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Problem 1 (An application of Schauder’s fixed point theorem, 4 points).
Let €2 C R™ be open and bounded, and let f: 2 x R — R satisfy the following assumptions:

a) for every s € R the map = — f(x,s) is measurable in €;
b) for almost every x € Q the map s — f(x,s) is continuous on R;

¢) |f(z,s)| < a(x)+0b|s|? for every s € R and almost every z € Q, where a € L*(Q), b > 0,
and 0 < 8 < 1.

Use Schauder’s fixed point theorem (in its second version) to show that there exists a weak
solution u € H(Q2) to the boundary value problem

—Au = f(z,u(x)) in Q,

u=0 on 0.
If 8 =1, is there always a weak solution to the problem?
Hint: recall the property of Nemitski operators seen in Problem 8 in Problem Sheet 9. Define
a map T which associates to every u € H}(Q) the unique solution v € H () to the equation
—Av = f(z,u(x))...

Problem 2 (Another application of Schauder’s fixed point theorem, 4 points).
Let Q C R" be open and bounded, f € L?(f2), and let a : R — R be continuous and such
that ag < a(s) < ag for every s € R, where 0 < a1 < ay < oo. Use Schauder’s fixed point
theorem (in its second version) to show that there exists a weak solution u € Hg () to the
boundary value problem

—div(a(u)Vu) = f inQ,
u=20 on 0f),

that is,
/ a(u)Vu-Vedr = / fedx for every ¢ € HY ().
Q Q

Please turn over.



Problem 3 (Schaefer’s fixed point theorem, 4 points).
Let X be a Banach space, and let T : X — X be an operator such that:

a) T is continuous;
b) T is compact;
c) there exists R > 0 such that {z € X : & = \T'(z) for some \ € [0, 1]} C Bp,

where Bp is the ball with radius R in X. Prove that there exists x € Bp such that x = T'(x).
Hint: define the projection operator pr : X — Bpr by

() x if * € Bg,
xTr) = —
b ZR ifz ¢ Br,

and apply Schauder’s fized point theorem to the map Tr == proT.

Problem 4 (An application of Schaefer’s fixed point theorem, 4 points).
Let Q C R™ be open and bounded, and let f : {2 x R™ — R satisfy the following assumptions:

a) for every & € R™ the map z — f(z,&) is measurable in 2;
b) for almost every = € Q the map & — f(z,£) is continuous on R";
c) |f(z,6)| < a(x) + bl¢], for some a € L), b > 0.

Use Schaefer’s fixed point theorem to show that there exists a weak solution u € H(Q) to
the boundary value problem

—Au+ pu = f(z,Vu(z)) in Q,
u=20 on 01,

provided that p is sufficiently large.

Hint: to prove the second assumption of Schaefer’s theorem (compactness), use the fact that
the embedding L?(Q)) — (HE(Q))" is compact, since it is the adjoint of the compact embedding
H}(Q) < L*(Q) (Schauder’s Theorem). In the proof of the third assumption of Schaefer’s

Theorem, use Young’s inequality ab < # + g.

Total: 16 points



