iii) If &, is symmetric, then

—&fe Vw,e'w)= jwzdl" ) =& (w,w).

Using (1.7) and (1.8), the RHS can be estimated from above by K- [w?dT(,)—
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k-&w,w)+7y-||w|® This proves (1.6). In order to see that (1.9) implies (1.3) it
suffices to note that for symmetric &, the Cauchy-Schwarz inequality yields
E(u,v) <8 (u, u)l/z &, V)llz- O

REmMARKS. i) Let us mention that all estimates in the sequel only depend on
the constants K k,y in (1.2) and not on the constant C in (1.3). We recall that if
the &,’s are symmetric and strongly local, then (1.2) implies (1.3).

i) If the family (&), satisfies (1.2) with constants K=K;>0, k=0 and y=y,>0
then for any 6>0 the family (£,+ &), satisfies (1.2) with constants K=K+ 9,
k=6>0 and y=y,.

iii) If the family (&), satisfies (1.2) with constants K,k and y=7y,>0 then the
family (&,+ 7, (.,.)), satisfies (1.2) with the same constants K,k and with y=0. Thus
we can and will restrict ourselves in the sequel to the case

Before looking for too complicated examples of &,’s satisfying (1.2), we should
mention that the main results of this paper are new even in the case &, = & (for all e
R). Besides this (time-independent and symmetric) example there are two types
of examples which we want to discuss now.

C) Symmetric examples

Let for every teR the Dirichlet form &, be (just like & itself) symmetric and
strongly local and the family {8}, satisfy

k- Euu) <& uu)<K- &Eu,u) (1.12)

for all teR and ue F with constants 0<k <K< 0.

In the situations considered at the end of section 1.1, one might think of
€ having smooth coefficients g;; (or even a;;=9;;) and &, being of the same type
with measurable coefficients. The classical situation is that L is the Laplace operator
on RV and {L}, is a second order, uniformly parabolic differential operator in
divergence form (cf. [10] including references to the pioneering contributions of
Nash, De Giorgi, Moser, Aronson, Davies).

This can be generalized by choosing L to be the Laplace-Beltrami operator
on a Riemannian manifold and {L,}, to be a suitable “uniformly parabolic” operator
on that manifold (cf. [33] for the elliptic case).

A similar situation occurs when L is a Hormander type operator (with
@~-coefficents) and {L,}, is derived from L by means of bounded measurable
coefficeints (cf. [34] for the elliptic case).

The previous framework can slightly be enlarged by merely assuming that for
every te R the Dirichlet form &, is symmetric and local, i.e.
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Eu,v) =& (u,v)+ j uv du,

X

where &%/7 is of the previously considered type (i.e. symmetric and strongly local and
satisfying k- &(u,u) < &4 (u,u) < K- &(u,u)) and y, is a nonnegative Radon measure
on X (“killing measure”). We emphasize that the uniform parabolicity condition
(UP) gives no condition on p,. The only restriction arises from the uniform sector
condition (1.3) (and from the assumption 9(&,) = F).

D) A nonsymmetric example

We will give an example of a local Dirichlet form whose antisymmetric part
is controlled by the symmetric part in such a way that (1.2) holds true. To be
specific, let L be the Laplace operator on L%(R",dx) (which implies that p is the
Euclidean distance) and let

& (u,v)= . 121 a faa—uiv dx+ .g biéa;iuv dx+ ii Jgiu%v dx + j cuvdx
with time-dependent coefficents a=(a;)), b= (b)), b=(b),ce LR x R" ,dtdx) satisfying
() ko lE1<Z; 0,8 ;<Ko [¢* for all LeRY,;

(i) ld:=(Z;;g%)"*<A4 (where d;;=3a;;—a;));

(iii) (5] +16] <2B;

@iv) —c<C

uniformly on R x R" with constants k,, K,, A4, B and C. In order that &, is
Markovian we also have to assume that c—divb>0 and c—div6>0. Then for
a.e. t€ R, the form &, on CF(R")is closable with closure being a regular Dirichlet form

on ¥ =H'R") satisfying (uniformly in f) the “sector condition” (1.3) ([24],
I1.2.d). Actually, also (1.2) is satisfied since

—&fe Yw,e'w)

0 0 0 0
=y Wzaifé;'v[’g;'/’ dx—Y |a %;wa—w dx

i 0%;

—2Zf n//—wdx+ZJ zb—t//dx zj b—wdx
_ijzg‘a-;,.'/' dx—zv[wl;,-aw dx— fwzc dx

<Ko JWZIlezdx—ko- ﬁlezdx+C'jw2dx
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+24- Jw - |Vw| - |V|dx +2B- szleldx +2B- JwIledx

<K- fwzlvwlzdx —k- ﬁlezdx +y- fwzdx

with
A

B B
K=K+ 5+, ko—0-A——, y=C+2'B
& €

where 0 and ¢ are arbitrary parameters with values in ]0, co[.

Note that the constants only depend on bounds of the coefficients and not
of their derivatives. If one admits also conditions on div(b+58) then one may
replace (iii) and (iv) by
(i) |b—b|<2B
(iv) —c+idivb+b<C
in order to get —&(e Yw,e'w)<K - (W Vy|*dx—k - [|[Vw|?dx+y - [wdx with

/

A B
K'=Ko+§+—, k'=ky—6-4, y=C+¢ B
€
where 6 and ¢ are arbitrary parameters with values in ]0,00[.

1.3. Time-dependent Dirichlet-spaces

Let I=]o,7[ = R be an open interval.

A) Function spaces

We will be concerned with the following Banach spaces (cf. [22],[32]):

o G(I- )
being the set of continuous and bounded functions of the form u:1— H#,
t—u,=u(t,.) equipped with the norm sup,.u,ll =sup,.[fxu*(t,x)m(dx)]"/>.
What one has in mind is that actually u:(t,x) — R, (¢,x)— u(t,x) is a function
of space and time which is regarded as a one-parameter family (u,),; of
functions u, depending only on space. Note that in this paper u, always
denotes the function x+>u(t,x) and never the time derivative of u. The
latter is always denoted by Zu.

o LYI- %)
being the Hilbert space of functions u:7— & with norm ({,|lu,|l5df)'/.

o H\(I-F%
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the Sobolev space of functions ue L*(I - % * with distributional time

derivative fue L*(I - % *) equipped with the norm (f;llul| %« + || 3w,/ %.dt)!/2.
o F(UIxX)=L*(I-»F)nH(I->F*

being a Hilbert space with norm |ull g« x,=(;lul% + | S0l 2-d) V2. We

mention the following important result from [32, Lemma 10.4]:

LY » F)nH\I » F* < (T~ ).

It implies that functions ue #(Ix X) can be extended onto Ix X in the
sense that 7 u, is continuous on the closed interval I as a map with values
in # =L*X,m).

B) The time-dependent Dirichlet form

On ZF(Ix X) we define the time-dependent Dirichlet form &, associated with
the parabolic operator L,—Z by

6 (u,v)= J € (up,v)dt + \[ (%un v)dt.
I I

The time-dependent Dirichlet form associated with the coparabolic operator
L,+7% is given by [,8(u,v)dt—[[(Gu,v,). Its domain is still F(Ix X).

