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Problem 1 (Sub- and supersolution method, 4 points).
Let Q C R"™ be a bounded, open set, and consider the elliptic operator Lu := — szzl (@ijte,)z;,
where the coefficients a;; € L°(2) are uniformly elliptic. Let f € L?(2) and let

g : R — R non decreasing, continuous, with  |g(s)| < 7|s|*,

n+2

2. We want to study the nonlinear boundary value

for some constants v > 0 and 0 < a <
problem

{Lu =g(u)+ f in Q, (1)

u=20 on 0f}.
Recall that u € H}(Q) is a weak subsolution for problem provided

Z / AUy, Py AT < / g(uw)pdr +/ fodx for every ¢ € HE (), > 0.
Q Q Q

3,j=1

Similarly, 4 € H(Q) is a weak supersolution for problem provided

Z /Qaijuxigozj dz > /Qg(u)ap dz + /Q fedx for every ¢ € Hy(Q),0 > 0.
ij=1

Assume that there exist a weak subsolution u and a weak supersolution @ such that u < @
almost everywhere in 2. Prove that there exists a weak solution u € H&(Q) to (1)), satisfying
u < u < .

Hint: define inductively ug = u and uy € H&(Q), k=1,2,..., as the unique weak solution to
the linear problem

Lug = g(ug—1) + fin Q,

up =0 on 0f).

By using the mazximum principle for weak solutions (see Problem 1 in Problem Sheet 6) show
that u < wup < up <...<u, <...<u Then show that the sequence (uy)y converges to a
weak solution to .

Problem 2 (Sub- and supersolution method continued, 4 points).
Assume that Q, L, f are as in Problem

a) Generalized the result in Problem (1| to the elliptic boundary value problem

Lu=h(u)+ f in Q,
u=20 on 0f2,

where now h : R — R is Lipschitz continuous, but not necessarily monotone (highlight
only the main differences with respect to the proof of Problem [1).



b) Use this method to prove the existence of a weak solution u € H}(2) to

—Au = h(u) in Q,
u=20 on 0f),
u >0 in €,

where h : R — R is Lipschitz continuous, bounded, with h(0) = 0, and differentiable
at the origin with h’(0) > A\, where \; is the first eigenvalue of —A in 2 (assume also
that 0 is regular).

Problem 3 (Nemitski operator, 4 points).
Let Q C R™ be open and bounded, and let f: Q x R — R be a Carathéodory function, that
is, f satisfies the following conditions:

a) for every s € R the map = — f(x,s) is measurable in ;
b) for almost every x € Q the map s — f(x,s) is continuous on R.

Let 1 < p,q < oo, and define the Nemitski composition operator F' : LP(Q) — L(Q) by
setting F'(u)(z) := f(x,u(x)). Prove that F' is well defined and continuous, provided f
satisfies

£z, 9)| < alx) +bs|s
for some a € LI(2) and b > 0.

Problem 4 (Banach fixed point, 4 points).
Consider the nonlinear boundary value problem

—Au+b(Vu) =f inQ,
u=0 on 0f2,

where € R” is a bounded, open set with OQ of class C?, f € L?(Q), and b : R — R is
Lipschitz continuous. Show that there is a unique weak solution u € H2(Q)NH} (), provided
the Lipschitz constant of b is small enough.

Total: 16 points



