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Markov Processes

Exercise sheet 2 from 04/24/2009

Exercise 1: “Differential properties” of the Stratonovich-integral (10 points)

Let {Xt}t≥0 =
{(
Xij

t

)}
t≥0

be an Mn,l(R)-valued continuous semimartingale, and {Yt}t≥0 =
{(
Y ij

t

)}
t≥0

be

an Ml,m(R)-valued continuous semimartingale. The Ito- and the Stratonovich-integral in this case are given
by (∫ t

0

XsdYs

)ij

:=
l∑

k=1

(∫ t

0

Xik
s dY

kj
s

)
, t ≥ 0

(∫ t

0

Xs ∗ dYs

)ij

:=
l∑

k=1

(∫ t

0

Xik
s dY

kj
s +

1
2
〈Xik, Y kj〉t

)
, t ≥ 0.

Show that the Stratonovich-integral has the following properties:

i)

d(XY )t = Xt ∗ dYt +
(
Y T

t ∗ dXT
t

)T
, t ≥ 0 (product rule),

where XY denotes the usual matrix product and XT the transposed of X.

ii)

df(Xt) =
n∑

i=1

l∑
j=1

∂(i,j)f(Xt) ∗ dXij
t , t ≥ 0 (chain rule),

where f ∈ C3(Mn,l(R)), and ∂(i,j) denotes the partial derivative of the (i, j)th coordinate.

iii) Let {Xt}t≥0 and {Yt}t≥0 be n-dimensional continuous semimartingales, (•, •) the scalar product in Rn

and f ∈ C3(Rn). By using the parts i) and ii), find nice expressions in Stratonovich calculus for d(X,Y )
and df(X).

Exercise 2: Stratonovich integral as limit in probability (10 points)

Let {Vt}t≥0 and {Zt}t≥0 be continuous semimartingales and ∆ := {t0, . . . , tN} be a partition of [0, t] with
0 = t0 < t1, · · · < tN ≤ t.

i) Show that ∫ t

0

Zs ∗ dVs = l.i.p.‖∆‖↓0
N∑

i=0

1
2
(
Zti+1 + Zti

) (
Vti+1 − Vti

)
,

where l.i.p. denotes the limit in probability.

ii) Show that, if in addition d〈Z, V 〉 is absolutely continuous w.r.t. the Lebesgue measure, we get∫ t

0

Zs ∗ dVs = l.i.p.‖∆‖↓0
N∑

i=0

Z ti+1+ti
2

(
Vti+1 − Vti

)
.



Exercise 3: Solution for a Stratonovich-equation (10 points)

i) Let u = (u1, . . . , un) ∈ C2 ([0,∞)× Rn,Rn) be a solution of the equations

∂

∂t
ui(t, x) = bi (t, u(t, x)) ,

∂

∂xj
ui(t, x) = σij (t, u(t, x)) ; 1 ≤ i, j ≤ n

on [0,∞)× Rn, where b = (b1, . . . , bn) ∈ C ([0,∞)× Rn,Rn) and
σ = (σij)1≤i,j≤n ∈ C2 ([0,∞)× Rn,Mn(R)). Let {Wt}t≥0 be a d-dimensional Brownian Motion.
Show that the process

Xt := u (t,Wt) ; t ≥ 0

solves the Stratonovich-equation

dXt = b(t,Xt)dt+ σ(t,Xt) ∗ dW (t); t ≥ 0.

ii) Determine the unique, strong solution of the one-dimensional Ito-equation

dXt =
[

2
1 + t

Xt − a(1 + t)2

]
dt+ a(1 + t)2dWt; t ≥ 0

by using the results of part i) of this exercise.

Exercise 4: Ornstein-Uhlenbeck Feller semigroup (10 points)

Let {Pt}t≥0 be a set of operators on C0 (R) :=
{
f ∈ C (R) : lim|x|→∞f(x) = 0

}
, defined by

Ptf(x) := Ef
(
e−

t
2x+

√
1− e−tZ

)
, f ∈ C0 (R) , x ∈ R, t ≥ 0,

where Z is an N (0, 1)-distributed random variable. Show that {Pt}t≥0 is a Feller semigroup.