We will also be concerned with the (co-) parabolic operators L, + 2 where for
any rel the elliptic operator L, is just the adjoint operator of L, Of particular
importance is the coparabolic operator I,+Z. Note that (at least formally)
(L,—&)"=L,+% The time-dependent Dirichlet form associated with this operator
is given by

= a
é.’l(u’ V)= | Ev, ut)dt - (Eun V,)dt .
I I
Its domain is again % (I x X).

1.4. Parabolic equations

A) The notion of solution

DerFINITION. i) A function u is called a (global) solution of the parabolic
equation

Lu=3%u onIxX (1.13)

if ueF(IxX) and &Hu,$)=0 for all ¢ € F(Ix X), that is,

&ilu,d)= j &, d)dt + J (G, o)t =0. (1.14)
I

I
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It is called a subsolution of (1.13) if instead of the equality (1.14) the inequality
&{u,$)=0 holds true for all nonnegative ¢ e F(I x X).

ii) Given a function fe 5, the function u is called a (global) solution of the initial
value problem

Lu=4%u on(IxX) (1.15)
u,=f on X

iff u solves (1.13) and u,t::f in #.
We recall that every solution u of (1.13) extends to ue%([o,7] — H#).
Hence, the condition u,=fin (1.15) is well-defined and equivalent to the condition

t—o

u, —»fin H#.

REMARKS. 1) The set F(Ix X) of test functions in (1.14) can equivalently
replaced by the (larger) set L*(I — %) as well as by the (smaller) set {¢ € F(I x X) with

¢, = ¢, =0}
ii) Integration by parts yields that condition (1.14) can equivalently be replaced
by

J & (uy, ¢t — f (U5 )dt = — (1, @) + W §,) (1.16)
I I

for all peF(IxX) or by (,&(u,d)dt—[[u,2¢)dr=0 for all e F(IxX) with
¢,=¢,=0. Using (1.16) instead of (1.14) one can obviously weaken the a priori
assumption u€ Z (I x X) since in this formulation no time derivative of u is used. We
will come back to this point in Proposition 1.3.

iii) Reversing the time direction, the above formalism can be used to treat
solutions of the coparabolic equation Lu= —2u on IxX and solutions of the
corresponding terminal value problem Lu= —2u on Ix X, u,=f on X.

iv) The general set-up can slightly be modified in order to treat also boundary
value problems of the form

Lu=2%u on IxG
u=0 on IxdG (1.17)
u=f on {6} xG
on a cylinder I x G with an open set G = X. For this purpose, we replace # =% (X)
by
F(G)={ueZ:i=0 qe. on X\G}
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where i denotes a quasi-continuous version of u. With #(G) in the place of #(X)
we define #(I'x G) and we say that u is a solution of the boundary value problem
(1.17) iff ue F(IxG) and &(u,¢)=0 for all pe F(Ix G). Actually, however, this
is no extension of our general set-up since (£,%#(G)) and (£,%(G)) are again
Dirichlet spaces of the previously considered type.

B) Existence and uniqueness

Taking ¢ =u in the definition (1.14) and in (1.16), we immediately obtain that
every solution u of (1.13) satisfies the following basic inequality

t

Nl = llusllz—ZJ & (uy,u,)dr (1.18)

s

for all o<s<t<t. This identity implies that for every solution u of (1.13) the
function

t+ |lu,|| is continuous and decreasing on I. (1.19)

The fact that ||u| decays is sometimes called integrated maximum principle. In
particular, we get || <|f]l for every solution u of the initial value problem
(1.15). This of course implies uniqueness of the solution of (1.15).

More sophisticated is the proof of the existence of a solution of (1.15). From
[22] (Chap. III, Thm 4.1 and Rem. 4.3) we quote

Proposition 1.2. For every fe # there exists a unique solution ue (I x X) of
the initial value problem (1.15).

We recall that every solution of the parabolic equation (1.13) is by definition
in #(Ix X) and every function in (I x X) is already in €(I — ).

Now we give another definition of solution of (1.13) where a priori no condition
on the time derivative Zu is imposed. The function space under consideration is
L*(I - #)n%(I - #) which is a proper superset of #(IxX). The remarkable
fact is that any function ue L¥(I - #)n%(I - #) which solves the equation Lu=2u
on Ix X (in the sense of the following Proposition 1.3) already lies in #(Ix X)
which in particular means that Zue L%(I - F*.

Proposition 1.3. A4 function u is a solution of the parabolic equation (1.13)
if and only if

ue LX(I » Z)n€(I - #)

and

T T
J ¢ :(u,,¢,)dt—J (upFipddt = —(ur, 1)+ b,) (1.20)

[ a
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for all Telo,r[ and all p€ F((o,T1 x X).

Proof. The “only if’-part is obvious. Therefore, let ue LI - F)nG(I - H#)
satisfy (1.20) and let w=u—v where ve #(I x X) is the solution of the initial value
problem on Ly=2v on Ix X, v,=u, on X. Then

T T
f c"'Dt(wt’ d),)dt - f (wt’%d)t)dt = (WT: ¢T) + (Was d’a) (1-21)

(4 (4

for all T and ¢ as above. Now choose ¢peF(Ix X) to be the solution of the
terminal value problem L= —2¢ on ]¢,T[x X, ¢r=wr on X (which exists
according to a suitable modification of Proposition 1.2). Then the LHS of (1.21)
vanishes since L,p=—Z¢. Thus (wr,dp)=w,¢,). But wr=¢, and w,=0.
Hence, w;=0. Since T€]o,7[ was arbitrary this yields the claim. O

With a slightly modified argument one actually can relax the a priori assumption
ue LI » F)né(I - #)and replace it by ue LI » F)n L>(I - ), cf. [22],[20].

C) Contraction properties

From Proposition 1.2 we deduce that for every >0 there exists a uniquely
determined operator T7: 3# — # with the property that for every fe s# the unique
solution ue #(Ix X) of (1.15) is given by u:t+— T7/f. The operator 77 is called
transition operator from o to t associated with the parabolic operator L,—Z.

The family (T3), ., satisfies

e t— T is strongly continuous on [s,o0[;
e | T¢l,,<1 whenever s<t,
e T;=T;-T; whenever r<s<t.

Here and in the sequel, || . ||, , denotes the norm of an operator from LP(X,m) into itself
(pell,00]). In particular, |.[,, denotes the operator norm on .

Lemma 14. Forallfe #,alls<tandallfe #:if0<f<1then0<T;f<1.

Proof. For ue #(Ix X) put u*=uVO0)Al. Then (according to the Markov
property of the Dirichlet forms & and &,) u*€ #(Ix X) and & (u,,u,—uf)>0 for all
tel ([28],[24]). Moreover, (u, 2, —u)=0 if u,e[0,1] and =12]u,|? if u,¢[0,1].
Hence, if u is a solution of (1.13) then (u,%(u,—uf))<O0 for all teI and thus

t
(ut’ u,— uf) - (us’ Us— u:) = J“énr(ur’ U, — uf)dr + J (un .;’r U, — u:))dr < 0.

5



ESTIMATES FOR SOLUTIONS OF PARABOLIC EQUATIONS 289

This implies
(ut - u!“’ U — uf) < 2(“15 U — uf) < (us9 Us— ll:).

But if we now assume that 0<u,<1 then u,—u{ =0, that is 0<u,<1. This proves
the claim since for any fe# the function u:(t,x)> T5f(x) is a solution of (1.13).

O

REMARK. Reversing the time direction we deduce from Proposition 1.2 that
for every fe # there exists a unique solution ue #(I x X) of the terminal value
problem Lu=—%u on IxX, u,=f on X. This solution is given by u:t+ Sif
where the family (S7),, satisfies properties analogous to that of (77),.,. S7 is
called transition operator from s to t associated with the coparabolic operator
L,+%. Similarly, we define the transition operators 7% and S associated with the
operators L, F 2.

Lemma 1.5. For all fige #, all s<t
(£ T:e)=(Sif8).
That is, (T?)* =S! where S! denotes the transition operator from t to s associated

with the coparabolic operator L,+32.

Proof. Let u,=T%f and v,=S'g with f,ge # and s<r<t. Then
t
(u,, vt) - (us, vs) == J éar(ur’ vr)dr + f(ura%vr)dr =0

where the first equality comes from the fact that Lu=2u and the second equality from
Ly=—2v. Together with the fact that TS=1Id=S" this already yields

(T2 £,8)=(upv) =(u,v) =(f,5:).

Proposition 1.6. For all pe[1,00] and all s<t, the operator T; extends to a
contraction operator on LP(X,m), that is,

1Tzl <1.

Proof. The Markov property (Lemmal.4) implies that 77 extends to a
contraction operator on L®(X,m). The same argument applies to St According
to Lemma 1.5 the latter implies that 77 extends to a contraction operator on
L'(X,m). The rest follows by interpolation. O

ReEMARK. The extension of T¥ to LP(X,m) is unique by density for 1<p<oo
and it is unique for p= oo if one imposes the extra condition of weak* continuity
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which will be done henceforth.

1.5. Integrated Gaussian estimates (“The Method of Davies”)

A) Integrated maximum principle

The basic step in order to obtain Gaussian estimates for 7} consists in an
estimate for the norm of the operator f—e™¥-Te¥-f) on #. In the “classical”
context of uniformly elliptic operators on Riemannian manifolds, this type of
estimate was used e.g. by Gaffney [14], Davies [9] and Grigor’'yan [15]. The
latter called it (weighted) integrated maximum principle. We recall that
A=inf {§%1:ue #,u+0} denotes the bottom of the selfadjoint operator —L. Note
that always 1>0.

Lemma 1.7. Let y € # N L*(X,m) with dU(y,/)<y* dm and let u be a solution
of the parabolic equation Lu=32u on IxX. Then for all t>5>0

lle¥uy|| < X7~k DE=9- |lg¥y .

Proof.
v, 112 v, 112 0 29 29
"e ut" —”e us” =2 (g'ur’e ur)dr= -2 (gr(urse ur)dr

s r N
t t

<2K f e utdl (Y, ) — ZkJ &(e"u,,e’u,)dr

t
<2AKy*—kX)- j lle¥u, || *dr.
From this inequality, the claim follows by Gronwall’s Lemma. Od

B) Integrated Gaussian estimate

For subsets 4 and B of X we define
p(A,B)=sup {Y(4,B):y € Z ,(X) " 6(X), dT(,y) <dm}

where Y(4,B):=inf{y/(x)—y(y): xe A,ye B}. Note that always p(4,B)<p(4,B):=
inf{p(x,y): xe A,y € B} and in the next section we shall see that equality holds true
under a weak assumption on (X,p).

Theorem 1.8.  For any measurable subsets A,B — X of finite measure and any s <t

(T71 1)</ m(A)- . /m(B)-exp(—M)exp(—k,l(t—s)).

4K(t—s)
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Proof. For y>0 and Yy €%, (X)NnL2(X)n¥(X) with dI'(y,))<dm the
preceding integrated maximum principle yields
(T714,1p)= (eWTrslA,e_WlB)
Se(sz—kl)(t—s) . ||e"”1A|| . ||e—7"’13||

< &Y k)t =s) . o= W(A4.B). /m(A)' /m(B).
Taking the supremum over all such § and choosing y=,42 yields the claim.

O

C) The metric p and Assumption (A)

Here and henceforth we make the

Assumption (A). The topology induced by p is equivalent to the original
topology on X.

This assumption in particular implies that p is non-degenerate and that for any
ye X the function x> p(x,y) is continuous on X.

It is discussed in more details in the paper [36]. Note that it does not
necessarily imply that all balls B,(x)={yeX: p(x,y)<r} are relatively compact in
X. The latter is true if and only if the metric space (X,p) is complete.

In [36] we proved that under (A) for every yeX the distance function
py: x> p(x,y) on X satisfies p € #,,(X)N€(X) and

dr'(p,,p,) <dm. (1.22)

Hence, the distance function p, can be used to construct cut-off functions on
intrinsic balls B,(x) of the form

Prxp: Y (r—p(x,)) 4. (1.23)

Obviously, p,,eZ,(X)n¥(X) and dI(p,,,p.,)<dm. Moreover, p, . eZF(X)
N%o(X) if (and only if) B/(x) is relatively compact.
In the sequel we shall need the following generalization.

Lemma 1.9. For every relatively compact set Y < X the distance function
py: x> p(x,Y):=inf{p(x,y): y€ Y} satisfies pye F ,(X)NE(X) and
dl(py,py) <dm. (1.24)

Proof. Note that for any xe X the function y+ p(x,y) is continuous. Hence,
p(x, Y)=p(x,Y). Now let Y be compact and fix ¢>0. There exists a finite number
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of points {y;};_y.., such that Y < (Ji_, B(y). Let y;=p(.,y)—¢ and ¥=
infi_y . .¥;. Then y;<0in B(y) and y;€ & ,,(X) " 4(X) with dU(};,¥) <dm ([36],
Lemma 1.1). Hence, ¥<0in Y and Y e Z,,(X)n¥(X) with dT (¥,¥)<dm. The
latter implies W(x)<p(x,y) for all xe X and ye Y. That is, ¥ <py. On the other
hand,

py=inf{p(.y): ye Y} <inf{p(.,p): i=1,--,n} =¥ +e.

Following the argumentation in [36, proof of Lemma 17] one concludes that
PYEF 1, (X)NE(X) with dT(y,y)<dm.

ReEMARK. If in addition to Assumption (A) we assume that (X,p) is complete
then the assertion of Lemma 1.9 holds true for all subsets Y = X. In order to see
that, let x,€ X and consider py in B,(x,). For that purpose, let r=p(x,,Y) and
Yo=YNB,,,(x,). Then Y, is relatively compact and py=py, on B,(x,).

Lemma 1.10. For all compact sets K,L = X
p(K,L)=p(K,L).
Proof. We recall the trivial inequality g(K,L)<p(K,L). From Lemma 1.9 we
conclude that ,=p(.,L) belongs to the class ¥ of functions which were used to

define p, hence, PH(K,L)=sup,eW(K,L)>yo(K,L). But (K,L)=inf g(x)—
SupyeLlpO(y) = infxel(p(x’ L) - 0 = P(K, L) D

Corollary 1.11.  For any measurable subsets A, B = X of finite measure and any
s<t

(T 4,15 < /m(A)- /m(B)-exp (— pz(A’B))exp(—kA(t—s)).

4K(t—s)

Proof. Let K and L be compact subsets of 4 and B, respectively. Then
according to Theorem 1.8 together with Lemma 1.10

(Tl 1) </m(K): \/m(L)'eXP< BEK’—L))'CXP(—HU—S))

4K(t—s)
2
<./m(A4)- /m(B)-exp ( - :K((It‘l,—l?)) -exp (—kA(t—s)).

Now let K,14 and L,1B such that 1 -1, and 1, — 15 in . Then
(T¥1k,,11,) = (T714,15) and thus

2
(Tf1 1)< /m(A)- /m(B)-cxp(—fK(:’_iD -exp (—kA(t—s)). O
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REMARKS. i) If there exists a fundamental solution p(t,y,s,x) for L,—2 then for
any s<t and any measurable subsets 4, B of X

f J P(t,y,s,x)m(dx)m(dy) < ./m(A) -/ m(B)- exp( p( : ))-exp(—kl(t—-s)).

4K( )

(1.25)

The existence of a fundamental solution is guaranteed under certain assumptions
which will be discussed in the next chapter. (But it is also satisfied in much more
general situations.)

ii) In the next chapter we will combine (1.25) with subsolution estimates of
the form

p(t,y,5,x)<C- *m ( ) (T¥1,41p)

in order to obtain pointwise Gaussian estimates of the form

xp(— prx.y) )-exp(—kl(t-—s))

t,y,5,x)<C
P»5) 4K(t—s)

1 1
. e
m(A) /m(B)
where A=B/(x), B=B,y) and r=,/t—s.

2. Sobolev inequality and pointwise Gaussian estimates

Our aim is to derive certain regularity and smoothness properties for local
solutions of the equation Lu=Zu on an open set Q < RxX. To this end, we
introduce certain assumptions which will be discussed in the following sections.

2.1. The Assumptions on &

We always assume that Assumption (A) holds true on X.

In order to derive pointwise estimates for the density of the transition operator
T® we assume from now on that in addition a doubling property and a scale
invariant Sobolev inequality holds true on X or at least on sufficiently many open
sets Y = X. These assumptions will be formulated in terms of the initial Dirichlet
form & on L*(X,m).

A) The doubling property
Assumption (B). There exists a constant N=N(Y) such that

m(B,,(x)) <2V - m(B,(x)) 2.1
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(“doubling property”) whenever B, (x) < Y and all these balls B,,(x) < Y are relatively
compact in X.

We say that Assumpion (B) holds true locally on X if it is satisfied for every
relatively compact open set Y < X or, equivalently, if every point yeX has a
neighborhood Y < X which satisfies (B). It is easy to see that (under (A)) Assumption
(B) holds true locally on X if and only if there exist an upper semi-continuous
function N: X — [0, 00[ and a lower semi-continuous function R: X — ]0,00] with the
property that for all x e X and all r < R(x) the balls B,,(x) are relatively compact and

m(B,,(x)) <2V - m(B,(x)) 22

If these functions N and R can be chosen to be constants, then we say that the
doubling property holds true locally uniformly on X.
Note that (2.1) implies

m(B,(x)) <2 [r)¥ - m(B,(x)) (23)
for all xeY and r'>r>0 with B,(x) = Y and
m(B,(x") <(4r'/r)" - m(B,(x)) 24)

for all x,x'e€ Y and r,r' €]0,00[ with B,(x) < B,(x) and B,,(x) < Y.

The number N plays the role of the dimension of the space X. Note, however,
that it may be a fractional number and that it may vary on X. Let us mention
that without restriction this number N in (2.1) (and the function N in (2.2)) can
and will(!) always be chosen to satisfy

N>2.

Assumption (B) implies that the metric space (Y,p) is a homogeneous space
in the sense of R. Coifman and G. Weiss [5] which in turn implies that several
covering properties hold true.

B) The Sobolev inequality

Assumption (C). There exist constants Cs= Cs(Y) and N=N(Y)>2 such that
for all B(x)c cY

G 2 a >¥<C . dT(uu)+r™ 2 ud (2.9)
ulN-2dm <Cg'————= wu)+r-%-u*dm .
B,(x) s m(Br(x))ZIN B,(x)

Jor all ue F(X)N€yB/(x)).

If Assumptions (B) and (C) both hold true on some set ¥ < X then without
restriction we always assume that the constants N=N(Y) in both Assumptions
coincide (otherwise take the maximum of both).
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Using the cut-off functions p, , from section 1.5.C one can deduce from (2.5) the
following alternative form of the Sobolev inequality

N-2

_2N_ N r?
|u|N'2dm> <3Cg-————— dU(u,u)+(6r)"2-u*dm (2.6)
(J;m - syr(x) y m(Br(x))Z/N

By(x)

for all B(x) = = Y, all 6€]0,1[ and all ue #,,(X).
Indeed, with 6€]0,1[ and ¥ =(3p,,)A1 we get from (2.5)

N=-2 N-=-2

2N N 2N N
lulN-2dm < |u-Y|F-2dm
B - 5)r(x) Br(x)

r2

L Al e —2.,2. 12
=% m(B,(x))*N Br(x)dl"(u V)T

r2

2
< CS'WL’MhIF (1, 1) + (§+ Dr=2-u*dm.

Of course, (2.6) (e.g. with §=1/2) also implies (2.5) for all balls B,(x) satisfying
B,,(x) = Y (with a new constant Cg being 12 x the original constant Cs). Note that
in the formulation (2.6) the functions u are not required to vanish on the boundary
of B,(x).

We say that Assumption (C)(or, in other words, a scale invariant Sobolev
inequality) holds true locally on X if every point ye X has an open neighborhood
Y = X on which Assumption (C) is satisfied. Using the formulation (2.6) one can
show that Assumption (C) holds true locally on X if and only if it is satisfied for
every relatively compact open set Y < X.

We say that a scale invariant Sobolev inequality holds true uniformly locally
on X if there exist constants Cg, R and N>2 such that property (2.5) is satisfied
with the same constants Cg and N for all B,(x) = X with r<R.

C) Examples
Let us first of all discuss these assumptions for the examples from section 1.1.E.

e Let L be the Laplace-Beltrami operator on a smooth Riemannian manifold
X and let m be the Riemannian volume. Then Assumptions (B) and (C) are
always satisfied locally on X. They are both satisfied locally uniformly on Xif
the Ricci curvature on X is bounded from below and they are both satisfied
globally on X if the Ricci curvature on X is nonnegative, cf. [33]

e Let L be a uniformly elliptic operator on R" with a nonnegative weight
¢ belonging to the Muckenhaupt class 4,. Then Assumptions (B) and (C)
are both satisfied globally on X, cf. [3].
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e Let L be a subelliptic operator on RY. Then Assumptions (B) and (C) are
both satisfied globally on X, cf. [3].

Besides these three (classes of ) examples there exist a huge amount of further
examples satisfying both assumptions (B) and (C) according to the following two
basic facts which are proven in [37]:

i) If a doubling property and a scale invariant Poincaré inequality hold true
on anopen set Y < X, then also a scale invariant Sobolev inequality holds true on Y.

il A doubling property and a scale invariant Poincaré inequality hold true
simultaneously on an open set Y < X if and only if a scale invariant Harnack
inequality for the parabolic operator L—4% on Rx Y holds true.

Here we say that a scale invariant Poincaré inequality holds true on Y if
there exists a constant P=P(Y) such that for all B(x)c = Y

J lu—u,,|*dn<P-r? dX(u,u) .7
By/2(x)

By(x)

for all ue #(X) where u,, =g wl5, 001 dm.

2.2. The assumptions on &,

We always assume that the uniform parabolicity condition (UP) holds true
with constants 0<k <K< oo and y=0. In addition, we assume that the following
strong uniform parabolicity condition holds true on X or at least on sufficiently
many open sets Y < X.

Assumption (SUP). There exists a constant k=x(Y)>1 such that
r—1 —142 1 1)? 2 /2, p/2
—T'é”.(u,u” ¢*)<x- |uPdl($,p)——-| 1—=| - |¢*dlW”*u"?)  (2.8)
K p

for all peR, all nonnegative ue % ,,(Y) with u+u~'e L*(Y) and all PEF comp(¥Y)
L>(Y).

Here # ,,,(Y) denotes the set of all ue #(X) which vanish m-ae. outside
some compact subset of Y. For a given peR, we say that the condition (SUP,)
holds true on Y if there exist a constant k=x(Y,p) such that (2.8) is satisfied for
all u and ¢ as above.

REMARKS. i) If the condition (SUP,) holds true on Y=X (with a constant ),
then also the condition (UP) from section 1.2.B holds true (with constants K=
142k and k=115).
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If conversely (UP) holds true (with constants K and k) then also (SUP,) holds
true (with k=sup {K,1/k}).

ii) Assume that all the &,’s are symmetric. Then (SUP,) (with ¢ = 1) implies
Efu,u)>75- Eu,u) and (SUP,) (with¢ = u) implies &,(u,u) <2k &u,u). Moreover,
(SUP,) (with u = 1) for p - — oo implies that &, has no killing (i.e. it is strongly local).

On the other hand, the condition k-&(u,u)<&(u,u)< K- &(u,u) together with
the fact that &, is strongly local implies (SUP) on X with x=sup {K,1/k}.

iii) To derive upper Gaussian estimates it actually suffices to assume that
(SUP,) holds true for all p>2 with a constant x=x(Y) not depending on p. For
other estimates (like Harnack’s inequality), however, it is appropriate to assume
(SUP,) for all p.

In order to give examples of Dirichlet forms &, satisfying (SUP) we only have
to recall the above Remark ii). For any teR, let &, be a symmetric, strongly local
Dirichlet form satisfying

k- Euu) < & (uu) < K- Eu,u). 29)

Then condition (SUP) is satisfied on X with k=sup {K,1/k}.
A nonsymmetric example for (SUP) is again given by the Dirichlet forms

N 0
Euy)= Y, le —a—u(,j vdx

ij
=1 0

of section 1.2.D with a not necessarily symmetric, time-dependent diffusion matrix
a=(a;)e L°(R x RV, dtdx) (and with vanishing low order coefficients b, b, ¢). Let
ko' 1€ <X; ja;,88;< Ko |E]? for all EeRY and let |d]:=(%; 47)"/> <A with constants
O<ko<Ky<oo and 0<A4<oo. Then obviously

—’%‘éﬁ(u,u"-%

0
=-2(1- 1/p)2J¢ZZa,Ja u"/2a —uPdx
J

—-21-1 /p)j(bu"/ ZZa u”/ 29 ¢dx

<-1(1- l/p)zf %Y a;; u”/zaa u?2dx + ju”Za d) ¢

J

—2(1—1/p)J¢u”/22a x“ma jq&dx
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< —ko(1-1 /p)2j¢2]Vu"’ 22dx + Kofu"lVd)lldx
+2A4)1 — l/p]jqﬁu"/leuP’ZI |\Voldx

1
<—1- 1/p)2f¢2|Vup/2|2dx+ K JAu"IVd)I2 dx
K

with k=sup {K,+ 2742}

In order to include low order terms (arising from non-vanishing coefficients
b, b, ¢) one has to admit an additional zero order term +(p-1)o- fuP¢* dm on the
RHS of (2.8). This, however, can be reduced to the previously considered situation
if one replaces &, by &,+a-(.,.). The following estimates will be proven for local
sub- and supersolutions of the equation (L,+&)u=2u.

2.3. Sub- and supersolution estimates

In this section we study LP-mean value properties for nonnegative local solutions
of the parabolic equation (L,+a)u=2u on certain subsets Q = RxX. Some of
these properties also hold true for local sub- or supersolutions.

A) Local solutions

Let G be an open subset of X, let I be the interval Jo,7[ = R and let Q be the
parabolic cylinder IxG. Denote the measure dt®dm on R x X by dn. We define
Z 1,(Q) to be the set of all m-measurable functions on Q such that for every relatively
compact, open set G' = < G and every open interval I' = < [ there exists a function
weF(IxX)withu=u on I'x G'. We say that a function u belongs to F 5(I x G)
ifue (I x X) and if for a.e. t € I the function u, has compact support in G. Note that
a function ue # 5(Ix G) only has to vanish on the lateral boundary IxdG but
neither on the upper boundary {t} x G nor on the lower boundary {o} x G.

DEFINITION. Let aeR. We say that u is a local subsolution (resp. local
supersolution) of the equation
(L+ou=%u on Q

if ue&#,,(Q) and

é”,(u,d))—dj u-¢pdm<0 (2.10)

JxX
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(or Efu,@)—af;xu-pdm>0, resp) for all J= I and all nonnegative
¢eF (0). The function u is called a local solution if it is a local subsolution
and a local supersolution. In this case, (2.10) holds true with “=" for all ¢ € # (Q).

In order to be precise one could call our solutions local weak solutions. Note
that if for a.e. e R the function u(s,.) is locally in the domain of the operator L,
then (2.10) is satisfied if and only if the functions Lu(t,.) satisfy Lu(t,x)+ o - u(t,x)>
t,x) for m-a.e. (,x)e Q.

B) LP-estimates

The main result of this section is the fact that any nonnegative local solution
u of the equation Lu=2Zu in a parabolic cylinder Q can be estimated from above
(and also from below) by its LP-mean ({u?)'/? with arbitrary p>0 (or p <0, resp.).

This result partly holds true also for nonnegative local sub- or supersolutions
of the equation Lu=2u and even for nonnegative local sub- or supersolutions of
the equation (L,+a)u=2Zu. Note that if we consider subsolutions then we may
restrict ourselves to the case a>0 (since for every a <0 all nonnegative local
subsolutions of the equation (L, + a)u = Zu are also local subsolutions of the equation
Lu=£u) and considering supersolutions we similarly may restrict oureselves to « <0.

In the sequel, Q will always chosen to be a parabolic ball. Given a parabolic
ball Q= Q,(s,x)=]s—r?,s+r*[ x B,(x) and a parameter y € ]0,1[ we simplify notation
and use the following abbreviations: Q™ (y)=]s—yr?s[ x B,.(x), 0* (y)=1Is,s+ 7 r*[
x B, (x) and Q(y)=]1s—y-r%,s+y r’[ X B, ().

Theorem 2.1. Assume that (B), (C) and (SUP) hold true on Y= Bg(y) = X with
constants N=N(Y), Cs=Cy(Y)andk=x(Y). Then there exists a constant C;=C,(N)
such that for all pe R\{0,1}, all a€R, all balls B,(x) < Bg(y), all seR, all 5€]0,1[
and with

Cg/z . (1 + laper)l +N/2, Kl +N

c=C
! 82N 12 (B (x))

we have the following estimates:

sup u”sC'(;;"—T)”N-J uP dm (2.11.0)
2 u-=9 e-()

whenever p>1 and u is a nonnegative subsolution of the equation (L,+ox)u="35u on

o-(1

sup u”_<_C-J u? dm (2.11.5)
i=9 o)



300 K-T. STURM

whenever p #0 and u is a nonnegative solution (!) of the equation (L, + c)u=u on Q(1);
sup u’<C- J uP dm 2.11.0)
e a=a o~

whenever p<0 and u is a nonnegative supersolution of the equation (L,+ a)u=2u

on 0~ (1).

Note that (2.11.c) is actually a pointwise lower estimate for u on Q7 (1—4).
The proof of the Theorem depends essentially on the following Lemma which
yields the steps for the iteration.

Lemma 2.2. Under the above assumaptions there exists a constant C,=C,(N)
such that for all pe R\{0,1}, all a.€R, all balls B(x) < Bg(y), all seR, all 5€]0,1[
and with

2

C=C,- Cs.m(BR(y))Z/N

_(1+(pa)tR2)1+2/N.(1+ K )1+2/N-(i)2+4/1v
H—p~1 or

(where (po)*=p-(@VO0) if p>1 and =|p|"(—aVO0) if p<1) we have the following
estimates:

1+2/N
j WP *2Ndm< C- (I u”dm) (2.12.0)
20-(1-9) 2-()

whenever p>1 and u is a nonnegative subsolution of the equation (L,+o)u=3u

on Q~(1);

1+2/N
J WP *2Ndm< C- ( f u”dm) (2.12.b)
0+(1-9) Q+(1)

whenever 0<p <1 and u is a nonnegative supersolution of the equation (L,+ o)u=Zu

on Q*(1);

1+2/N
f @) **Ndm< C- (J u”dr_n) (2.12.¢)
2-(1-9) 2-m

whenever p<0 and u is a nonnegative supersolution of the equation (L,+o)u=3%u

on Q~(1).

Proof. We follow the classical proof by J. Moser [26, Lemma 1]. We begin
with an inequality which holds true for all ve #,(I x B(x)). From the Sobolev
inequality (2.6) we deduce that for ae. tel
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N-2
_2N_ N
(, o
Bl1-4]
(-9 2
<3-Cg——F——— dl (v, v)+(=)*vZdm
S m(B(l_;),(x))Z/N B[l—gj vt (6r) t
R2
<48 dar(v,, ,)+ vZdm (2.13)

(B ) g - 9

where B[y]=B,.(x) and v,=¥(t,.). Following [25, Lemma 2] we derive from (2.13)
that

J V2 + 2M iy < 48 - C- R®
J x B[1 -8} - m(Bg(»))*'"
1 2/N
. (J dr (v, v,)dt+2—2v2dm> - (sup J vfdm)
IxB[1-9 o%r teJ Bi1-9)

(2.14)

for any interval J = < I and any ball B,(x) = Bg(y).

Now we fix a number pe R\{0,1} and in the case p>1 (resp. p<1) we assume
that u is a local subsolution (or supersolution, resp.) of the equation (L,+ o)u=35u
on QI(I) That is,

-1 (—J‘ & (u,, d,)dt + otj (u,,d),)dt—J (6% 10} )dt>>0 (2.15)
J IxX sxx\ 0t

for all J= I and all ¢eF(Q¥(1). We choose ¢p=uP~'-y2-n> where
t//(t,y)=|/1(y)=(‘,%-px,(1_;),(y))/\1 and n(t,y)=n(f). The choice of #n depends
on p. If <1 we take n(r)=1 for r>s—(1—9)r?, n(t)=0 for t<s—r? and linearly
interpolated in the remaining interval. If 1<1 we take n()=1 for t<s+(1—9)r?
7()=0 for t>s+r? and linearly interpolated in the remaining interval.

In general, however, this function ¢ will not be in #5(Q¥(1)). We have to
approximate it. For instance, in the definition of ¢ we can replace u by u,=(uAn)V i
(with neN). Also in order to apply (SUP), we have to approximate u by
u,€ L°(X,m)n L™ *(X,m). In the limit n - oo we actually obtain that (2.15) holds
true with the above choice of ¢=u?"!-yy>-5n? and that we may apply the strong
uniform parabolicity condition (SUP). For details we refer to the proof of Theorem
1 in [36]. Thus, we deduce from (2.15)

g(1—1>2fj Y2l (uf'?, up/z)ﬂzdt+——f (Gt nid
K p JJx P J
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<2k f f uPdU (Y, Y)nidt+ a(p —1) J f uPy2dmn?2dt
JJX JJ X

and following the argumentation of [26, section 4] we conclude from the
latter that

3
supf uPdm + ~ff dU(uP'2,uP')dt
I Jpp1-2) kJJor1-9

k1 1 (pa)i)
<Y+ ) ’d
(e o%rt 8%r* 4 Q;mu L

where ¢=4|1—p~'| and (depending on whether L <1 or L>1)I is either the interval
Js—(1—=%r% s or the interval Js,s+(1—%)r2[, Q¥ (1) is either Q~(1) or Q*(1) and
(pa)* is either p-(@VO) or |p|:-(—aV0). Finally, (2.14) (applied to v=u??) and
(2.16) together imply

J (up)l+2/Ndm
2%(1-9)

<48-C

(2.16)

(P“)
m(BR(y))Z/N s(e ed%r 2t 6r 4 )+52 2:|

e 1 1 ) 1+2/N
(oG )] )
Q7 (1)

. R +.2 1+2/N'l:K ]
<C3(N)-Cs W [;+(poc) r +1:| ;4_1

1 \1+2N 1+2/N
) e
o°r 27(1)

R2 K 2+2/N
<CyN)-Cs—— (14 iR2’+2/N-<1+ )
4( ) S m(BR(y))le( (pa) ) |1_p__1|
1 2+4/N 1+2/N
(_) [ J u”dm] . @2.17)
5" Q% (1)

a

Proof of Theorem 2.1. a), ¢): Now we are in a position to carry out the
Moser iteration. In the case <1 we choose p,=1—-6+6-27" and p,=p-(1 +3).
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Note that the constant ¢, in [26] depends linearly on c¢%? (with n being the
dimension which comes in via the Sobolev inequality). Hence, in our case the
iteration of (2.12.c) resp. (2.12.a) yields

2

sup ufF<Cs(N)-Cy?-
eras T m(BRy)

1 1+N I N+2
14+ | — i Pdm. 2.18
( |1_,,—1|) (5) Lm)“ = @18)

b) The case 1> 1 is a little bit more delicate. We have to make a finite
number of iterations with values p,€]0,1] (here using estimate (2.12.b)) and then
as before an infinite number of iterations with values p,e]1,00] (now using estimate
(2.12.a)). Hence, we have to restrict ourselves to solutions of the equation
(L,+a)u=35u and we have to consider them on cylinders of the form Q(y) (instead
of 0*(7)). Note that the estimates in Lemma 2.1 remain true if we replace all
cylinders Q*(y) by Q(y).

The iteration on Q(y) now yields for any p#0

(1 +(p0t)iR2)l +N/2, Kl +N.

N
sup u? < Cg(N)- CY?- .
0(1-9) ¢ s m(Bgr(»))

(l+|paI,R2)l+N/2,’C1+N_(__1_>N+2,'[ u”dm.
or Q*(1)

(2.19)

Note that in the case a=0 the constant on the RHS of (2.19)(and of (2.11.b)) does
not depend on p. For pe]0,2[ this can be seen by the argument of [26, p.739] (with
1 instead of “u”) and for pe R\[0,2] it follows from (2.18). O

2.4. Estimates for the fundamental solution

Our goal is to derive upper estimates of Gaussian type for the fundamental
solution p(s,x,t,y) of the parabolic operator L,—Z on I x X. The idea is to combine
the integrated Gaussian estimates from section 1.5 (which hold true globally on X)
with the subsolution estimates from the previous section (which should hold
true in suitable neighborhoods of x and y). To this end, we assume that the
(global) assumptions (A) and (UP) hold true on X and that the assumptions (B),(C)
and (SUP) hold true locally on X (or at least in suitable neighborhoods of given
points x and y).

A) The fundamental solution

Proposition 2.3. There exists a measurable function p:R x X x R x X = [0,00[
with the following properties:
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(i) for every t>s, m-ae. x,ye X and every fe L' (X,m)+ L>(X,m)

TS ()= f P(.y,5,2) f(2)m(dz) (2.20.0)
X
and
Stf»)= f p(t,2,5,%) f(2)m(dz); (2.20.6)
X

(ii) for every s<o<t and m-a.e. xe X the function
u (tiy) HP(tay,S,x) (2.21.a)

is a global solution of the equation Lu=3%u on Jo,t1[ x X and for every t>1>0 and
m-a.e. y€ X the function

u: (s,x) = p(t,p,5,%) (2.21.5)

is a global solution of the equation Lu= —32u on Jo,1[ X X;

(iii) for every s<r<t and m-a.e. x,ye X
p(t,y,5,x)= j p(t,y,r,2)p(r,z,5,x)m(dz); (2.22)
b'e
(iv) for every s<t
J J p(t,y,8,x)’m(dx)m(dy) <e” =9 <1; (2.23)
xJx

(v) p is locally bounded on the set {(s,x,t,y): s<t}.

Proof. (i),(v): We define p(t,y,s,x) as the density of the transition operator
TS, Fix (s',x,t,y)eIx X xIx X with s’<t’ and a neighborhood W of (s',x',t,)")
in IxXxIxX. Without restriction W= Q,(s',x) x Q,(t,y’) with some r<%./t —s.
For se]s'—r% s +r?[ and fe L(X,m)n L®(X,m) we consider the function

u:(ty)—> T /1)

on Q,(¢,y). By definition of the operators (T}), (cf. section 1.4.C), it is a solution of
the equation Lu =2Zu on Q,,(f,y’) and according to Theorem 2.1 it therefore satisfies

sup u<C- f udm
Q:(t'.y) Q2r(t",y")

't + 4r2

<C f T:f(ym(dy)dt < C-8r*- J J)mldy)
X X

t'—4r2
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where the latter inequality follows from the contracion property of T¢ on L!(X,m)
(which in turn is a consequence of the Markov property of &, see Proposition
1.6). From the Theorem of Dunford-Pettis it now follows that T7? is an integral
operator with a density p(¢,.,s,.) satisfying

sup sup p(t,y,s,x)<C- 8r?
)

xeX yeB,(y’
whenever |t—1| and |s—s'|<r?. The claim for fe L'(X,m) now follows by density
and for fe L®(X,m)) by weak* continuity. Both together imply the assertion for
fe LY(X,m)+ L*(X,m).
An analogous argument applies to the operator S! which also turns out to be
an integral operator with a locally bounded density, say ¢(s,.,Z.). According to
Lemma 1.5, we can choose p and g such that p(t,y,s,x)=q(s,x,t,y) for all ¢,y,s,x.

(iii) is an obvious consequence of the operator identity 77 =T} o T? (cf. section
1.4.C).

(iv) follows from the fact that (y[yp(t,y,s,x)’m(dx)m(dy)=|T?]|*> and that
1T <e *~9<1 (cf. section 1.4.C).

(i) From (iv) we deduce that [x[yp(c,,s,x)*m(dx)m(dy)<1, hence, that for
m-ae. xeX

_[ P(6,,8,%)*m(dy) < oo,
X

or, in other words, that the function 1y p(s,y,s,x) satisfies fe L(X,m). Therefore,
there exists a unique solution of the initial value problem Lu=2u on Jo,7[ x X,
u=f on {¢} x X. By definition of T}, this solution is given by

u(t,y) = Tff(y) = P(t,}’ﬂaz)f(z)m(dz)-

Using the particular choice of f and property (iii) we get
u(t’y) = jp(t,y,cr,z)p(a,z,s,x)m(dz) =P(t,y,s,x)

which proves that (t,y)— p(t,y,5,x) is a solution of Lu=Zu on Jo,7[xX. An
analogous reasoning yields the assertion for the formally adjoint operator L,=%.

a

B) Gaussian estimates

We still assume that the (global) assumptions (A) and (UP) hold true (with
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constants 0 <k <K< o0) and that assumptions (B), (C) and (SUP) hold true locally
on X. The latter means that for any points y;e X (i=1,2) there exist numbers
R;>0 such that (B), (C) and (SUP) hold true in Bg(y;) with constants N, Cg; and «;.

Instead of that , it would be sufficient to suppose that the estimate (2.11.a)
with p=2 holds true for all nonnegative local solutions in Bg(y;).

Theorem 2.4. Under the above assumptions, the following estimate holds
true for all points (t,,y,) and (t,,y,)eIx X with t,<t,

2 2\N/2
/4 4. p (yl’y2)> ( P(1,¥2) )
t 9 ,t Py S A A ‘eX —_—_— ) l+__._____
Peyulor) v p( 4K(t,—t,) K(t,—t,)

“exp (—kM(t, —1y)) (1 + kAt — 1)) T2

where N=XNz A,-=C3(N,~)'Cg”',‘,/z-lc“’v'-m"(Bﬁ(y,-)), t,=inf {K(t,—t,),R?} and
C4(N) is a constant depending only on N, (i=1,2).

Proof. Let us fix radii r; and r,€]0, /K(t,—1t,)[.

For ye#, n%,(X) with dT(y,¢)<dm on X and feL*(X,m), f>0, we
consider the function v,=e**¢~9- T5e~#¥- f) (where B,s,te R, s<f). Then according
to Lemma 1.7, |[€® - v,| <ef*¥¢=9- | f| and v: (t,y)— v,(») is a solution of the equation
(L,+kAv=Ev on Js,o0[ xX. Applying the subsolution estimate (2.11.a) to
v on the cylinder Q,=0Q;,(¢,,y,) yields

1
Yt,y) < Cy(N,y)- CYY2 -y ¥ N2 (M kM) N2 | v2dm
Vi(t2,y2) < Cy(N,y) G54 k3 ( 2) 2-mB e,

< CI(NZ) . Cg%ﬂ . K; +N2 .(1 +klr%)1 +N2/2. 5= 2B 02). 2|8 r2

1
’% ‘m(B,,(y,)) Q2

< CI(NZ) . Cg'zz/l . K; +N2 .(1 +k}.r§)1 +N2/2. o= 2PV (y2). e218lr2

ezﬂw . vzd'n—

. @2B*K@t2-9) . 1 Tk

m(B,,(v,))
On the other hand,

2
v¥(ty,y2)= [e" A2 J P(t2,2,5,%) e M- fi (x)m(dx)]

X

2
> 2kA62-9) . o= 28401) . =21 71 . [f D(13,Y2,5,X) 'f(x)m(dx)] .

Bri(y1)
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Taking the supremum over all fe L*(B,,(y,),m) with | f||=1 we obtain

J P(t2,y2,5,x)*m(dx)
Bi

ri(y1)
< Cl(Nz)' ngz . K% +N2, (1 +klr§)1 +N2/2. G280 (V) Y2 . H2|B-(r1tr2)

1
m(B rz(yZ))'

- @2B?K—kd)y(t2~5).

(2.24)

Now we use the fact that the function w:(s,x)r> €279 p(t,,y,,5,x)
is a solution of the time reversed equation (L,+ki)w= —2Zw on the cylinder
Q=0 (t;,y,) and therefore satisfies the subsolution estimates of Theorem 2.1
with the same constants but with reversed time direction. In particular,

e2“('2 —t1).

Pt2y2t1,1)

1

<C N N;/Z +N1. 1+k).r2 T4+Ny/2, =
8 o B, )

. J 24279 p2(¢) y,,5,%) - dm(s, x).
Q1

(2.25)
Together with (2.24) we get
Ptyyati,y) < m CePWOD VG2 . G21BI(rs +r2) . GB2K(2=11) . o= kA2~ 11)
(2.26)

where
A;=Cy(N)- C3? -1} M- (L + kA r]) N2 m= Y (B, ().

We now choose

r—mf{\/_t, R} (i=1,2),

P=3%+ and YeZF,, . nE,(X) with Y(y,)—y(y,) arbitrarily close to —p where
p=p(y,,y,) and t=t,—t,. Then(2.26) states that

P2,y 2t 1,Y1) </ AqA;'exP( :K((tyl,yz))) exp(—kA(t,—1,))
2=t
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where
A} =C,(N)- C5f* -1} M- (L +kA-r]) N2 -m™ (B, ()
2 Ny2
< C(N)- CHf2- i1+ M- (1 - 1) V2. (1 +%"—yi)>
T

=1

m” (B ().
and t;=inf{K7,R?} (i=1,2). a

The Gaussian estimates for the fundamental solutions have a particular nice
form if the assumptions (B), (C) and (SUP) hold true globally on X.

Corollary 2.5. Under the above assumptions,there exists a constant C,(N)
only depending on N such that the following estimate holds true uniformly for
all points (t1,y,) and (t,,y,)eIx X with t,<t,

P(12,92,11,91) S Co(N5)- Cglz'KHN'm_1/2(B~/m(}’2))'m_1/2(3~/7@2_—,1)0’2))
2 2\ N/2
exp(-— p*(1,y2) >_(1+P(Vl,}’2) )
4K(1;—1y) K(t,—1y)
Note that if (SUP) hold true globally, then the constants k, K can be chosen
as functions of x as follows: K=1+2x and k=(1+2«)"".
Also note that if assumption (B) holds true globally, then all balls B/(x) are
relatively compact and the volume of (concentric balls of) X grows at most

polynomially. According to [36], Theorem 5, this implies that the spectral bound
A=0.

C) The time-independent, symmetric case

In the time-independent, symmetric case things are much easier. Without
restriction, we may assume that & = &. Then of course k=K=xk=1.
The fundamental solution p(t,y,s,x) satisfies

p(t,y,8,x)=p(t—s,y,0,x)=p(t, — 5,x,0,y)

and instead of the latter we simply write p(¢, —s,x,y) and call it heat kernel. Since the
map t+— T2, is analytic we also obtain estimates for the time derivative of the
heat kernel.

Let us assume that assumptions (A),(B) and (C) hold true locally on X. That
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is, for any points y,e X (i=1,2) there exist numbers R;>0 such that (A), (B), (C)
hold true in Bg(y;) with constants N; and Cg .

Theorem 2.6. Under the above assumptions, the following estimate holds
true for all je Nu{0}, for all points y,,y,€ X and for all t>0

s 2 2 2\ N/2+j
(%)@(LJHJ:)S A1A2't_j'exp<——£_(lyzlt’_y2_)>.<1+g_(—2it’&) )

cexp(—Af)- (14 At HN2+i

where N'—‘N";_Nz, Ai=C3(Ni)'C4(].).CISV',iiﬂ.m—l(B\/;(yi))’ Ti=inf{taRi2}s Cy(N) is a

constant depending only on N; (i=1,2), and C,(j) is a constant depending only on
J-

Proof. In the case j=0, the result is already contained in the previous
Theorem. For the canonical Dirichlet form on a Riemannian manifold the result
is obtained by L. Saloff-Coste [33]. The general case is proven along the same
lines using the LZ-analyticity of the map t— T2, (see the proof of Theorem 6.3
in [33]). O

Corollary 2.7. If the assumptions (A), (B) and (C) hold true globally on X,
then the following estimate holds true for all je NU{0} and uniformly for all points
x,y€X and all t>0

(&Yp(tx.)) < C- 173 m™ V(B _(x))m™ V(B ()

2 N/2+j
exp (_p Sct,y))(l +p(x;y)z) .

with C=C,(j): Cs(N)- CY'? where C*(j) is a constant only depending on j and Cs(N)
only depends on N.

REMARK. i) The polynomial correction term (1+2=2)V/2+J jn the above
estimate can of course be absorbed by the Gaussian term exp(~‘ﬁ2‘—;ﬂ) if we replace
the number 4 by some larger one. That is, for every ¢>0 there exists a constant
C=Cg(e,N,j): C§* such that

@Ypt,x,y)<C-t79-m™ 1/2(3‘/‘{x)) m- 1/2(BJ;(y))' exp (_p (x,y))

4+e)

for all je Nu{0}, all x,ye X and all t>0.
ii) From the doubling property it follows that m(B Jt{x))Sm(B w{y))-Z" :
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(1 +‘l‘j§’)” . Hence, for every ¢ >0 there exists a constant C= C,(&,N,j) C¥'? such that

Ly, i1 [ PPxY)
@Yptxy)<C-t7-m™ (B (%) exp( ( 4+E)t) (2.27)

for all je Nu{0}, all x,ye X and all t>0.

Following the argumentation in [23] one easily deduces from a heat kernel
estimate like (2.27) an estimate for the Green function g(x,y)= jg’p(t,x,y)dt.

Corollary 2.8.  If the assumptions (A), (B) and (C) hold true globally on X, then

b rdr
glx,y)<C f B (2.28)

Sor all x,y € X with C= Cg(N)- C§'*> where Cg(N) is a constant depending only on N.

This type of Green function estimate was already obtained in full generality
by M. Biroli and U. Mosco [2,3]. It is well-known in more concrete situations
like in Riemannian geometry or in the theory of subelliptic operators. From the
upper bound (2.28) for the Green function we easily derive a necessary and sufficient
criterion for recurrence. In Riemannian geometry, this citerion was established
by N. Varopoulos [38]. See also [37a].

Corollary 2.9. Let (&,%) be irreducible and let the assumptions (A), (B) and (C)
hold true globally on X. Moreover, fix an arbitrary point xe X. Then (&,%) is
recurrent if and only if

r rdr _ . (2.29)
1 M(B,(x))

Proof. In [36] we already proved that (2.29) is sufficient for recurrence (which
requires neither assumption (B) nor (C)). From Corollary 2.8 we now see that
(2.29) is also necessary for recurrence. Namely, if (2.29) is not satisfied for some
x€ X, then first of all we deduce that X can not have finite volume, in particular,
X\B(x) can not be a m-zero set. Moreover, it implies that according to (2.28) the
Green function g(x,y) is finite for all ye X\B,(x). This however, implies that (£, %) is
not recurrent ([36], Theorem 3). O
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